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Net mass flow rate out of CV:
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Finally then, we have the desired expression for p as a function of time,

lir—'I:l-l:ll.tn:nm
p = pl(0) @
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In keeping with the convention of nondimensionalizing results, Eq. 4 is
rewritten as

P 1 1
= - pr=E——
p(0) 1 — Vpl/L porom 1 —r*

where p* = p/p(0) and t* = Vii/L, .- Equation 5 is plotted in Fig. 9-8.

Discussion At t* = 1, the piston hits the top of the cylinder and p goes to
infinity. In an actual internal combustion engine, the piston stops before
reaching the top of the cylinder, forming what is called the clearance wvol-
ume, which typically constitutes 4 to 12 percent of the maximum cylinder
volume. The assumption of uniform density within the cylinder is the weak-
est link in this simplified analysis. In reality, p may be a function of both
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space and time. 5
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Analysis First we need to establish an expression for velocity component v
as a function of y and f. Clearly v = 0 at y = 0 (the top of the cylinder), and
v =—Vp at y = L. For simplicity, we approximate that v varies linearly
between these two boundary conditions,

'i._.
Vertical velocity component. v = — VP"E (1)

where L is a function of time, as given. The compressible continuity equa-
tion in Cartesian coordinates (Eq. 9-8) is appropriate for solution of this
problem.

dp  d(pu d{pv dip dp  dipv

SE ) | {'p)Jr ({r}'f}zﬂ_ i (pv) _

at - jx ay iz at - ay

Osincen =0 O sincew =10

By assumption 1, however, density is not a function of y and can therefore
come out of the y-derivative. Substituting Eq. 1 for v and the given expres-
sion for L, differentiating, and simplifying, we obtain

p _ av ] ( }‘) V, V,

L

ot g ay / ay PL P Luotom — Vot

By assumption 1 again, we replace dp/dt by dp/dt in Eq. 2. After separating
variables we obtain an expression that can be integrated analytically,

Yo dp . : Vp P Lotiom
— = 1 In

dt — (3)
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Equation 9-10 shows that as we follow a fluid element through the flow
field (we call this a material element). its density changes as V- V changes
(Fig. 9-9). On the other hand, if changes in the density of the material ele-
ment are negligibly small compared to the magnitudes of the velocity gradients

in V- V as the element moves around, p IDprr = (), and the flow is approx-
imated as incompressible,
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Steady continuity equation: v (pV)=0 (9-13)

In Cartesian coordinates, Eq. 9—13 reduces to
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In cylindrical coordinates, Eq. 9-13 reduces to
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Incompressible continuity equation:
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- E}MMP.{E 9-2 Design of a Compressible Converging Duct

- A two-dimensional converging duct is being designed for a high-speed wind
® tunnel. The bottom wall of the duct is to be flat and horizontal, and the top
m wall is to be curved in such a way that the axial wind speed v increases

approximately linearly from v; = 100 m/s at section (1) to u, = 300 m/s at :
section (2) (Fig. 9-12). Meanwhile, the air density p is to decrease approxi- g
mately linearly from p; = 1.2 kg/m® at section (1) to p, = 0.85 kg/m® at m
section (2). The converging duct is 2.0 m long and is 2.0 m high at section =
(1). (&) Predict the y-component of velocity, v(x, y), in the duct. (b) Plot the ®
approximate shape of the duct, ignoring friction on the walls. (c¢) How h|gh

should the duct be at section {2} the exit of the duct? o
Ax=20m
N
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X
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Y ¢ k sheé&kbitré¢ z ¢ @ mie-l ii n
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Properties " The fluid is air at room temperature (25°C). The speed of sound

is about 346 m/s, so the flow is subsonic, but compressible.

