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16.333 Lecture 4

Aircraft Dynamics

Aircraft nonlinear EOM
Linearization — dynamics
Linearization — forces & moments

Stability derivatives and coefficients
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Aircraft Dynamics

e Note can develop good approximation of key aircraft motion (Phugoid)
using simple balance between kinetic and potential energies.

e Consider an aircraft in steady, level flight with speed U, and height
ho. The motion is perturbed slightly so that

Uy — U=Uy+u (1)

ho — h=ho+Ah (2)

e Assume that £/ = %mU2 + mgh is constant before and after the

perturbation. It then follows that u ~ —gﬁ—oh

e From Newton's laws we know that, in the vertical direction
mh=1L—W

where weight W = mg and lift L = %/)SCLU2 (S is the wing area).
We can then derive the equations of motion of the aircraft:

y 1
1 1
Ah
~ —pSCY (QTOUO) = —(pSCLg)Ah (5)

Since h = Ah and for the original equilibrium flight condition L =
W = 1(pSC1)UE = mg, we get that

PSOLQZQ(i)Q

m Uo

Combine these result to obtain:

Ah+QPAR=0 | Q%%\/Z
0

e These equations describe an oscillation (called the phugoid oscilla-
tion) of the altitude of the aircraft about it nominal value.

— Only approximate natural frequency (Lanchester), but value close.
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e The basic dynamics are:

= : - 1
F=mv., and T=H

I = - B 5>
= —F=10, + Plogxug, Transport Thm.
m
= B _
= T=H + PoxH
e Basic assumptions are: e e
o IS
1. Earth is an inertial reference frame R
2. A/Cis a rigid body ir
Z

3. Body frame B fixed to the aircraft (7, J,

e Instantaneous mapping of ¥, and /& into the body frame:

Blg=Pi+Qj+Rk #.=Ui+Vj+Wk

P U
== BIwB = Q == (Uc)B = V
R |44

e By symmetry, we can show that I,, = [,, = 0, but value of I,
depends on specific frame selected. Instantaneous mapping of the

angular momentum
H=H,+H,j+H.Fk

into the Body Frame given by

H, I, 0 1, P
Hgp=|H,|=|0 1, 0 |]|Q
HZ ]xz 0 [zz R
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e The overall equations of motion are then:

1 - :
“F ="+ Plgxa
m
X U 0 —R Q U
=—|Y|=|V|+| R 0-P V
"z W Q9 P 0| |wW
U+ QW — RV
= | V4+RU — PW
W+ PV — QU
- B 5
T = H + P'oxH
L I.,P+1I,.R 0 —R Q1 [IL. 0I.
= | M| = L, |+| R 0-P 01, O
N ILR+1I1.P —Q P 0| |I. 0L,

LoP + I.R +QR(I.. — I,)) + PQI,.
_ I,Q  +PR(IL, —L.)+(R*— P,

e Clearly these equations are very nonlinear and complicated, and we
have not even said where F' and T' come from. = Need to linearize!!

— Assume that the aircraft is flying in an equilibrium condition and
we will linearize the equations about this nominal flight condition.

P
Q
R
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Axes

e But first we need to be a little more specific about which Body Frame
we are going use. Several standards:

1. Body Axes - X aligned with fuselage nose. Z perpendicular to
X in plane of symmetry (down). Y perpendicular to XZ plane, to
the right.

2. Wind Axes - X aligned with .. Z perpendicular to X (pointed
down). Y perpendicular to XZ plane, off to the right.

3. Stability Axes - X aligned with projection of 7. into the fuselage
plane of symmetry. Z perpendicular to X (pointed down). Y same.

X-AXIS
(WIND)

e Advantages to each, but typically use the stability axes.

— In different flight equilibrium conditions, the axes will be oriented
differently with respect to the A/C principal axes = need to trans-
form (rotate) the principal inertia components between the frames.

— When vehicle undergoes motion with respect to the equilibrium,
Stability Axes remain fixed to airplane as if painted on.
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e Can linearize about various steady state conditions of flight.
— For steady state flight conditions must have
F = Fro + Favity + Finrust = 0 and T = 0
<& So for equilibrium condition, forces balance on the aircraft
L=WandT=D
— Also assumethat P=Q=R=U=V =W =0

— Impose additional constraints that depend on flight condition:

& Steady wings-level flight = d=d =0 =T = (

e Key Point: While nominal forces and moments balance to zero,
motion about the equilibrium condition results in perturbations to
the forces/moments.

— Recall from basic flight dynamics that lift L = C'r, oo where:

& Cr,, = lift curve slope — function of the equilibrium condition

<& g = nominal angle of attack (angle that wing meets air flow)

— But, as the vehicle moves about the equilibrium condition, would
expect that the angle of attack will change

a = oy + A«

— Thus the lift forces will also be perturbed
L' =Cp (g + Aa) = LT + ALY

e (Can extend this idea to all dynamic variables and how they influence
all aerodynamic forces and moments
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Gravity Forces

e Gravity acts through the CoM in vertical direction (inertial frame +Z2)

— Assume that we have a non-zero pitch angle O
— Need to map this force into the body frame
— Use the Euler angle transformation (2-15)

0 —sin ©
FL=T(®)T2(0)T5(¥) | 0 | =mg | sin®cosO
mg cos P cos O

e For symmetric steady state flight equilibrium, we will typically assume
that © = Oy, & = Py =0, so
—s8in O
F}, =mg 0
cos Oy

Z' o0
) (]
. | "

e Use Euler angles to specify vehicle rotations with respect to the Earth
frame

O = Qcosd — Rsind
O = P+ Qsin®tan® + Rcos P tan ©
U = (Qsin® + RcosP)secO

— Note that if ® ~ 0, then © =~ Q

e Recall: ® ~ Roll, © ~ Pitch, and ¥ ~ Heading.
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Linearization

e Define the trim angular rates and velocities

P

wp = | ¢
R

bl (UC)% =

16.333 4-7

0
0

which are associated with the flight condition. In fact, these define

the type of equilibrium motion that we linearize about. Note:

— Wy = 0 since we are using the stability axes, and

— Vi = 0 because we are assuming symmetric flight

e Proceed with linearization of the dynamics for various flight conditions

Nominal Perturbed = Perturbed
Velocity Velocity = Acceleration
Velocities U, U=Uy+u = U=u
W, =0, W=w = W =
Vo =0, V=v = V=02
Angular Py=0, P=p = P=p
Rates Qo =0, Q=q = Q=4
Ry =0, R=r = R=r
Angles Oy, O=06y+60 = O==0
Oy =0, O =0 = o = gb
Uy =0, U =1 = U =1
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q
Horizontal
Xg < ’.\
E 7 C.G.
Z
Y
Zy 7
E
Down

Figure 1: Perturbed Axes. The equilibrium condition was that the aircraft was angled up by O, with
velocity Vg = Upy. The vehicle's motion has been perturbed (Xy — X)) so that now © = O, +6 and
the velocity is Vi # Vrg. Note that Vi is no longer aligned with the X-axis, resulting in a non-zero
u and w. The angle ~ is called the flight path angle, and it provides a measure of the angle of the
velocity vector to the inertial horizontal axis.
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e Linearization for symmetric flight

U=Uy+u, Vy=Wy=0, Bh=0Qy= Ry=0.

