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Introduction

 Previously considered distributed forces which were proportional to the
area or volume over which they act.
- The resultant was obtained by summing or integrating over the
areas or volumes.
- The moment of the resultant about any axis was determined by
computing the first moments of the areas or volumes about that

axis.
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« Will now consider forces which are proportional to the area or volume
over which they act but also vary linearly with distance from a given axis.

- It will be shown that the magnitude of the resultant depends on the
first moment of the force distribution with respect to the axis.

- The point of application of the resultant depends on the second
moment of the distribution with respect to the axis.

 Current chapter will present methods for computing the moments and
products of inertia for areas and masses.
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Moment of Inertia of an Area

- Consider distributed forces AF whose magnitudes are
proportional to the elemental areas AA on which they
act and also vary linearly with the distance of AA
from a given axis.

« Example: Consider a beam subjected to pure bending.
Internal forces vary linearly with distance from the
neutral axis which passes through the section centroid.

AF = kyAA
R=k[ydA=0 [ydA=Q, =first moment
M =k] y2dA ijdA:second moment

« Example: Consider the net hydrostatic force on a
submerged circular gate.

AF = pAA = wAA
=7yAA R = 7I ydA

4 MX:nyZdA
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Moment of Inertia of an Area by Integration

ATl = 1u2dA

dA =dx dy

dl,=y?dA  dl,=x2dA

dl, = %yf‘dx
dl, = x2ydx

« Second moments or moments of inertia of
an area with respect to the x and y axes,

I, =[y%dA 1, =[x°dA
 Evaluation of the integrals is simplified by

choosing d A to be a thin strip parallel to
one of the coordinate axes.

 For arectangular area,

h
l, = [y?dA=[y®bdy = 1bh’
0

« The formula for rectangular areas may also
be applied to strips parallel to the axes,

dlxz%yde dlyzxsz:xzydx
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Polar Moment of Inertia

» The polar moment of inertia is an important
parameter in problems involving torsion of
cylindrical shafts and rotations of slabs.

Jo = [r?dA

 The polar moment of inertia is related to the
rectangular moments of inertia,

Jo :jrsz: j(xz + yz)jA:szdA+jy2dA

=1y +1y

AR EVEA R
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Radius of Gyration of an Area

 Consider area A with moment of inertia
l,. Imagine that the area is
concentrated in a thin strip parallel to
the x axis with equivalent I,.

I, =k?A k= IKX

_ k, = radius of gyration with respect
k1 to the x axis

0 | x < Similarly,
’.“‘l I
12 _ Y

Jo =k3A Ko =1/JTO

kg = kg +ky
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Sample Problem 9.1

y SOLUTION:

A differential strip parallel to the x axis is chosen for
dA.

dl, =y?dA  dA=Idy

 For similar triangles,

I_h-y |:b—h_y dA:b—h_ydy
b h h h

P———

Determine the moment of
inertia of a triangle with respect

PN toits base. * Integrating dl, fromy=0toy = h,

h h— bh
l =Jy2dA=Iy2bTydy=Hj(hy2 - y3)dy
0 0

h
ol 3 A 3
:_{hy__y_} | _bh

hf 3 4 0 X 12
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Sample Problem 9.2

P a) Determine the centroidal polar
! moment of inertia of a circular

- area by direct integration.

. b) Using the result of part a,
determine the moment of inertia

. of a circular area with respect to a
< diameter.

SOLUTION:

« An annular differential area element is chosen,

dJg —u’dA  dA=2zudu

r r
Jo = [ddg = [u?(2zudu)=27[u’du
0 0

T
Ja=—r
S,

* From symmetry, I, = Iy,

Jo=Ily+1,=2l, %r4=2IX

T

lgi =1, ==
lameter X
4

r4
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Parallel Axis Theorem

e Consider moment of inertia | of an area A
with respect to the axis A4’

| = [y“dA

A, . .
A « The axis BB’ passes through the area centroid
and is called a centroidal axis.

| =[y%dA=[(y'+d)*dA
= [y'“dA+2d[y'dA+d?[dA

| =T+Ad?  parallel axis theorem

AR EVEA R
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Parallel Axis Theorem