Analysis (a) We write expressions for v and p, forcing them to be linear in x,

Uy — Uy (300 — 100) m/s
Ax 2.0m

u=u +C,x where C,

=100s " (1)
and
pa—p1  (0.85 — 1.2) kg/m’
p=p +C,x where C,= A 2 0m
= —0.175 kg/m*

The steady continuity equation (Eg. 9-14) for this two-dimensional com-
pressible flow simplifies to

d(pu) N ﬂ(’pv) N fﬂ;}’l'ﬂ PN ﬂ(’pﬂ) __ 9pu)

: - (3)
ax ay ay ox

(2)

e
0 (2-I)

Substituting Egs. 1 and 2 into Eq. 3 and noting that C, and C, are con-
stants,

dpr) _ dllpr + C,x)(uy + Cux)]
dy - ax

= —(p,C, + HJC,:J} — ECHC;;I

Integration with respect to y gives

pvr= —(pC, + u,C,)y — 2C,C,xy + f(x) (4)

18



Mote that since the integration is a partial integration, we have added an
arbitrary function of x instead of simply a constant of integration. Next, we
apply boundary conditions. We argue that since the bottom wall is flat and
horizontal, v must equal zero at y = O for any x. This is possible only if f(x)
= (0. Solving Eq. 4 for v gives
_(P lCu +u lC;a]}! - ECHCFJI}:

v = — U= :
P P+ CLx

—(pC, +u,C L)y —2C,C,xy

(3)

(b) Using Egs. 1 and 5 and the technique described in Chap. 4, we plot sev-
eral streamlines between x = 0 and x = 2.0 m in Fig. 9-13. The streamline
starting at x = 0, y = 2.0 m approximates the top wall of the duct.

(c) At section (2), the top streamline crosses y = 0.941 m at x = 2.0 m.

Thus, the predicted height of the duct at section (2) is 0.941 m.
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o EXAMPLE 9-3 Incompressibility of an Unsteady

Two-Dimensional Flow

CDnslder the velocity field of Example 4-5—an unsteady, two-dimensional
velomt}.r field given by V = (u, v) = (0.5 + 0. 8x)i + [1.5 + 2.5 sin (wh) —
0.8y1j", where angular frequency  is equal to 2+ rad/s (a physical frequency
of 1 Hz). Verify that this flow field can be approximated as incompressible.

SOLUTION We are to verify that a given velocity field is incompressible.
Assumptions 1 The flow is two-dimensional, implying no z-component of
velocity and no variation of v or v with z.

Analysis The components of velocity in the x- and y-directions, respectively,
are

u=105+ 0.8x and v =15+ 2.5sin (wl) — 0.8y

If the flow is incompressible, Eq. 9-16 must apply. More specifically, In
Cartesian coordinates Eq. 9-17 must apply. Let's check:

du  dv dw
—+— 4+
dx oy ﬁ.?

0.8 0.% 0 since 2-D

=0 — 08—-08=0

So we see that the incompressible continuity equation is indeed satisfied at
any instant in time, and this flow field may be approximated as incompressihle.
Discussion Although there is an unsteady term in v, it has no y-derivative
and drops out of the continuity equation.
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: EXAMPLE 9-4 Finding a Missing Velocity Component

: Two velocity components of a steady, incompressible, three-dimensional flow
g field are known, namely, u = ax? + by® + cz? and w = axz + byz?®, where
m a, b, and c are constants. The y velocity component is missing (Fig. 9-14).
®m Generate an expression for v as a function of x, y, and z.

Iﬂnafysfs Since the flow is steady and incompressible, and since we are
working in Cartesian coordinates, we apply Eg. 9-17 to the flow field,

Condition for incompressibility:

dv du  dw dv
— = ———— = — = —3ax — 2bvz
dy ox  az dy )
—
2ax ax + 2y

—LEA

Next we integrate with respect to y. Since the integration is a partial integra-
tion, we add some arbitrary function of x and z instead of a simple constant
of integration.

* “ %
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EXAMPLE 9-5 Two-Dimensional, Incompressihle, Vortical Flow

Consider a two-dimensional, incompressible flow in cylindrical coordinates;
the tangential velocity component is u, = K/r, where K is a constant. This
represents a class of vortical flows. Generate an expression for the other
velocity component, u,.