Note that the forces and moments are also perturbed.

1 .
— [ Xo+AX] = U+QW —RV = 4+qu—rv=u
m
1 .
—[Yo+ AY] = V + RU — PW
m
~ 0+r(Uy+u) —pw ~ 0+1rU
1 .
E[ZOJrAZ} = W+ PV —-QU =~ w+pv—q(Uy+ u)
~ow — qU()
| AX U 1
= — | AY | = | v+1rUy 2
m AZ w — QU() 3
e Attitude motion:
L ]a:xp -+ ]a:zR +QR(IZZ o ]yy) + PQI:EZ
M| = 1,,Q  +PR(I,, —IL.)+ (R*>— P)I,.
N ]zzR -+ ]JCZP +PQ(Iyy o ]xx) o QR]$Z
AL e 4
= | AM | = Lyq 5

AN Li+IL.p| 6
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e Key aerodynamic parameters are also perturbed:

Total Velocity
Vi = (Uy+u)?+ 02+ u?) 2 = Uy+u
Perturbed Sideslip angle
B3 = sin"Hv/Vy) = v /Uy
Perturbed Angle of Attack
a, = tan H(w/U) ~ w/U

e To understand these equations in detail, and the resulting impact on
the vehicle dynamics, we must investigate the terms AX ... AN.

— We must also address the left-hand side (ﬁ f)

— Net forces and moments must be zero in equilibrium condition.

— Aerodynamic and Gravity forces are a function of equilibrium con-
dition AND the perturbations about this equilibrium.

e Predict the changes to the aerodynamic forces and moments using a
first order expansion in the key flight parameters

oX oX 0X .  0X 5X9 )
AX = SEAUS AW 4 S AW 4 2500 . Zo A0+ AX
O X O Oy O Axe
—aout T awY Taw Y Tae” T T 6o
0X

e 57 called stability derivative — evaluated at eq. condition.
e Gives dimensional form:; non-dimensional form available in tables.

e Clearly approximation since ignores lags in the aerodynamics forces
(assumes that forces only function of instantaneous values)
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Stability Derivatives

e First proposed by Bryan (1911) — has proven to be a very effec-
tive way to analyze the aircraft flight mechanics — well supported by
numerous flight test comparisons.

e The forces and torques acting on the aircraft are very complex nonlin-
ear functions of the flight equilibrium condition and the perturbations
from equilibrium.

— Linearized expansion can involve many terms u, u, i, . . ., w, w, w, . . .

— Typically only retain a few terms to capture the dominant effects.

e Dominant behavior most easily discussed in terms of the:

— Symmetric variables: U, W, Q) & forces/torques: X, Z, and M
— Asymmetric variables: V', P, R & forces/torques: Y, L, and N

e Observation — for truly symmetric flight Y, L, and NV will be exactly
zero for any value of U, W, ()

= Derivatives of asymmetric forces/torques with respect to the sym-
metric motion variables are zero.

e Further (convenient) assumptions:

1. Derivatives of symmetric forces/torques with respect to the asym-
metric motion variables are small and can be neglected.

2. We can neglect derivatives with respect to the derivatives of the
motion variables, but keep 0Z/0w and M, = OM /0w (aero-
dynamic lag involved in forming new pressure distribution on the
wing in response to the perturbed angle of attack)

3. 0X/0q is negligibly small.




Fall 2004 16.333 4-12

20/0)| X Y Z|L M N
u o (0 o0 o 0
v 0O e Oje 0O o
w e 0 ¢|/0 o O
P 0 e 0Oje 0O o
q ~0 0 e¢/0 o 0
r 0O e Oje 0O o

e Note that we must also find the perturbation gravity and thrust forces
and moments

0X9 079 ,
56 |, = —mg cos O 50 O = —mgsin O
e Aerodynamic summary:
1A AX:(%)Ou+(g—§/)Ow:>AX~u, a, ~w/U
2A AY ~ G=v/Uy, p, r
3A ANZ ~u, ap = w/Uy, &, = w/Uy, q
4A AL ~ B =~v/Uy p, r
5A AM ~ u, ap = w/Uy, &, = w/Uy, q

6A AN ~ B=v/Uy, p, T
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e Result is that, with these force, torque approximations,
equations 1, 3, 5 decouple from 2, 4, 6

— 1, 3, 5 are the longitudinal dynamics in u, w, and ¢

16.333 4-13

AX mau
AZ | = | m(w— qUy)
AM i I,,q
(G)out (Gv)ow + (56) 0+ AXC
~ (g—g)ou+(§—vzv)0w+(g—é)ow+(§—g)oq+(%—%g)09+AZC
_ (%5) v+ (55),w + (g—%)ow—F (%—g a+AM

— 2, 4, 6 are the lateral dynamics in v, p, and r

AY -m(@—l—TUo)
AN | L.r 4+ Lp
(G)ov+ (Fp)op+ (F)gr ++AY |
< | @ R () e Ar
(57)ov + (55)op + (57)r + ANC
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Basic Stability Derivative Derivation

e Consider changes in the drag force with forward speed U

D = 1/2,0‘/72501)

Vi = (ug+u)’+0v° +w
V7 V7
RAY M) A i
5 (up +u) = ( u ), U

2 2
Note: % = (0 and % = ()
ov /, ow /,
At reference condition:
o (), fa ()
ou ), ou
B oCp A%
-2 (4 (%), (%),
S oCp
= 7 (Uo <—8u )0+2uoC’DO)

— Note %—Z is the stability derivative, which is dimensional.

e Define nondimensional stability coefficient C'p, as derivative of
C'p with respect to a nondimensional velocity u/u

D 0Cp

— — d Cp,=(C
Ch V25 = Cp, (8u/u0)0 and Cp, = (Cp),

— So (e)( corresponds to the variable at its equilibrium condition.
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e Nondimensionalize:

oD _ pSuy 0Cp

(3, = 25 (w (), r2om)
QS ({ aCh
g ((3U/U0)O+QCDO)

(3)(2), - v

So given stability coefficient, can compute the drag force increment.

e Note that Mach number has a significant effect on the drag:
CD _ (9CD _ @ (901) . M(?CD
v oufug ) a d (%) ; oM

where g(Ii/I can be estimated from empirical results/tables.