« Moment of inertia I; of a circular area with
respect to a tangent to the circle,

I =T+Ad% =Lz 4 (zr? )2

_ 54
=37r
4
« Moment of inertia of a triangle with respect to a
2 centroidal axis,
IAA' = I_BB' +Ad2
h
_ 2 _1hn3_1ph(ln)
g’ = | aw — Ad2 = Lbh® ~1bh(Lh)
r ’ _ 1 3
A =3 bh
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Moments of Inertia of Composite Areas

« The moment of inertia of a composite area A about a given axis is
obtained by adding the moments of inertia of the component areas
AL A, A, ..., with respect to the same axis.

= 1
L= 2bh?
= 1
Iy=§b3h I—I—lr“
T, il i3 . s A
Rectangle pe x=73 Semicircle 7, Lo
I, = sb% 071
! 3 | Jo = 5 bh(b? + h?)
1
a3 L=I=—nr
1 X
P Triangle L = 35 bh Quarter circle ly is
| L=Lph Jo=35%"
=" 3
. I, = —~mab3
_ 4
. I = y= i’"A 1
Circle ] - - Ellipse = Iy = Zn’a3b
’ 072
- Jo = 3 mab(a? + b2)
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Depth Width

Moments of Inertia of Composite Areas

Vector MechaniGCs IIRENGINEELSH STAlICS

Area 1 ky y I, k, X
Designation mm? mm mm | 105mm! mm mm |105mm¢ mm mm
W460 X 1131 14400 463 280 554 196.3 63.3 66.3
W Shapes W410 X 85 10800 417 181 316 170.7 1794 406
(Wide-Flange W360 X 57 7230 358 172 160.2 149.4 11.11 394
Shapes) W200 X 46.1 5890 203 203 45.8 88.1 1544 513
S460 x 81.41 10390 437 |89 335 179.6 866  29.0
S Shapes 310 X 47.3 6032 | 305 127 907 1837 390 254
(American Standard S250 X 37.8 4806 | 254 118 Ble 1034 98 A2
Shapes) S150 X 18.6 2362 | 152 84 9.2 62.2 0.758 17.91
C310 x 30.8} 3929 305 74 53.7 117.1 1.615 2029 17.73
C Shapes C250 X 22.8 2897 254 65 28.1 98.3 0949 1811 16.10
(American Standard C200 X 17.1 2181 203 57 13.57 79.0 0549 15.88 14.50
Channels) C150 x 12.2 1548 152 48 5.45 59.4 0.288 1364 13.00
9- 13



Z
oL =
—_
— —+
o>
-]

Vector MechaniCSIORENGINEENSH STAICS
Sample Problem 9.4

Zin. SOLUTION:
|<—9in.—>| l _ _ _
o e » Determine location of the centroid of
o T composite section with respect to a
C 1o coordinate system with origin at the
41, centroid of the beam section.
‘ » Apply the parallel axis theorem to
" | ‘l | determine moments of inertia of beam
6.77 in. section and plate with respect to
The strength of a W14x38 rolled steel composite section centroidal axis.

beam is increased by attaching a plate

: « Calculate the radius of gyration from the
to its upper flange.

moment of inertia of the composite
Determine the moment of inertia and section.

radius of gyration with respect to an

axis which is parallel to the plate and

passes through the centroid of the

section.

ALY IV AR
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Sample Problem 9.4

SOLUTION:

« Determine location of the centroid of composite section
with respect to a coordinate system with origin at the

centroid of the beam section.

Section A,in? y,in. | yA,in®
Plate 6.75 7.425 | 50.12
Beam Section | 11.20 0 0
> A=17.95 > yA=50.12

va _ yA 50.12in> .
YSYA=YVA Y= 2 —2.792in.
2LA=2 SA  17.95in?
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Sample Problem 9.4

in. « Apply the parallel axis theorem to determine moments of
inertia of beam section and plate with respect to composite
section centroidal axis.

| beam section = Ix + AY 2 =385+ (11.20)(2.792)°

= 472.3in*
|y plate = I + Ad? = L (O3] +(6.75)(7.425— 2.792)?
=145.2in*

Iy = Ix',beam section T Ix',plate =472.3+145.2

|, =618in?