Analysis The incompressible continuity equation (Eq. 9-18) for this two-
dimensional case simplifies to

1 d(ru,) 10w, ouy d(ru,) o,
— +—-—+ =0 — = —— (1)
roodr r of /_‘d" dr at

'-_.\_,._f'

0(2-I)

The given expression for u, is not a function of #, and therefore Eqg. 1
reduces to

olru
(ﬂr’] =0 — ru, = (6, 1) (2)

where we have introduced an arbitrary function of # and t instead of a con-
stant of integration, since we performed a partial integration with respect to
r. Solving for u,,

_J0,0)

r

u, (3)

Thus, any radial velocity component of the form given by Eq. 3 yields a two-
dimensional, incompressible velocity field that satisfies the continuity equation.
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We discuss some specific cases. The simplest case is when f(8,f) = O
(u, = 0, u, = Kir). This yields the line vortex discussed in Chap. 4, as
sketched in Fig. 9-15ba. Another simple case is when f(#,f) = C, where C is
a constant. This yields a radial velocity whose magnitude decays as 1/r. For
negative C, imagine a spiraling line vortex/sink flow, in which fluid elements
not only revolve around the origin, but get sucked into a sink at the origin
(actually a line sink along the zaxis). This is illustrated in Fig. 9-155.
Discussion Other more complicated flows can be obtained by setting (4, 1)
to some other function. For any function f(#, f), the flow satisfies the two-
dimensional, incompressible continuity equation at a given instant in time.

ok
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EXAMPLE 9-6 Comparison of Continuity
and Volumetric Strain Rate

Recall the volumetric strain rafe, defined in Chap. 4. In Cartesian coordinates,

1 DV N N o N du N ow i
—— =g Ewt+ e, =—+—+—

vpr %Y TF ax ay o az

Show that volumetric strain rate is zero for incompressible flow. Discuss the
physical interpretation of volumetric strain rate for incompressible and com-
pressible flows.

ﬂnaf}sfs If the flow is incompressible, Eq. 9-16 applies. More specifi-
cally, Eq. 9-17, in Cartesian coordinates, applies. Comparing Eqg. 9-17 to
Eqg. 1,

1DV _

—=1 for incompressible flow
V' Dt P

24



Thus, volumetric strain rate is zero in an incompressible flow field. In fact,
you can define incompressibility by DWDt = 0. Physically, as we follow a
fluid element, parts of it may stretch while other parts shrink, and the ele-
ment may translate, distort, and rotate, but its volume remains constant
along its entire path through the flow field (Fig. 9-16a). This is true whether
the flow is steady or unsteady, as long as it is incompressible. If the flow
were compressible, the volumetric strain rate would not be zero, implying
that fluid elements may expand in volume (dilate) or shrink in volume as
they move around in the flow field (Fig. 9-16b). Specifically, consider Eq.
9-10, an alternative form of the continuity equation for compressible flow.
By definition, p = m/V, where m is the mass of a fluid element. For a mate-
rial element (following the fluid element as it moves through the flow field),
m must be constant. Applying some algebra to Eq. 9-10 yields

1 Dp  VD(m/V) V m DU 1 DU = 1 LJU' e
pDt m Dt mV2:Dt VDt VoD
Volume = VL=V ~
) Time = . Time =1, (a) S e_ K
; i al aneén
| °t el en
| .
‘]L_:'j“_-_-h_,_ Kekil|I
e “Volume = V| haci ml
Time =1, sekeckt
E TII]]-E.'=F3 I S e a k
T °tel en
el Volume =) Volume =V, K € ki ||
(a) d ej | K e

Discussion
The final result
is generald not
limited to
Cartesian
coordinates. It
applies to
unsteady as
well as steady
flows.



: EXAMPLE 9-7 Conditions for Incompressible Flow

:Consider a steady velocity field given by V= (u, v, w) = alx?y + ygf
o+ bxy2j + cxk, where a, b, and c are constants. Under what conditions is
m this flow field incompressible?