CD I
— aCD =0.1 O = Constant =
oM ~ —
— | —
— I —

I

0 ; l

0 Mo 1 2
Mach number, M
Aerodynamic Principles

e [hrust forces

e aT
o= (), = (), =on2s

— For a glider, Cr, =0
— For a jet, Cp, = 0

— For a prop plane, Cr, = —Chp,
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e Lift forces similar to drag

L =1/2pVZSCy

dLY  pSug oCy,
- (30), = 2 (o (52), ~20m)
QS ([ aC;
g ((3U/U0)O+QCLO>

(%) (g—i)o = (Cp, +2C,)

where C7, is the lift coefficient for the eq. condition and (', =
Mg% as before. From aerodynamic theory, we have that

¢, — Crlio oc, M

—wz M 1w

e « Derivatives: Now consider what happens with changes in the angle
of attack. Take derivatives and evaluate at the reference condition:

— Lift: = OLa

C2 201,

— Drag: Cp=0C - (OnH =
rag: Cp Dy T Do =

min- e AR

Cr,
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e (Combine into X, Z Forces

— At equilibrium, forces balance.
— Use stability axes, so ag =0

— Include the effect in the force balance of a change in « on the
force rotations so that we can see the perturbations.

— Assume perturbation « is small, so rotations are by cosa ~ 1,
Sin v =~ «
X =T —-D+ La
= —(L+ Da)

N
|

j Note: a=oa;att=0
z (i.e., Static Trim)

e So, now consider the « derivatives of these forces:

oxX oT 0D L4 oL
da  Oa O “Ba
L : oT
— Thrust variation with « very small (—) ~ 0
da /

oC
— Apply at the reference condition (o = 0), i.e. Cx, = (8—X)
@ /o

e Nondimensionalize and apply reference condition:
Cx. = —CDQ + CLO

) 20,
= Oy~ 7614%

Cr.
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e And for the Z direction
Giving

e Recall that C);, was already found during the static analysis

e (an repeat this process for the other derivatives with respect to the
forward speed.

e Forward speed:

8X_8T_8D+ 8_L
ou Ou Ou a@u

TBHEL- GO

= CXU = CTU — (CDU + QCDO)

e Similarly for the Z direction:
07 oL oD

= —— — X—

Ou ou ou
(%) 4 B U oL
(@S) (au) - (@> (%)

c, = —(CLu + QOLO)

u

So that

M2
= ——7Cn — 201,

e Many more derivatives to consider !
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Summary

e Picked a specific Body Frame (stability axes) from the list of alter-
natives

=> Choice simplifies some of the linearization, but the inertias now
change depending on the equilibrium flight condition.

e Since the nonlinear behavior is too difficult to analyze, we needed
to consider the linearized dynamic behavior around a specific flight
condition

= Enables us to linearize RHS of equations of motion.

e Forces and moments also complicated nonlinear functions, so we lin-
earized the LHS as well

= Enables us to write the perturbations of the forces and moments
in terms of the motion variables.

— Engineering insight allows us to argue that many of the stability
derivatives that couple the longitudinal (symmetric) and lateral
(asymmetric) motions are small and can be ignored.

e Approach requires that you have the stability derivatives.

— These can be measured or calculated from the aircraft plan form
and basic aerodynamic data.




16.333: Lecture#6

Aircraft Longitudinal Dynamics

Typical aircraft open-loop motions
Longitudinal modes
Impact of actuators

Linear Algebra in Action!
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Longitudinal Dynamics

e Recall: X denotes the force in the X-direction, and similarly for Y
and Z, then (as on 4-13)

X, = (8_X> A
ou /,

e Longitudinal equations (see 4-13) can be rewritten as:

mu = X,u~+ X,w—mgcosOyf + AX®
m(w — qUy) = Zyu+ Zyw + Zyw + Z,q — mgsin©yf + AZ°

I, = Myu+ Myw+ Myw + Mg+ AM*

e There is no roll /yaw motion, so ¢ = 6.

e Control commands AX*¢ AZ¢ and AMF¢ have not yet been specified.




Fall 2004

16.333 5-2

e Rewrite in state space form as

mu X, Xy, 0 —mg cos O U
(m — Zy)w | Zy Zy Zy+mUy —mgsin© w
—Myw+ 1, | | M, M, M, 0 q
0 0 0 1 0 0
m 0 0 0][a]
0 m—Z; 0 0 w
0 —-My I, 0 q
0 0 0 1 0
_Xu Xy 0 —mgcos@o_ [ ] [ AXC
_ Zy Ly Zg+mUy —mgsin© w N VA
M, M, M, 0 q AME€
0 0 1 0 0 0
EX = AX +¢ descriptor state space form
=X = B AX +@&)=AX + ¢

AX*
AZ¢
AME®
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e Write out in state space form:

- Xu Xw -
— — 0 —gcos O
m m
Ly Zw Zg +mU,y —myg sin O

I My + Z,0) | L) My + 2,1 | 1) [My + (Zg + mUg)T] | =1, fmg sin ©T

| 0 0 1 0 |
[ = My
m — Zy
e Note: slight savings if we defined symbols to embed the mass/inertia
X, = X,/m, Z, = Z,/m, and M, = M,/I,, then A matrix
collapses to:
[ )A(u Xw 0 —gcos O i
7. Zw Zq + Uy —gsin O
A= 1— 7, 1-Z, 17, 1—Z,

[Mu + Zuf} [Mw + wa] [Mq + (Zy+ Up)T'| | —gsin ©,T

0 0 1 0

1>

11— Zy
e Check the notation that is being used very carefully

e To figure out the c vector, we have to say a little more about how
the control inputs are applied to the system.
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Longitudinal Actuators

e Primary actuators in longitudinal direction are the elevators and thrust.

— Clearly the thrusters/elevators play a key role in defining the
steady-state/equilibrium flight condition

— Now interested in determining how they also influence the aircraft
motion about this equilibrium condition

deflect elevator —  wu(t), w(t),q(t),...

