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Solution of State Equations

A first-order differential equation, which may be written in a standard form
as

X = ax + be

where a,b € R and e € R is independent source.

Given initial condition x(ty) = xo at ty DE has a unique solution.
In order to obtain x(t), lets multiply the eqn. by e™?*

e x = e (ax + be)
e Mx —e Max = e he
g (e~%x) = e %pe

Then integrate the eqn.

td t t t
—(e7*x) = [ e be(r)dT
/to & () / (r)
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Solution of State Equations

The solution of the 1st order differential equation

t
x(t) = 0 x(to) + / e pe(r)dr

to

Zero-input response;
xi(t) = et x(to)

Zero-state response;
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The switch is in 1, the current of capacitor

dVe
C— =—-G(V,
™ (Ve)
The state equation;
dve 1
d ~ RC €

Zero-input response
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The switch is in 2, the state equation of the circuit

dVe

c2C _ Gle—-,
dt (e —Vc)
in standart form Y ) )
c_ 1 1
gt = RCV<TRce

The solution of V¢ (t);

t
Ve(t) = e re(t70) Ve (0) + / e-%(f-ﬂie(f)df
0 RC
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Homogeneous Solution

The homogeneous solution is also called the natural response is the
general solution of DE when the input is set to zero;

X = ax.
The homogeneous solution has the form
xp(t) = Ke*
Particular Solution (Forced response) x,(t) is depend on the source e and
it will be picked up from the Table. Substituting x,(t) into DE eqn. we

will obtain the parameters of the x,(t).

Xp = axp + be
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Particular Solutions

SOURCE PARTICULAR SOLUTION

E K

Eeat Keat

Ee®t Kie?t + Kptedt

Et Ki + Kot

E cos(wt) Kicos(wt) + Ko sin(wt)

E sin(wt) Kicos(wt) + Ko sin(wt)

Eqsin(wit) + Ep cos(wat) | Kicos(wit) + Kasin(wat)
+K3zcos(wat) + Ky sin(wat)
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The complete response

The complete response is the sum of natural response and forced response.
x(t) = xp(t) + xp(t)

Using initial condition x(tp)
xp = Ke™ + x,(to)

Parameter for the natural response can be obtained K = %‘t’o(m)
The complete response

X(t) = (0 — ()0 4 ()
~ ~——
Natural response Particular solution

Zero-input and zero-state (forced response) responses express in term of
natural response and Particular solution.

a(t—t a(t—t
()= x0T 4 (t) = xp(t0)e? )
zero-input response zero-state response
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A first-order differential equation is given by
x = —2x + e(t)

where e(t) = e"fu(t) and x(0) = 2. Find x(t) for t > 0. The
homogeneous solution is
xp(t) = Ke 2t

and the particular solution is
xp(t) = Ee™*
Substituting the particular solution into the DE
—Ee™'= 2Fet4 et
then E = 1, we obtain the complete the solution
x(t) = Ke ™ 4 et

Applying the initial condition to the above equation, we obtain K = 1.
Then
x(t) = (e 2t + e Hu(t)
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The zero-input response is
Xz,'(t) = 26_2t
and the zero-state response is

Xzs(t) = ft e 2At=")e=Tdr
= e 2t [feTdr
= e (et - 1)

The complete solution

x(t) =2 2tu(t) 4+ et —e %
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A first-order differential equation is given by x = —4x where x(0) = 4.
Find x(t) for t > 0. The homogeneous solution is x(t) = Ke™** Applying
the initial condition to the above equation, we obtain K = 4. Then
x(t) = de*u(t)
It's connected to a second first order system which is

z=—z+x(t)

where z(0) = 1. Find z(t) for t > 0.
The homogeneous and the particular solutions are

zp(t) = Ke™' z,(t) = Ee ™
Substituting the particular solution into the DE
—4Ee ™ = —Fe ™ f 47

then E = —4/3, we obtain the complete the solution
z(t) = Ke™t — 4/3e~*t Applying the initial condition to the above
equation, we obtain K =7/3. Then

2(t) = (7/3e~t — 4/3e 4t )u(t)
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>> t=0:0.1:5;
>> plot (t,7*exp(-t)/3-4*exp(-4%t)/3);
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Solution of Second Order State Equations

A second order state equation is given by standard form such as

BEERIBEH
X2 ajz1 a2 X2 b2

or
dx
G = A+ anxe+ bie
dx:
G = auxatanx + boe

The output of this system is given by

y(t) = axi(t) + cxo(t) + de(t)
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In order to have differential equation in the output variable

2

% — (a1 + 322)% + (a11a22 — azaz1)x1 = bl% + (a12b2 — axby)e
2

76;:;2 — (a1 + azz)% + (a11822 — a1za01)x2 = bz% + (ag1 by — a11bo)e.