X

x + Calculate the radius of gyration from the moment of inertia
of the composite section.

.4
k., = b _017.50n ke = 5.87n.
x = = ) X

A 17.95in
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Sample Problem 9.5

SOLUTION:

« Compute the moments of inertia of the
bounding rectangle and half-circle with
respect to the x axis.

* The moment of inertia of the shaded area is
obtained by subtracting the moment of
inertia of the half-circle from the moment
of inertia of the rectangle.

Determine the moment of inertia
7wy Of the shaded area with respect to
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Sample Problem 9.5

% 240 mm —— SOLUTION:
e » Compute the moments of inertia of the bounding

rectangle and half-circle with respect to the x axis.

Rectangle:
I, =1bh® =

1(240)(120)=138.2x10° mm*

Half-circle:
moment of inertia with respect to A4,

A
a =38.2 mm 6 4
: | o = gyzr (90) = 25.76x10°mm
b=81.8 mm
. moment of inertia with respect to x’,

Iy = 1 an — Aa? = (25.76x10° J12.72x10)

A _(1%0)_ 355 mm —7.20x108 mm?*

3T 3T
b=120-a=81.8mm moment of inertia with respect to X,
1 _
A=gar® = 3(90) Iy = Iy + Ab? =7.20x10° + (12.72x103 | 81.8)?
=12.72x10°mm? —92.3x10°mm?*

AT IV IA R
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Sample Problem 9.5

« The moment of inertia of the shaded area is obtained by
subtracting the moment of inertia of the half-circle from
the moment of inertia of the rectangle.

o Iy - 138.2x10°mm* - 92.3x10°mm*

l, =45.9x10°mm?

Mc

gﬁfw 9- 19
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Product of Inertia
,\ e Product of Inertia:
co. g Ly =[xy dA

Y

« When the x axis, the y axis, or both are an
axis of symmetry, the product of inertia is
ZEero. o

dA’

« Parallel axis theorem for products of inertia:

Ly = lyy +XYA

(N;Irc
v 9- 20



Vector MechaniGCs IIRENGINEELSH STAlICS

Principal Axes and Principal Moments of Inertia

Given I, =jy2dA ly =jx2dA
Iy =[xy dA

we wish to determine moments
and product of inertia with
! respect to new axes x’ and y".
. Note: x'=xcos@+ysing
y'=ycoséd —xsiné

« The change of axes yields
Iy +1y Iy —1y _
I, = > + > C0s 20—y sin 20
Iy +1y  Ix=1y _
e €0os 20 + Iy SIn 20

|
Ly = %sin 20+ 1, COS 20

» The equations for I .and I, . are the
parametric equations for a circle,

(e = Iave)2 T I)%’y’ =R’

L+ 1y =1y

_ _ 2
e = Rz )T

« The equations for | .and I .. lead to the
same circle.
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Principal Axes and Principal Moments of Inertia

* Atthe pointsAandB, 1., =0 and | .is
a maximum and minimum, respectively.

Imax,min - Iave *R

215y

tan 26, = -
Iy =1y
 The equation for @, defines two
angles, 90° apart which correspond to
the principal axes of the area about O.

* |.and |l are the principal moments

of inertia of the area about O.
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Sample Problem 9.6
SOLUTION:

 Determine the product of inertia using
direct integration with the parallel axis
theorem on vertical differential area strips

» Apply the parallel axis theorem to
evaluate the product of inertia with respect

to the centroidal axes.