0, %Ieron

Y
Rudder

B

6r{+-)-i. \

_..‘///’ Elevator
59(+J“/

e Recall that we defined AX¢ as the perturbation in the total force in
the X direction as a result of the actuator commands

— Force change due to an actuator deflection from trim

e Expand these aerodynamic terms using same perturbation approach

AXC = X565€ + X5p5p

— J, is the deflection of the elevator from trim (down positive)
— 0, change in thrust

— Xy, and X, are the control stability derivatives
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e Now we have that

— g1

AX¢

AZ°

AME®
0

e For the longitudinal case

e Typical values for the B747

X5, = —16.54
Zs, = —1.58-10°
M;, = —5.2- 107

e Aircraft response y = G(s)u

X =AX +Bu — G(s)=C(sI — A)'B

y=CX

X5, X,
Zs, Zs, [56
M, Mg, | |6,
0 0

X4,

m

Zs,

16.333 5-5

Xs, = 0.3mg = 849528
ng ~ 0
M(;p ~ 0

e We now have the means to modify the dynamics of the system, but

first let's figure out what o, and 9, really do.
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Longitudinal Response

16.333 5-6

e Final response to a step input u = u/s, y = G(s)u, use the FVT

lim y(t) — lims (G(s>@>

t—00 s—0 S

= lim y(t) = G(0)a = —(CA™'B)u

t—00

e Initial response to a step input, use the IVT

A

y(0F) = lim s (G(S)E) — lim G(s)i

§—00 S §—00

— For your system, G(s) = C(sI — A)"'B+ D, but D =0, so

lim G(s) — 0

§—00

— Note: there is NO immediate change in the output of the
motion variables in response to an elevator input = 3(0%) =0

e Consider the rate of change of these variables y(07)

y(t) = CX = CAX 4+ CBu

and normally have that CB # 0. Repeat process abovd| to show

that ¢y(0") = C'B1, and since C = I,

y(07) = Bu

e Looks good. Now compare with numerical values computed in Mat-
lab. Plot u, «, and flight path angle v = 0 — « (since ©g = v, =0

— see picture on 4-8)

I'Note that C(sI—A)—lB+D:D+%+%;IB+.“
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Elevator (1° elevator down — stick forward)

e See very rapid response that decays quickly (mostly in the first 10
seconds of the « response)

e Also see a very lightly damped long period response (mostly u, some
7, and very little ). Settles in >600 secs

e Predicted steady state values from code:

14.1429 m/s wu (speeds up)

-0.0185 rad «a (slight reduction in AOA)
-0.0000 rad/s q

-0.0161 rad 0

0.0024 rad ~

— Predictions appear to agree well with the numerical results.

— Primary result is a slightly lower angle of attack and
a higher speed

e Predicted initial rates of the output values from code:

-0.0001 m/s* 4
-0.0233 rad/s «
-1.1569 rad/s® ¢
0.0000 rad/s 6
0.0233 rad/s 7

— All outputs are zero at t = 07, but see rapid changes in « and ¢.

— Changes in u and y (also a function of ) are much more gradual
— not as easy to see this aspect of the prediction

e Initial impact Change in « and ¢ (pitches aircraft)

e Long term impact Change in u (determines speed at new equilib-
rium condition)
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Figure 1. Step Response to 1 deg elevator perturbation — B747 at M=0.8
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Thrust (1/6 input)

e Motion now dominated by the lightly damped long period response
e Short period motion barely noticeable at beginning.

e Predicted steady state values from code:

0 m/s u

0 rad «
0 rad/s ¢
0.05 rad ¥
0.05 rad ~

— Predictions appear to agree well with the simulations.

— Primary result — now climbing with a flight path angle of
0.05 rad at the same speed we were going before.

e Predicted initial rates of the output values from code:

29430 m/s®
0 rad/s «
0 rad/s® ¢
0 rad/s 6
0 rad/s 7+

— Changes to « are very small, and y response initially flat.

— Increase power, and the aircraft initially speeds up

e Initial impact Change in u (accelerates aircraft)

e Long term impact Change in ~ (determines climb rate)
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Figure 2: Step Response to 1/6 thrust perturbation — B747 at M
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Frequency Domain Response

e Plot and inspect transfer functions from 0. and 9, to u, w, and 7

— See following pages

e From elevator:
— Huge response at the phugoid mode for both u and ~y (very lightly
damped)
— Short period mode less pronounced
— Response falls off very rapidly

— Response to w shows a pole/zero cancelation (almost) of the
phugoid mode. So the magnitude level is essentially constant out
to the frequency of the short period mode

Why would we expect that?

e From thrust:

— Phugoid peaks present, but short period mode is very weak (not
in u, low in 7, w). = entirely consistent with the step response.

— Thrust controls speed (initially), so we would expect to see a large
response associated with the phugoid mode (speed variations are
a key component of this mode)
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e Summary:

— To increase equilibrium climb rate, add
power.

— To increase equilibrium speed, increase
0 (move elevator further down).

— Transient (initial) effects are the opposite
and tend to be more consistent with
what you would intuitively expect to
occur
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Modal Behavior

e Analyze model of vehicle dynamics to quantify the responses seen.

— Homogeneous dynamics of the form X = AX, so the response is
X(t) = e X(0) - a matrix exponential.

e To simplify the investigation of the system response, find the modes
of the system using the eigenvalues and eigenvectors

— A is an eigenvalue of A if det(A] — A) = 0 which is true iff
there exists a nonzero v (eigenvector) for which

(M —Ap=0 = Av=)X

—If A (n x n), typically get n eigenvalues/eigenvectors Av; = \;v;
— Assuming that eigenvectors are linearly independent, can form
)\1 0
A[vl---vn] — [Ul~-vn]
0 An
AT = TA

=T AT =N |, A=TAT!

— Given that e = T + At + J(At)> + ..., and that A = TAT,
then it is easy to show that
X(t)=e"X(0) =TeMT'X(0) = > vie'
i=1

— State solution is a linear combination of system modes ;e

eli' — determines nature of the time response
v; — gives extent to which each state participates in that mode

(; — determines extent to which initial condition excites the mode
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e The total behavior of the system can be found from the system modes

e Consider numerical example of B747

—0.0069 0.0139 0 —9.8100
—0.0905 —0.3149 235.8928 0
0.0004 —0.0034 —0.4282 0

0 0 1.0000 0

A:

which gives two sets of complex eigenvalues

A= —0.3717£0.8869 i, w=0.962, ¢ = 0.387, short period

A= —0.0033 £0.0672 i, w = 0.067, ¢ = 0.049, Phugoid - long period
— Result is consistent with step response - heavily damped

fast response, and a lightly damped slow one.

e To understand eigenvectors, must do some normalization (scales each
element appropriately so that we can compare relative sizes)

—u=u/Uy, a=w/U, ¢=q/(2Uy/?)
— Then divide through so that § = 1

Short Period Phugoid
U 0.0156 + 0.0244 i —0.0254 + 0.6165 i
Q 1.0202 4- 0.3553 i 0.0045 + 0.0356 i
q —0.0066 4 0.0156 i —0.0001 + 0.0012 i
0 1.0000 1.0000

e Short Period — primarily # and @ = w in the same phase. The
and ¢ response is very small.

