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State Equation

Capacitor current and or its voltage are given by
dVe
C— =i
da €

and

Ve(t) = é[ ic(r)dr + Ve(0)

0
Inductor voltage and current are given by

dip
Y
dt L

and

i (t) = i/tt Vi(r)dr + it (0)

0
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State Equation
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Using Branch Voltages Method
ic =i — IR
Using the definition of L and C elements
Coe = 1 [y Vi(r)dr +i(0) — GVg

= 1 (Vi e(r)dr = [ Ve(r)dT) +in(0) ~ GVr

we have an Integro-Differential Equation !.
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We can represent the same circuit by differential equations of the form
CthC = i — IR
! —
LdftL = € — VC

We can write the state equations in matrix form:

2 ][ [
# —1/1_ 0 I 1/L
where ir = GV = GV(. This equation can be recast into the standard

form )
X = AX+ Bu

y = CX+Du

where X is state variable vector, y is output and u is input.
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Obtaining State Equations

1. Pick a proper tree :

o The voltage sources must be placed in the tree.

o If the tree is not complete, the edges corresponding to as many
capacitors as possible must be placed in the tree. If a capacitor in a
loops which consisting entirely of capacitors and voltage sources. The
capacitor must not be placed in the tree.

o If the tree is not complete, the edges corresponding to the resistors
must be chosen and as many resistors as possible must be included.

o If still the tree is not completed, then, the edges corresponding to the
inductors will be chosen until the tree is completed. If an inductors in a
cut set which consisting entirely of inductors and current sources, the
inductor must be placed in tree.

o All the edges corresponding to the current sources must be placed in
the co-tree.

2. After the selection of proper tree, the state variables are branch
capacitor voltages and chord inductor currents.
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3. Obtaining State Equations from the circuit: Express the voltage
across each element corresponding to a branch and the current
through each element corresponding to non-branch edge in terms of
voltage sources, current sources, and state variables. * If not possible,
assign a new voltage variable to a resistor corresponding to a branch
and a new current variable to a resistor corresponding to a
non-branch edge.

a Apply KVL to the fundamental loop determined by each non-branch
inductor.

b Apply KCL to the fundamental cut-set determined by each branch
capacitor.

c Apply KVL to the fundamental loop determined by each resistor with a
new current variable assigned in *.

d Apply KCL to the node or super-node corresponding to the
fundamental cut-set determined by each resistor with a new voltage
variable assigned in *

e Solve the simultaneous equations obtained from steps c and d for the
new variables in terms of the voltage sources, current sources, and the
state variables.

f Substitute the expressions obtained in step e into the equations
determined in steps a and b.
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© Graph is drawn and pick the proper tree.
@ V( and j; state variables.

Ve = F(Ve, i, e(t),i(t)) i = F(Vc, i, e(t),i(t))

Prof. Dr. Miistak E. Yalgin (ITU) Basic of Electrical Circuits October, 2020 8/



@ KVL for the fundamental loop determined by the inductor and KCL
to the fundamental cut-set determined by the capacitor.

ic+ip—h-+1i =0
Vi—-V3—Vc+V; = 0

using the definition of the inductor and capacitor

CNe = —i+i—i
L9E = Vs+\Ve— W
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KVL for the fundamental loop determined by R, and KCL to the
fundamental cut-set determined by R; and R3

R2i2 = € VC
G1 V1 = iL
G3 V3 = —i[_ — i

Substitute the expressions
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Degenerate Circuit

Circuit which contains any
@ Loops consisting entirely of capacitors and voltage sources.

o Cutsets consisting entirely of inductors and current sources.

(F
®
(=)
&

e(t)

two capacitors and the voltage source make a loop.
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Degenerate Circuit
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1. C2 must be placed to co-tree.
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Degenerate Circuit

Q) ‘ e(t) ‘
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2. The state variable are Vq i}.

3. KCL and KVL
icit+ip—ico+i = 0
Vi—- V-V =0

Using the definition of C and L elements, the state equations;

1 gt = —IL—i+ic
r
LGE = Vi+Vg

Prof. Dr. Miistak E. Yalgin (ITU) Basic of Electrical Circuits October, 2020 13 /23



Degenerate Circuit

Apply KVL to the fundamental loop determined by C2 and KCL to the
fundamental cut-set determined by R1

Veo = e—Va
GVi = —ip—i

In order to obtain i¢s in terms of the voltage sources, current sources, and
the state variables, we will use the definition of capacitor (ic; = Co9Y<2 ).

dVeo de dVc1
C =G——-C
Tdt - Pdt % dt
The state equation in standard form
C1 C:I\gfl = —iL — I+ C2£ — nggfl
L% = _Rl(/L - I) + Ve

d Vel — 0 C;&-lCl Vel C1+C2 de C;Flcz ;
dt[iL]_[,l_ - A I R = A
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RLC and multi-terminal elements

All the edge corresponding to the dependent voltage source must be

placed in tree. All the edge corresponding to the dependent current source
must be placed in co-tree.
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Transformer Vo = nV4, it = —nip and Gyrator i3 = —aViy, is = aVs
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Cl

C2

1. Graph is drawn. The voltage sources e, capacitors C1 and C2 are
placed to tree. The tree is not complete, edge 2 is a dependent
voltage source which is placed to tree. The edges 3 and 4 are placed
to co-tree.

2. V1, Vo and i are state variable.
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3. From the fundamental cut-sets and loop, we have

ic1+ I3 =0
icatiL+13 =
Vi+Vg—Vem—e = 0

o

October, 2020
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The state equations;

del _ o
Q52 = —iL—1i3
g
L d,tL = — VR + ch + e

Express the i3 and Vg as function of state variable and independent
sources

iR = —iag+ip=ip—aVs=i—a(—Vci1+ Vo + V)
= iL—oz(—V(_‘1+ne+ VCZ)

i3 - OéV4:OzVR:CkRiR
J [ Va — — — [ Va —
— | Ve | =| — —— — Voo |+ —— | e
de | ' S° .

1 - = —— 1 -
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Obtaining State Equations directly from the circuit

Consider a dynamic circuit that does not contain any
@ Loops consisting entirely of capacitors and voltage sources.
o Cutsets consisting entirely of inductors and current sources.

The objective of the analysis is the express the currents of capacitors and
the voltages of the inductors as a function of the voltages of the
capacitors, the currents of the inductors and the independent sources.
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@RJ

e
Qe = G1(Var — Vaz) — G3(Vaz — Viz) — Go(Vaz — Vaa)
G2 = G3(Var — Vs
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Var = e

Viz = 0
Vio = Vo
Vasa = —Veo

Using the above equations, the state equations;

G d\gta = Gl(e— Vc1) — G3(Vc1) — Go(Ver + Ve2)
R = GVa

In standard matris form:

i Vet |- G1+gz+G3 _%
dt VC2
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