Determine the product of inertia of
’ the right triangle (a) with respect

! to the x and y axes and
(b) with respect to centroidal axes

. parallel to the x and y axes.
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Sample Problem 9.6

SOLUTION:

« Determine the product of inertia using direct integration
with the parallel axis theorem on vertical differential
area strips

X X
=hl1--| dA=vydx=h|1-— |dXx
d ( bj y ( b)

o _ X
Xel = X Yel=%Y=%h(1——j

b

Integrating dI, from x =0 to x = b,

b 2
lyy = [dly = [ %) ye|dA=jx(%)hz(l—§j dx
0
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Sample Problem 9.6

« Apply the parallel axis theorem to evaluate the
gl Y product of inertia with respect to the centroidal axes.

g1 vl
=3D y=3h

With the results from part a,

Ly = Lyryr + XYA

ey = 4b2n% — (Lb)Lh)Lbh)

__1p2K2
»=—25b%h

I_X ny

Mc

ﬁﬁf‘” 9- 25
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Sample Problem 9.7

d SOLUTION:
: | « Compute the product of inertia with
Tf.—————— | respect to the xy axes by dividing the
g section into three rectangles and applying
= i’_’£ the parallel axis theorem to each.

« Determine the orientation of the
e 3in—] | principal axes (Eqg. 9.25) and the
principal moments of inertia (Eq. 9. 27).

M For the section shown, the moments of
=1 inertia with respect to the x and y axes
’ are I, =10.38 in*and I, = 6.97 in“.

Determine (a) the orientation of the
. principal axes of the section about O,

and (b) the values of the principal
Q moments of inertia about O.
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Sample Problem 9.7

y SOLUTION:
| f—3n « Compute the product of inertia with respect to the xy axes
[ by dividing the section into three rectangles.
T%in- Apply the parallel axis theorem to each rectangle,
4 in _
Ly =2 Ty + XyA)

Note that the product of inertia with respect to centroidal

S0, !T axes parallel to the xy axes is zero for each rectangle.
y
i Rectangle | Area,in® | X,in.| y,in. xyA,in?
{ . T I 15| -1.25| +1.75 —3.28
! 1.75 in. 1 1.5 0 0 0
¢ 11 15| +1.25|-1.75 —3.28
D> XyA=-6.56

ly => XyA=-6.56in"
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Sample Problem 9.7

« Determine the orientation of the principal axes (Eg. 9.25)
b 6, =127.7° and the principal moments of inertia (Eq. 9. 27).
\T
< - 21yy 2(-6.56)

tan26,, = — =— =+3.85
ly-1, 10.38-6.97

20, = 715.4°and 255.4°

6y =37.7° and 6, =127.7°

2
B 4 I, +1 I, —1 2
| l, =10.38in Imax,minzxzyi\/( X2 yj + 1y
& |, =6.97in*
T — 2
__ - 6560’ 1038 : 6.97, \/(10.382 6.97) + (6560
"5'5'5'55_'.:-' Ia = ImaX :15.45 in4

l, = 1, =1.897in*

glrc
v 9- 28
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Mohr’s Circle for Moments and Products of Inertia

« The moments and product of inertia for an area
are plotted as shown and used to construct Mohr s
! circle,

Ly Iy +1y Iy =1y 5
|ave:T R:\/[ 5 + 1y

« Mohr’s circle may be used to graphically or
analytically determine the moments and product of
inertia for any other rectangular axes including the
principal axes and principal moments and products
of inertia.
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Sample Problem 9.8
g SOLUTION:

- Plot the points (l,, 1,,) and (1, ,-1,).
Construct Mohr’s circle based on the

y. |
\ circle diameter between the points.
0 =060° . ) )
L152Xx102x 127 | . Based on the circle, determine the
| orientation of the principal axes and the
principal moments of inertia.

Z
oL =
—_
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The moments and product of inertia  Based on the circle, evaluate the

with respect to the x and y axes are |, = moments and product of inertia with
a 7.24x106 mm?, |, =2.61x106 mm?, and respect to the x’y " axes.

l,y = -2.54x10° mm4

’ Usmg Mohr’s circle, determine (@) the
. principal axes about O, (b) the values of
the principal moments about O, and (c)
the values of the moments and product
g of inertia about the x” and y’ axes
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Sample Problem 9.8

L, (10°mm*) SOLUTION:
« Plot the points (I, I,,) and (l, ,-I,,). Construct Mohr’s
circle based on the circle diameter between the points.