e Phugoid - primarily # and 4, and 6 lags by about 90°. The o and
¢ response is very small.

e Dominant behavior agrees with time step responses — note how initial
conditions were formed.
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e Relative motion between aircraft and an observer flying at a constant
speed Uyt

[Image rermoved for copuright considerations.)

e Motion of perturbed aircraft with respect to an unperturbed one
e Note phasing of the forward velocity x,. with respect to altitude z,

— aircraft faster than observer at the bottom, slower at the top

— The aircraft speeds up and slows down — leads and lags the ob-
server.

e Consistent with flight path?

e Consistent with Lanchester’s approximation on 4-17
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Summary

e Two primary longitudinal modes: phugoid and short-period

— Have versions from the full model — but can develop good approx-
imations that help identify the aerodynamic features that deter-
mine the mode frequencies and damping

Impact of the various actuators clarified:

— Short time-scale

— Long time-scale
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Matrix Diagonalization

e Suppose A is diagonizable with independent eigenvectors
V= [vl,...,vn]
— use similarity transformations to diagonalize dynamics matrix

T = A£U=>$d=Ad£Cd
Al
VTIAV = 2A= A,
An

— Corresponds to change of state from z to 3 =V 'z

e System response given by !, look at power series expansion

At = VAtV !
(At)? = (VAtV HVAV = VARV

= (At)" = VA"V !
1
et = [+At+§(At)2+...
= V{I+A+%A2t2+...}vl

6)\1t

= Vet =V v
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e Taking Laplace transform,

s—A\1
(sI—A)"' =V v

8_)\n _

n R@
- ;S—Ai

where the residue R; = vleT and we define

e Note that the w; are the left eigenvectors of A associated with the
right eigenvectors v;

)\1 )\1
AV =V = V1A= .
An An
wl A1 wl
A —
wl An wl

where w! A = \jw!
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e So, if & = Ax, the time domain solution is given by

x(t) = Zekitviw?:c(()) dyad
i=1

z(t) = Y [wlz(0)]eM

1=1

At

The part of the solution v;e”i" is called a mode of a system

— solution is a weighted sum of the system modes

— weights depend on the components of z(0) along w;

Can now give dynamics interpretation of left and right eigenvectors:

T

AUZ' = Aivi ,wiA = )\zwz , W; ?}j = 57;]'

so if £(0) = v;, then

2(t) = Y (wlz(0))eM,
i=1
= Mty

= so right eigenvectors are initial conditions that result in relatively
simple motions x(t).

With no external inputs, if initial condition only disturbs
one mode, then the response consists of only that mode
for all time.
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e If A has complex conjugate eigenvalues, the process is similar but a
little more complicated.

e Consider a 2x2 case with A having eigenvalues a & bi and associated
eigenvectors €1, eo, with eo = €1. Then

a+bi 0 ] _
A = [6162]_ ; a—bi_[€1€2]1
[ a+bi 0 ] _
= [61‘@1] ] [61‘51] 1ETDT_1
| 0 a—0bi]

e Now use the transformation matrix

a1 4] a1

1 1 1 —1
e Then it follows that

A = TDT™' = (TM)(M™*DM)(M~'T")
= (TM)(M*DM)(TM)™!

which has the nice structure:
b _
A= | Re(ey) ‘ Im(ey) | [ _cg . ] | Re(er) ‘ Im(e;) | 1

where all the matrices are real.

e With complex roots, the diagonalization is to a block diagonal form.
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e F[or this case we have that
cos(bt) sin(bt)

e = [Re(er) | Im(ey) J e | _ sin(bt) cos(bt) ] [ Re(e1) | Im(ey) ]_1

e Note that | Re(eq) ‘ Im(eq) }_1 is the matrix that inverts | Re(e;) ‘ Im(ey) |

[ Re(er) | Im(ey) | = [(1) (1)]

[ Re(eq) ‘ Im(eq) ]

e So for an initial condition to excite just this mode, can pick x(0) =
[Re(eq)], or #(0) = [Im(eq)] or a linear combination.

e Example 2(0) = [Re(ey)]

x(t) = eMa(0) = | Re(eq) ‘ Im(e;) | e [

= | Re(ey) | Im(ey) | [ cos(bt) sin(bt) | [ 1
= [Re(er) | Im(ey) | :—sin(bt) COS(bt)][O]
_ eat [ Re(el) ‘ Im(€1) ] _ _Z?sgzg ]

= ¢ (Re(ey) cos(bt) — Im(e;) sin(bt))

which would ensure that only this mode is excited in the response
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Example: Spring Mass System

e Classic example: spring mass system consider simple case first: m; =
1, and kl =1

k5

MI . M3 . M2
k1 k2 k3 k4

Z1 Z3 72
r = [21 29 23 21 22 23]
0 I :
A = [ VKO ] M = diag(m;)
k1 + ko + k5 —ks —ko
K = —ks ks + ks + ks —kg
—ko —ks ko + k3

e Eigenvalues and eigenvectors of the undamped system

A= 20771 Ay = £1.851 A3 = £2.001

1 (%) (O8]
1.00 1.00 1.00
1.00 1.00 —1.00
1.41 —1.41 0.00

+0.771 +1.851 +2.001
+0.771 +1.851 F2.00i

+1.081 F2.611 0.00
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e Initial conditions to excite just the three modes:
zi(0) = aRe(v;) + aolm(v) Vo; € R
— Simulation using a; = 1, ap =0
e Visualization important for correct physical interpretation

e Model \{ = =£0.771

M, M, M,

b —_— —_—

— Lowest frequency mode, all masses move in same direction

— Middle mass has higher amplitude motions z3, motions all in phase

0.6 T T T T

’ N —_—z1
Ve N x z2

- = z3

displacement
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e Mode 2 \y = £1.851

M, Ms Mo,

— -~ —

— Middle frequency mode has middle mass moving in opposition to
two end masses

— Again middle mass has higher amplitude motions 23

0.4

— 71
®x z2

displacement
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e Mode 3 \3 = £2.00i

M, M, M,

—> O <+

— Highest frequency mode, has middle mass stationary, and other
two masses in opposition

0.4 T T T T

—_—z1
®x z2

displacement

e Eigenvectors with that correspond with more constrained motion of
the system are associated with higher frequency eigenvalues
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Approximate Longitudinal Dynamics Models

e A couple more stability derivatives

e Given mode shapes found identify simpler models that capture the main re-
sponses
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More Stability Derivatives

e Recall from 6-2 that the derivative stability derivative terms Z,;, and
M,;, ended up on the LHS as modifications to the normal mass and
inertia terms

— These are the apparent mass effects — some of the surrounding
displaced air is “entrained” and moves with the aircraft

— Acceleration derivatives quantify this effect

— Significant for blimps, less so for aircraft.

e Main effect: rate of change of the normal velocity w causes a transient
in the downwash € from the wing that creates a change in the angle
of attack of the tail some time later - Downwash Lag effect

o |If aircraft flying at Uy, will take approximately At = [, /Uy to reach
the tail.

