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ABSTRACT

In this study, aeroelastic flutter analysis of a tapered aircraft wing that is modeled as an Euler-Bernoulli beam is carried out. Applying the Hamilton’s principle to the kinetic and the potential energy expressions, the governing differential equations of motion and the boundary conditions are obtained. The desired results are obtained by applying both one-term and two-term Galerkin Method. However, only the two-term Galerkin Method is introduced here since it already covers the one-term method. Additionally, an example that studies the Goland wing is taken from open literature in order to validate the calculated results and a very good agreement between the results is observed.
WING MODEL
In this study, a tapered aircraft wing that is given in Fig.1 is considered. Here, the 
[image: image1.wmf]x

-axis coincides with the elastic axis, which is assumed to be straight, and the distance between the elastic axis and inertia axis at any point 
[image: image2.wmf]x

 is denoted by 
[image: image3.wmf](

)

x

y

q

. The speed of the air flow relative to the wing denoted by 
[image: image4.wmf]U

 is assumed to be constant.

[image: image134.wmf]c


[image: image5]
Figure 1. Elastic axis and inertia axis for a tapered cantilever aircraft wing in steady air flow

The wing deformation can be measured by a bending deflection 
[image: image6.wmf]w

 in the 
[image: image7.wmf]z

-direction and a rotation 
[image: image8.wmf]q

 about the elastic axis. The angle 
[image: image9.wmf]q

 is referred to the local angle of attack. The bending deflection, 
[image: image10.wmf]w

, is positive downward while the rotation, 
[image: image11.wmf]q

, is positive if the leading edge is up. The chordwise distortion will be neglected. The combined bending and rotational vibration of the cantilever wing in steady air flow is shown in Figs.2 (a) and 2 (b). Here the chord length is given by 
[image: image12.wmf](
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[image: image13]
Figure 2. (a) Bending deflection of the elastic axis (b) Rotation of the wing cross section 
FORMULATION

Equations of Motion and the Boundary Conditions

The kinetic and the potential energy expressions of an Euler-Bernoulli Beam that experience bending-torsion coupling are taken from Ref.[4]. Applying the Hamilton’s principle to these energy expressions, the governing differential equations of motion and the boundary conditions are obtained as follows
Equations of Motion: 
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          (1b) 
where the lift force, 
[image: image16.wmf]L

¢

 and the aerodynamic moment, 
[image: image17.wmf]M

¢

 are defined as follows
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Here, 
[image: image20.wmf]EI

 is the bending stiffness, 
[image: image21.wmf]GJ

is the torsional stiffness, 
[image: image22.wmf]m

 mass per unit length, 
[image: image23.wmf]q

I

is the mass moment of inertia per unit length, 
[image: image24.wmf]r

is the air density, 
[image: image25.wmf]L

C

 is the local lift coefficient and 
[image: image26.wmf]t

 is the time. 

Boundary Conditions: 

At 
[image: image27.wmf]0
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At 
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Exponential Solution Function:
A sinusoidal variation of 
[image: image31.wmf])
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 and 
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,
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q

 with a circular natural frequency 
[image: image33.wmf]w

 is assumed and the functions are approximated as exponential solutions.


[image: image34.wmf](

)

(

)

t

i

e

x

w

t

x

w

w

=

,













             (4a)


[image: image35.wmf](

)

(

)

t

i

e

x

t

x

w

q

q

=

,














             (4b)

where 
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In this study, both one-term and two term Galerkin Methods are applied. However, only the two-term Glerkin Method is introduced here since it already covers the one-term method. 