OC = Iy = (I, +1,)=4.925x10° mm*

LIy D =1(1,~1,)=2.315x10°mm*

AT R=+/(CD)? + (DX ) =3.437x10°mm*

6, .l
Iy =7.24x10"mm « Based on the circle, determine the orientation of the

Iy =2.61x 10°mm?* principal axes and the principal moments of inertia.

ly =—2.54x10°mm* tan 26, = g—é =1.097 26,,=47.6° [0, =23.8°

2 O\’

> |y = OA =l +R | oy =8.36x108mm?

. 6, =238° Imin =OB =lge —R | min =1.49 x10°mm*
' x

Q 9- 31
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Sample Problem 9.8

y - « Based on the circle, evaluate the moments and product

of inertia with respect to the x’y’ axes.
yk\\\\

L152 X 102X 12.7 |

The points X" and Y’ corresponding to the x”and y” axes
are obtained by rotating CX and CY counterclockwise
through an angle @ = 2(60°) = 120°. The angle that CX’
forms with the x” axes is ¢ = 120°- 47.6° = 72.4°.

60°

|, =0OF =0C +CX'cos ¢ = | 5, + RC0s 72.4°

4.925 X 106 mm;4
T K 20=120° |, =5.96x10° mm*
3.437 X 106 o
min“ l,,=0G =0C -CY'cosg = l,,, —Rcos72.4
= foly l, =3.89 «x10°mm*

ey = FX'=CY'sing = Rsin 72.4°

Y’
20,, = 47.6°

ey =3.28x10°mm*

OC = I = 4.925%x10°mm*
R =3.437x10°mm*

A RYRVEARL
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Moment of Inertia of a Mass

« Angular acceleration about the axis 44’ of the
small mass Am due to the application of a
couple is proportional to r2Am.

r2Am = moment of inertia of the
mass Am with respect to the
axis AA’

 For a body of mass m the resistance to rotation
about the axis A4’ is

| = rlem + rzzAm + r32Am + -

= jrzdm = mass moment of Inertia

 The radius of gyration for a concentrated mass
with equivalent mass moment of inertia is

l=k2m k= |-

m
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Moment of Inertia of a Mass

« Moment of inertia with respect to the y coordinate
axis is
2 2 2
I, =]r dmzj(z + X )dm

 Similarly, for the moment of inertia with respect to
the x and z axes,

l, :j(y2+22)dm

l, :j(x2+y2)dm
u  In Sl units,

I :jrzdm:(kg-mz)

In U.S. customary units,
2
Iz(slug-ftz):[lb;’ ftZ):(”g.ft.Sz)

glrc
v 9- 34
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Parallel Axis Theorem

 For the rectangular axes with origin at O and parallel
centroidal axes,

= (y2 +22)jm:j[y'+y 2 (z’+z)2]dm

:j(y2+z )dm+2yjy’dm+22jz’dm+(y +2 )jdm

« Generalizing for any axis 44 ’and a parallel centroidal
axis,

| =T +md?
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Moments of Inertia of Thin Plates

A

 For a thin plate of uniform thickness t and homogeneous
material of density p, the mass moment of inertia with
respect to axis 44’ contained in the plate Is

| an = [r2dm = pt[r?dA
= ptlan area
« Similarly, for perpendicular axis BB’ which is also
contained in the plate,

lgg' = pt IBB’,area

 For the axis CC’ which is perpendicular to the plate,
lccr = ptIc area = PL (I AA area t | BB’,area)
= IAA’ -+ IBB’
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Moments of Inertia of Thin Plates

 For the principal centroidal axes on a rectangular plate,

3 2
| an = P pn area = Pt(ll b) 1ma

3 2
lge’ = Pt 1B area = Pt%ab ) 112 Mo

1
lcc' = I an mass + 1BB mass = 12m(a +D J

 For centroidal axes on a circular plate,
_ _ _ (1 )12
I an = I = Pt ap area —Pt(zﬂr )—Zmr

ICC' = IAA'+IBB' :%mrz
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Moments of Inertia of a 3D Body by Integration

« Moment of inertia of a homogeneous body
Is obtained from double or triple
Integrations of the form

| = p[rdv

 For bodies with two planes of symmetry,
the moment of inertia may be obtained
from a single integration by choosing thin
slabs perpendicular to the planes of
symmetry for dm.