— Instantaneous downwash at the tail €(¢) is due to the wing « at

time t — AL.

e(t) = g—;a(t ~AY)

— Taylor series expansion
a(t — At) =~ a(t) — aAt

— Note that Ae(t) = —Aay. Change in the tail AOA can be com-
puted as

dE ) dE . lt
Ae(t) = ——aAt = —a— = —A
e(t) dozoz daan at
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e For the tail, we have that the lift increment due to the change in
downwash is

cde |
ACy, = O, Aoy = CL%O%itO

The change in lift force is then
1
ALt = §p(U()2)tStACLt

e In terms of the Z-force coefficient

ALt St St . de lt
ACy = — — NG, = —p2ley, ade i
g 1pU3S g = g™ 4 U,

e We use ¢/(2U)) to nondimensionalize time, so the appropriate stabil-
ity coefficient form is (note use C., to be general, but we are looking

at AC, from before):

o (_9C 20, (9Cy
= \a(ac2y) ), ¢ \da ),

_ 20 Sl de

N g C SUO LatdOé
de

= —QHVHCL%%

e The pitching moment due to the lift increment is
AM., = —lL;AL,
30(U3)eSiACY,
30U Se
. de lt

= — A — v
nVeACT, ﬁVHCLatOédaUO

—>ACMCQ = —lt




Fall 2004 16.3336-3
e So that

o (__9Cu 2y (9Cy
Y= \d(ac/2y) ), ¢ \ da ),

I
|
S

e Similarly, pitching motion of the aircraft changes the AOA of the tail.
Nose pitch up at rate g, increases apparent downwards velocity of tail
by ql;, changing the AOA by

qly
Ay = 2
Ot UO

which changes the lift at the tail (and the moment about the cg).

e Following same analysis as above: Lift increment

qltl 2
ALy = CLatFOQP(Uo)tSt

ALt St qlt

AC,; = — = —n—C; —

Z %p(Ug)S 775 LatUO

O = oCy 20y oCy __Z_U()iéc
0= \d(ge/20) ), ¢ \aq ), e TS
— —277VHCL%

e (Can also show that ,
Car, = Cz,~
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Approximate Aircraft Dynamic Models

e It is often good to develop simpler models of the full set of aircraft
dynamics.

— Provides insights on the role of the aerodynamic parameters on
the frequency and damping of the two modes.

— Useful for the control design work as well

e Basic approach is to recognize that the modes have very separate sets
of states that participate in the response.

— Short Period — primarily # and w in the same phase.
The u and ¢ response is very small.

— Phugoid - primarily 6 and u, and 6 lags by about 90°.
The w and ¢ response is very small.

e Full equations from before:

Xy Xy 0 —g cos O

u m m 8 Uu AXc®
. Zu Zw Zq+mUp —mg sin Og AZeC

w _ m—Z m—Zy m—Zaip m—Zs; w + Z
q' - [My+2Z,1] | [My+ZyI] | [Mg+(Zg+mUo)T] | mgsin ©gl' q AME
; Lyy Lyy Lyy Lyy

0 0 0 1 0 0




1. Since u
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a4
Y

X -force equation.

0 in this mode, then 1

e For the Short Period approximation,

Y
~Y

16.333 6-5

0 and can eliminate the

w AV
q |+| AM*
0 0

Zw Zg+mUy —mg sin O
m—2Zy, m—2Zy, m—Zy,
— [My+ZT| [Mq"‘(Zq""mUO)F] __mgsin Ogl’
0 1 0

2. Typically find that Z;, < m and Z, < mUj,. Check for 747:

— Zy = 1909 < m = 2.8866 x 10°
— Z, = 4.5 x 10> < mUy = 6.8 x 10"

[ = =]~ —
m — 2y m
. i Zu UO —g sSin @0 | ANVAS
v [M +§ Mw] [M+ Up) L "
q- _ wtw—p" g+(mUo) = __mgsin Oy My; q |+ AM¢
; Ty Iyy lyy —m 0 0
0 1 0

3. Set By = 0 and remove 6 from the model (it can be derived from
q)

e With these approximations, the longitudinal dynamics reduce to
isp — Aspxsp + Bspée

where 0, is the elevator input, and

] ) Asp - [[1 Zw/m -1 UO ]
vy (Mw + Mwa/m) Iyy (Mq + MwUO)
B, — [ - Zs,|m ]
o (Ms, + My Zs,/m)

w

_[q
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e Characteristic equation for this system: s? + 2(,,ws,s + wgp = 0,

where the full approximation gives:

A4 M M.,
Weopwsy = — [ — d U,
oy (m+[yy+lyy 0)
s ZwM, UM,
wy, = —

mly, Ly

e Given approximate magnitude of the derivatives for a typical aircraft,
can develop a coarse approximate:

~ Mq ~ —% _1
2Cspwsp ~ T T CSP ~ 2 UoMuylyy
—
2 ~ _ UMy ~ [—=UyMy
Wsp T T Wsp =~ Ty

e Numerical values for 747

Frequency Damping

rad /sec
Full model 0.962 0.387
Full Approximate 0.963 0.385

Coarse Approximate 0.906 0.187

Both approximations give the frequency well, but full approximation
gives a much better damping estimate

e Approximations showed that short period mode frequency is deter-
mined by M,, — measure of the aerodynamic stiffness in pitch.

— Sign of M, negative if cg sufficient far forward — changes sign
(mode goes unstable) when cg at the stick fixed neutral point.
Follows from discussion of C);, (see 2-11)
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e For the Phugoid approximation, start again with:

a1 [ % [ % | 0 e, [axe
: Zu Zuy ZgtmUp —mgsin Oy
w m—Zy, m—Zy m—Zy m—Zy w AV
g | T | MutZul] | [My+ZoD) [My+(Zg+mUp)T| | 1gsin@gl q B NYE
i 0 0 1 0 71 L
1. Changes to w and ¢ are very small compared to u, so we can
—Setw~0and ¢ =0
— Set ©y =0
_ - B X, X T ~ - _ -
U m m 0 -9 u AXC
Zu Zw Zg+mUy 0
0 . m—2Zy, m—2Zy, m—2Zy, w AZC
0 - [Mu;‘ZuF] [Mw;‘ZwF] [Mq+(ZI(1+mU0)F] q + AME
9 vy vy vy 8 O
B 0 0 1 L7 1 L i

16.333 6-7

2. Use what is left of the Z-equation to show that with these ap-
proximations (elevator inputs)

m—Zw

m—Zw

[My+ZuT) [Mq+(Zq+mU0)F]

3.Use (Zy < msol =

L ]3/2/

Iyy .