Substituting Eqs. (4a)-(5b) into Eqs. (1a) and (1b) gives
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where 
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Tapered Beam Formulas:
In this study, a beam model that tapers in one plane, 
[image: image43.wmf]xy

 plane, is considered. Therefore, the general equations for the half of the veter length, 
[image: image44.wmf](
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, the cross-sectional area, 
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, the distance between the elastic axis and inertia axis, 
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, the elastic axis location (positive rearward), 
[image: image47.wmf](
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, the moment of inertia, 
[image: image48.wmf](
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y

, the polar moment 
[image: image49.wmf](
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 and the mass moment of inertia per unit length 
[image: image50.wmf]q

I

 of a beam, are given by [2, 3].
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Here, the subscript 
[image: image58.wmf](

)

0

 denotes the values at the root section of the tapered beam and 
[image: image59.wmf]b

c

 represents the breadth taper ratio which can be expressed as follows
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These tapered beam formulas are used in the related parts of the expressions given by Eqs. (6a) and (6b).

APPLICATION OF THE GALERKIN METHOD
In this section, application procedure of the two-term Galerkin Method is described. Following the procedure, Eq. (6a) is multiplied by 
[image: image61.wmf]1

f

 and the resultant expression is integrated from 
[image: image62.wmf]0

 to 
[image: image63.wmf]L

 which gives the following equation
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Writing the terms of Eq.(9) as matrix coefficients gives
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where
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As described above, Eq. (6a) is multiplied by 
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f

 and the resultant expression is integrated from 
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 to 
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 which gives the following equation
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Eq. (6b) is multiplied by 
[image: image88.wmf]1

F

 and the resultant expression is integrated from 
[image: image89.wmf]0

 to 
[image: image90.wmf]L

 which gives the following equation
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Eq. (6b) is multiplied by 
[image: image92.wmf]2

F

 and the resultant expression is integrated from 
[image: image93.wmf]0

 to 
[image: image94.wmf]L

 which gives the following equation
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Eqs. (10)-(13) can be written in a 
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 matrix form as follows :
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SOLUTION PROCEDURE

Determinant of Eq.(14) is taken and made equal to zero. Solving this characteristic equation for a certain 
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 value, four roots which are 
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, are found. If the imaginary part of any root is positive, the wing experience flutter. 

Assuming that the imaginary part of the second root, 
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Considering Eq.(15), the frequency value at which flutter occurs is calculated as follows
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Using the calculated flutter frequency and knowing that 
[image: image108.wmf] 
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, the flutter speed is found as follows
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RESULTS

The computer package Mathematica is used to write a computer program for the expressions obtained in the previous sections. Calculation of the flutter speed is made both for a uniform and for a tapered wing model. The effects of several parameters are examined and in order to validate the calculated results, datas of the Goland’s wing whose parametric values are given below are used. 
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Firstly, the flutter frequency and the flutter speed of a uniform Goland wing are found as 
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 ft/sec. which are very close to the ones found by Ref.[5]. In order to validate the calculated results, a comparison is made in Table 1.
Table 1. Flutter Speed, Flutter Frequency and Reduced Frequency of a Uniform Goland Wing
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	Present Study
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In Fig. 3, variation of both the bending and the torsion frequencies of a uniform wing with respect to the free stream velocity, 
[image: image123.wmf]U

 is introduced. Here it is noticed that as the free stream velocity increases, the frequencies get closer to each other which increases the possibility of flutter. 
In Fig. 4, variation of the flutter speed, 
[image: image124.wmf]f

U

 with respect to the location of the elastic axis, 
[image: image125.wmf]a

, is introduced. Here it is noticed that as the elastic axis gets closer to the leading edge (forward), it gets more possible for the wing to get into flutter because the flutter speed gets lower.

In Fig. 5, variation of the flutter speed, 
[image: image126.wmf]f

U

 with respect to the taper ratio, 
[image: image127.wmf]b

c

 is introduced. Here it is noticed that as the taper ratio increases, the flutter speed increases which makes it less possible for the wing to experience fluttr.
[image: image136.wmf]x

[image: image137.wmf]z

[image: image128.wmf]200

400

600

800

U

20

40

60

80

100

w


Figure 3. 
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Figure 4. Elastic Axis Location, 
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, and Flutter Speed, 
[image: image132.wmf]f

U

, Relation
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