« The moment of inertia with respect to a

’ dl, ‘d’ +22dm= (1% +22 )dm particular axis for a composite body may

. dI=dL; +x2dm = (r2 + x2)dm be obtained by adding the moments of

. Inertia with respect to the same axis of the
components.

Q 9- 38
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Moments of Inertia of Common Geometric Shapes

Ix=énir2
1
I,=I= émL2 L=I= Zmr2
1

I, = +ma?
I=Lm®2?+c2 % 2’"“1

e Lk, 2 . 1.2
G ol Iy=I,=1m(3a +L2)
¥y~ 12
-
z—mmb
I, = —m(b2 + c?)
I, = m(c? +a?)
I,= - m(a2 + b?)
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Sample Problem 9.12

SOLUTION:

« With the forging divided into a prism and
two cylinders, compute the mass and
moments of inertia of each component
with respect to the xyz axes using the
parallel axis theorem.

« Add the moments of inertia from the
components to determine the total moments
of inertia for the forging.

Determine the moments of inertia

! of the steel forging with respect to
the xyz coordinate axes, knowing

. that the specific weight of steel is

490 Ib/ft3.
9- 40
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Sample Problem 9.12

SOLUTION: cylinders(a =1in.,L = 3in.,x = 2.5in.,y = 2in.):
« Compute the moments of inertia , ,
of each component with respect Iy =5ma” +my

to the xyz axes.

1
2
~1(0.0829) L Y +(0.0829)(2
2.59x10%Ib - ft -5

2in' 6 in. Iy :ﬁm[3a2+ L2]+ mx*
o | - 5(00829) 33 + (3 | - 0082933
l-z in -

each cylinder :
N (4901b/ft3 )z x12 x 3Jin®

" [728in® 13 a22ft/s?) = ﬁ(0.0829)[3%)2 ; (12)2} +(0. 0829)[ ;)2}

12
m = 0.0829 Ib - s /ft

= 4.17x10°%Ib - ft-s?

zZ

ly =ﬁm[3a2 + L2]+m X2 + 72]
m=

= 6.48x103Ib - ft - 52

&
-
—
;
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Sample Problem 9.12

prism(a=2in,b=61In,c=21in.):
1 2 2| 6
=1, =2mp?+c _ﬁ(o.zll)[(ﬁ)ﬁ(%)z}
—4.88x107° Ib-ft -s°

1y = Lmfe? + 2] 5(0.211)[(5)2 + %ﬂ

= 0.977x103 Ib-ft - 52

« Add the moments of inertia from the components
to determine the total moments of inertia.
I, = 4.88x107° + 2(2.59x107°)

|, =10.06x10°Ib - ft - s°

prism :

- mV _ (490|b/ft3X2\>< 2% 6)in® I, =0.977x1073 + 2(4.17x107%)
E g [L728in°/ft° |32.21t/s?) |, 932510 b .52
_ <2
- =021 |, =4.88x107° + 2(6.48x1073)
|, =17.84x103Ib - ft - s°
9- 42




Vector MechaniGCs IIRENGINEELSH STAlICS

Moment of Inertia With Respect to an Arbitrary Axis

ly;

IZX

* 15, = moment of inertia with respect to axis OL

IOL II pzdm = ”ZX ?‘de

« Expressing A4 and r in terms of the vector
components and expanding yields

- loL = IxAg + 1y Ay + 1,45

~2lyy Ay =21y Ay Ay — 2 A Ay

» The definition of the mass products of inertia of a
mass is an extension of the definition of product of
Inertia of an area

lyy = [ xydm = I,y +mxy

= [yzdm =l + myz

[ zxdm = I, +mzX



Vector MechaniGCs IIRENGINEELSH STAlICS

Ellipsoid of Inertia. Principal Axes of Inertia of a Mass

« Assume the moment of inertia of a body has been
computed for a large number of axes OL and that point
Q is plotted on each axis at a distance OQ =]/ JloL

 The locus of points Q forms a surface known as the
ellipsoid of inertia which defines the moment of inertia
of the body for any axis through O.

« x’,y’,z’axes may be chosen which are the principal
axes of inertia for which the products of inertia are

zero and the moments of inertia are the principal
moments of inertia.

y