[ [Mw + Zw%} (M, + UyM,]

|

M,

w
m

Ly

Zy

.02

) and (Z, < mUj) so that:

mUO

Zy

m—Zu-,

[My+2,T

]yy

"

€

] . [ [Ma+ 235

_ 7, -

m—Zu-)
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4. Solve to show that

- mUyM,, — Z,M, T - mUyMs, — Zs, M, T
w ZuM, — mUsM, ZM, — mUyM,
[ q ] = |z, - zoM, | YT zoM, -z, |
| ZuM,—mUM, | | Z,M,—mUsM, |

5. Substitute into the reduced equations to get full approximation:

_&-l—& mUyMy—Zy My ]
m 1 m \ ZgMyg—mUoM, 9

( ZuMy—Zuw M, > 0 [ Z ]

X,
T

Xy (mUoMs,—Z5, Mg\ ]

Z&eMw_ZwM(Se

6. Still a bit complicated. Typically get that
— | M Z,| < |MyZ,| (1.4:4)
— |My,Uym| > |M,Z,| (1:0.13)
— | M, Xw/M,| < X, small

7. With these approximations, the longitudinal dynamics reduce to
the coarse approximation

.Ciiph = Aphili'ph + Bph5€

where 9, is the elevator input.
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And - x _
0 w7
Lph = [ 0 Aph = _ 7
A U O
L mUj i
(6. |38 24)
m
By, =
(=2 -+ [ f] 24
| mUy
8. Which gives
20pnwpn = —X,/m
w2 _ _gZu
ph mU()

Numerical values for 747

Frequency Damping

rad/sec
Full model 0.0673 0.0489
Full Approximate 0.0670 0.0419
Coarse Approximate | 0.0611 0.0561

16.333 6-9
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e Further insights: recall that

(5)(E), () (),

MZ
= —1_M2CLO—QCL0%—QCLO
> 07 0,3 ;
PYUo mg
Z,= (22 = 20y ) = ——~
(8U)0 ( 2 >( LO) Uy
e [hen

Wop = /_gZu _ m92
b mUO mU02
g
— 2—
\[U()

which is exactly what Lanchester’'s approximation gave ) ~ \/iUiO

e Note that

_(OX\ [ pUS B

and
2mg = pUOQSCLO

SO

B Xu XUy
Cph B _meph - _Qﬂmg

B 1 pUgSCDO

N V2 (pUESOLO)

5%

so the damping ratio of the approximate phugoid mode is inversely
proportional to the lift to drag ratio.
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Transfer function from elevator to flight variables
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Transfer function from elevator to flight variables
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Summary

e Approximate longitudinal models are fairly accurate

e Indicate that the aircraft responses are mainly determined by these
stability derivatives:

Property Stability derivative
Damping of the short period M,
Frequency of the short period M,
Damping of the Phugoid Xy

Frequency of the Phugoid Zy,




Fall 2004 16.333 6-14

e Given a change in «, expect changes in u as well. These will both
impact the lift and drag of the aircraft, requiring that we re-trim
throttle setting to maintain whatever aspects of the flight condition
might have changed (other than the ones we wanted to change). We

have:
AL | | L, L, U
AD| | D, D, A«
But to maintain L = W, want AL =0, so u = ——Aoz

Giving AD = (_%D“ + Da> A«a

2071,

O, = TeAR

CLa — D —QSCDQ
— L, =0QSC,

Qs
Dy =77 (2Cn) (4 — 16)

QS
Uy

AD = QOS| — a o)l +C Aoy
@ (2@M% U, Da

207,
= QS( CDO )OLQAOJ

L, = 22(20y,) (4—17)

CLO 7T€14R

(Ty + AT) — (Do + AD)  —AD
Lo+ AL Ly

B CDO 2CLO CLQAOz

B (C’LO B 7T6AR> Cr,

tan Ay =

For 747 (Reid 165 and Nelson 416), AR = 7.14, so meAR =~ 18,

Cr,

= 0.654 Cp, = 0.043, C, = 5.5, for a Aa = —0.0185rad

(6-7) Ay = —0.0006rad. This is the opposite sign to the linear
simulation results, but they are both very small numbers.
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Aircraft Lateral Dynamics

e Using a procedure similar to the longitudinal case, we can develop
the equations of motion for the lateral dynamics

v
t=Ax+ Bu, v = p ,u:lda]
r O,
- ¢ —
and 1) = rsec 6,
% % % — Uy gcosby
L
i (B2 + ILN,) (T 1) (ﬁr LILN,) 0
N,
(I' L, +]]\,7) (I..L, +[,) (I L, +‘}\,7) 0
| 0 1 tan 6y 0 |
where
]>/<x — (Ixx]zz - ]gx)/fzz
]éz - (]XXIZZ - ]z2x>/]><x
[éx = ZX/(IXX]ZZ - Iz2x)
and
_ » i
e R
0 (IXX) ]ZX ¢ '
B = : A Ls, Ls
O ] (IZZ) Na Nr
0 0 0 b SN0r
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Lateral Stability Derivatives

e A key to understanding the lateral dynamics is roll-yaw coupling.
e [, rolling moment due to roll rate:

— Roll rate p causes right to move wing down, left wing to move up
— Vertical velocity distribution over the wing W = py

— Leads to a spanwise change in the AOA: a,.(y) = py/Uy
— Creates lift distribution (chordwise strips)

|
O Luly) = 5pU5 Ciocr(y)eydy

— Net result is higher lift on right, lower on left

— Rolling moment:

b/2 1 b/2 py2

L= / 0L, (y) (—y)dy = ——pUé/ Ci,=cydy = L, <0
~b/2 2 —p2 U

— Key point: positive roll rate = negative roll moment.

e [, rolling moment due to yaw rate:

— Positive r has left wing advancing, right wing retreating
— Horizontal velocity distribution over wing U = Uy — ry

— Creates lift distribution over wing (chordwise strips)
1 1
Lu(y) ~ 5pU*Ciedy = 5p(Us — 2Uory)Cie,dy

— Net result is higher lift on the left, lower on the right.

b2 b2

— Rolling Moment: L = / L(y)(—y)dy ~ on?“/ Cieyy°dy
/2 /2

— For large aspect ratio rectangular wing (crude)

1 1
(6 to 4)CL >

— Key point: positive yaw rate = positive roll moment.