Undamped natural frequency

W = +/ai11a22 — aizaz1

Damping ratio
1

Q= —ﬂ(all + a)
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With these new coefficients

d? du
dtle +oQwt + w2x = bla + (a12bo — amby e
d%x

du
dt2 + 2Qw 7 + w? Xp = bp— . (321b1 — allbz)e.
Defining
qgo = ci(—biax + aizh2) + co(—bpai1 + azi1b1) + d(a11a2 — aizani)

g1 = cabi+ oby — d(ai1 + ax)
g =d
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The second order differential equation

d?y dy d?e de
2 (a11 + ax)—; ™ + (211322 — a2an1)y = 2~ g2 T o T doe
and it is in the term of standard parameter
Yy +2Q + de % + qoe
W— w? ——q1— :
a2 Y= 591 T 4o
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Solution of the Homogeneous Second-Order Equation

For e(t) = 0, 2nd order equation

d2
T2 +2QW——|—W y=0
yh(t) = Kle/\lt =+ ngMt

where Kj and K, are constants defined by the initial conditions, and the
eigenvalues A1 and A; are the roots of the characteristic equation. Or A1
and A\, are found from

A2 4 2Qw; +w? =0

he eigenvalues

)\1,)\2 = —QW:F wy/ Q2 — 1.
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K1 and K> are obtain
¥(0) = c1x(0) + c2x2(0)

using initial conditions

y(0) = K1 + Kz
and
dy(t
)(/1(1') = a(a11x(0)+a12x2(0))+c2(a21x1(0)+a22x2(0)) = KiAd1+KaAz
t=0

The response of the system for e = 0 is depend on

A, =w(—Q FV Q% —1).
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@ @ >1: X<0and real. In this case, the response is said to be
overdamped.

1.

[ L=
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@ @ = 1: The response is said to be critically damped.
A1, Ao = —w.
Homogenous solution is

yh(t) = Kle_Wt + Kzte_Wt
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@ 0 < Q < 1: The response is said to be underdamped.
)\1,)\2 = —QW :|:_jW\/ 1-— Q2.

e*QWt

t = —_—
yh(t) = yo 12
= — 2 = — Q
where wy = wv/1 — Q2 and ¢ = tan lm.

The output
cos (wgt — ¢)

o
[@NIVAre)
T
[
|
|
\
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e Q<O
Real{\} >0
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Natural Response of a Parallel RLC Circuit

+0

d?v 1 dv 1

a2 TrRca Tre’ 70

w—= L Q_\/E

VIC' X T 2RC’
Electric Circuits, James W. Nilsson and Susan A. Riedel, pp. 286-301
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Step response

We will find the output for e(t) = u(t) which is given by

y(t) = yn(t) + ys(t)

The particular solution ys(t) = K. Substituting the particular solution into
the eqn. we will have K = ﬁ Step response is obtain such as

1
y(1) = Kieht 4 Kyt 4 -

n

K1 and K5 are obtained form the initial conditions with

1

n

—_- = K1\ + Koo
t=0
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Step Response of a Parallel RLC Circuit

+0

@t 11
d2 " RCdt " 1c’ T Lc

Electric Circuits, James W. Nilsson and Susan A. Riedel, pp. 301-307
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Step response
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SRR

where [ (1) ] is the initial condition and the output is y(t) = x1(t) Let find

the output for e(t) = 0, e(t)=u(t) and e(t) = 10 cos(t).
We have

X'1 = 2X2

Xo = —x1—3x>+e

The output is obtain such as

X1 = 2x2

x| = 2(—X1 —3x + e)
= —2x3 — b6x2 + 2e
= —3x1 — 2x1 + 2e
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For the homogeneous solution, we must find eigenvalues

det{/\l—[gl 2_3}}:A2+3A+2:o

A= —1ve A= —2. The homogeneous solution
y(t) = Kie ' 4 Koe 2t
Using initial condition

y(O) :K1—|—K2:1
y(O) :—K1—2K2:0

K1 =2 and K, = —1 are obtained. The solution is

y(t) =2e7t — e 2t
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For e(t) = u(t), the particular solution is chosen from table which is
ys(t) = E
Substituting the particular solution into the DE equ. We have E = 1.
y(t) = Kie t + Koe 2t 41
Using the initial conditions

y(_O) = Ki+Ko+1=1
y(O) =—-Ki—2K,+1=0

we will have K1 = —1 and K, = 1. The complete solution is given by

y(t) = —e "t +e 2t 4 u(t)
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For e(t) = 10cos(t), the particular solution is chosen from table which is

ys(t) = Eycost + Epsint

Substituting the particular solution into the DE equ.

—FEicost— Eysint =3E;sint —3Eycost —2Ecost — 2E>sint +20cos t

we have E; = 2 ve E; = 6 then
y(t) = Kie '+ Koe ®' 4 2cost + 6sint

Using the initial conditions

y(_O) =Ki+Kr+2=1
y(0) =—-Ki—2K,+6=0
we will have K1 = —8 and Ky = 7. The complete solution is given by

y(t) = —8e ' +7e " 4 2cost +6sint

33/ 34
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E=-2V, R=2Q, e(t) = 0.2sin(wt), C =1F, vg = i}
DC Analysis:

dV,
C

dt

e=iR+vg=—4=2ig+i3

iR = —2Amps
AC Analysis: Rg = —4Q

CCdVC _ (e—ve) ve
dt R Ro
dVC .

W = _% +0.1 sin(wt)
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