Fall 2004 16.333 7-3

e NN, yawing moment due to roll rate:

— Rolling wing induces a change in spanwise AOA, which changes
the spanwise lift and drag.

— Distributed drag change creates a yawing moment. Expect higher
drag on right (lower on left) — positive yaw moment

— There is both a change in the lift (larger on downward wing be-
cause of the increase in «v) and a rotation (leans forward on down-
ward wing because of the larger ). — negative yaw moment

— In general hard to know which effect is larger. Nelson suggests
that for a rectangular wing, crude estimate is that

1 C
N, ~ é,oUng(—?L) <0

e N, yawing moment due to yaw rate:

— Key in determining stability properties — mostly from fin.

— Positive r has fin moving to the left which increases the apparent
angle of attack by

Tlf
Aayf =
GHY
— Creates increase in lift at the tail fin by
1
ALy = 5p(Us)sS1Cl, Aay

— Creates a change in the yaw moment of
1
N = —lfALf = —ép(UQ)foCLale?
— So N, = —%p(U())foCLafl?f < 0
— Key point: positive yaw rate = negative yaw moment.

L | N
pll<O] 7
r|i>0]<0
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Numerical Results

e The code gives the numerical values for all of the stability derivatives.
Can solve for the eigenvalues of the matrix A to find the modes of
the system.

—0.0331 £ 0.94704
—0.5633
—0.0073

— Stable, but there is one very slow pole.

e There are 3 modes, but they are a lot more complicated than the
longitudinal case.

Slow mode -0.0073 = Spiral Mode
Fast real -0.5633 = Roll Damping
Oscillatory —0.0331 + 0.9470¢ = Dutch Roll

Can look at normalized eigenvectors:

Spiral Roll | Dutch Roll

3=w/Uy, | 0.0067-0.0197]0.3269 -28°
— p/(2U,/b) | -0.0009 | -0.0712 | 0.1198  92°
P =r/(2Uy/b) | 0.0052| 0.0040|0.0368 -112°

¢ 1.0000 | 1.0000|1.0000  0°

Not as enlightening as the longitudinal case.
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Lateral Modes

Roll Damping - well damped.

— As the plane rolls, the wing going down has an increased «
(wind is effectively “coming up” more at the wing)

— Opposite effect for other wing.

— There is a difference in the lift generated by both wings
— more on side going down

— The differential lift creates a moment that tends to restore the
equilibrium. Recall that L, <0

— After a disturbance, the roll rate builds up exponentially until the
restoring moment balances the disturbing moment, and a steady
roll is established.

/\ Disturbing rolling moment

Restoring rolling moment

Port wing Starboard wing
Reduction in incidence Reduction in incidence
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Spiral Mode - slow, often unstable.

— From level flight, consider a disturbance that creates a small roll
angle ¢ > 0 — This results in a small side-slip v (vehicle slides

downbhill)

— Now the tail fin hits on the oncoming air at an incidence angle 3
— extra tail lift — positive yawing moment

— Moment creates positive yaw rate that creates positive roll mo-
ment (L, > 0) that increases the roll angle and tends to increase
the side-slip
— makes things worse.

— If unstable and left unchecked, the aircraft would fly a slowly
diverging path in roll, yaw, and altitude = it would tend to spiral
into the ground!!

Fin lift Sideslip
force disturbance

Yawing moment
due to fin lift

[t

e (Can get a restoring torque from the wing dihedral

e Want a small tail to reduce the impact of the spiral mode.
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Dutch Roll - damped oscillation in yaw, that couples into roll.

e Frequency similar to longitudinal short period mode, not as well
damped (fin less effective than horizontal tail).

e Consider a disturbance from straight-level flight

— Oscillation in yaw 1 (fin provides the aerodynamic stiffness)

— Wings moving back and forth due to yaw motion result in oscil-
latory differential lift/drag (wing moving forward generates more

lift) L, > 0

— QOscillation in roll ¢ that lags ¢ by approximately 90°

= Forward going wing is low

Oscillating roll = sideslip in direction of low wing.

Path traced by starboard wing tip
in one dutch roll cycle

(a) Starboard wing yaws aft with
wing tip high

(b) Starboard wing reaches maximum
aft yaw angle as aircraft rolls through
wings level in positive sense

(c) Starboard wing yaws forward with
wing tip low

(d) Starboard wing reaches maximum
forward yaw angle as aircraft rolls
through wings level in negative sense

Oscillatory cycle then repeats decaying
to zero with positive damping
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e Do you know the origins on the name of the mode?

e Damp the Dutch roll mode with a large tail fin.
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Aircraft Actuator Influence
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Figure 1: Aileron impulse to flight variables. Response primarily in ¢.

e Transfer functions dominated by lightly damped Dutch-roll mode.
e Note the rudder is physically quite high, so it also influences the A/C roll.

e Ailerons influence the Yaw because of the differential drag
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Figure 2: Aileron impulse to flight variables. Response primarily in ¢.
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) x107 Aileron 1 deg Impulse — 2sec on then off
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B rad
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25

— Sa > 0 ==> right wing up

0 —_—

p rad/sec
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T T
| = |nitial adverse yaw ==> RY coupling |

r rad/sec
o

_5 I I I

25

o rad

-0.005

-0.01 | 1 | |
0 5 10 15 20

time sec

Figure 3: Aileron impulse to flight variables

e Aileron §, =1deg impulse for 2 sec.

25

30

— Since 6, > 0 then right aileron goes down, and right wing goes up — Reid'’s
notation, and it is not consistent with the picture on 64 (from Nelson).

— Influence of the roll mode seen in the response of p to application and release

of the aileron input.

— See effect of adverse yaw in the yaw rate response caused by the differential drag

due to aileron deflection.

— Spiral mode harder to see.

— Dutch mode response in other variables clear (1 rad/sec ~ 6 sec period).
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Figure 4: Rudder step to flight variables

e Rudder step input ldeg step.

15
time sec

20

25

30

— Dutch roll response very clear. Other 2 modes are much less pronounced.

— [3 shows a very lightly damped decay.

— p clearly excited as well. Doesn’t show it, but often see evidence of adverse roll
in p response where initial p is opposite sign to steady state value. Reason is
that the forces act on the fin which is well above the cg — and the aircraft

responds rapidly (initially) in roll.

— ¢ ultimately oscillates around 2.5°
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