SOLUTION We are to determine a relationship between constants a, b, and
¢ that ensures incompressibility.

Assumptions 1 The flow is steady. 2 The flow is incompressible (under cer-
tain constraints to be determined).

Analysis We apply Eq. 9-17 to the given velocity field,

du dvr dw
— + +—F—=10 — 2axy + 2bxy = 0
ax  ay  fz : :

‘I—\...—"

'_\_' H'_'
2400y 2hy i

Thus to guarantee incompressibility, constants a and b must be equal in
magnitude but opposite in sign.

Condition for incompressibility: a=—b

Discussion |f a were not equal to —b, this might still be a valid flow field,
but density would have to vary with location in the flow field. In other words,
the flow would be compressible, and Eq. 9-14 would need to be satisfied in
place of Eg. 9-17/.
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EXAMPLE 9-8 Calculation of the Velocity Field
from the Stream Function

A steady, two-dimensional, incompressible flow field in the xy-plane has a
stream function given by ++ = ax? + by + cx, where a, b, and ¢ are con-
stants: a = 0.50 (m - s}, b =—2.0 m/s, and ¢ =—1.5 m/s. (a) Obtain
expressions for velocity components v and v. (b) Verify that the flow field
satisfies the incompressible continuity equation. (c) Plot several streamlines
of the flow in the upper-right quadrant.

Analysis (a) We use Eq. 9-20 to obtain expressions for v and v by differen-
tiating the stream function,
_alr difr

Uu=—==n and v=——==3ax}—¢

dy X
(b) Since v is not a function of x, and v is not a function of y, we see imme-
diately that the two-dimensional, incompressible continuity equation (Eqg.

9-19) is satisfied. In fact, since « is smooth in x and y, the two-dimensional,

incompressible continuity equation in the xy-plane is automatically satisfied
by the very definition of +. We conclude that the flow is indeed incompressible.
(c) To plot streamlines, we solve the given equation for either y as a function
of x and «, or x as a function of y and . In this case, the former is easier,
and we have
o — ax® — cx

b

Equation for a streamline: V=

29



This equation is plotted in Fig. 9-20 for several values of i+, and for the pro-
vided values of a, b, and c. The flow is nearly straight down at large values

of x, but veers upward for x < 1 m.

Discussion You can verify that v = 0 at x = 1 m. In fact, v is negative for x
= 1 m and positive for x < 1 m. The direction of the flow can also be deter-
mined by picking an arbitrary point in the flow, say (x = 3 m, y = 4 m), and
calculating the velocity there. We get t = —2.0 m/s and v = —12.0 m/s at
this point, either of which shows that fluid flows to the lower left in this
region of the flow field. For clarity, the velocity vector at this point is also
plotted in Fig. 9-20; it is clearly parallel to the streamline near that point.
Velocity vectors at three other locations are also plotted.
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Brakém zgi diinckgnaper | er
ar as e makatkirim ge ni wlaiklke n a
bu tki akémi zgarsas émgaearen
hacimsel debiyee K i.t t i r

xy-dizleminde iki-boyutlu akim cizgilen i¢in
iki akim gizgisi araswndan birim geniglik bagina
gecen hacimsel debi V/ her en-kesitte aymdr,

Streamline 1

Control surface

v (@ xyd¢gzl em kna
-1 zgylve y.iile
sénérl andeée

v kontrol hacmi ile A ve
B dilimleri;

o (b) Sonsuz k ¢ - ¢ ds

| o uzunleatfruaf

| = bol genriyn t ¢

v dx z ger¢ént s
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Streamline 2
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Analysis By Eg. 9-25, the volume flow rate per unit width between the bot-
tom wall (4., = 0) and the dividing streamline (drgyiging = 1.0 m?/s) is

LI‘F 2 2
; = Llljdi,_.jdjng - Llla‘wa'] = (]G — 'D) m-/s = 1.0 m/s
All of this flow must go through the slot. Since the channel is 2.0 m wide,
the total volume flow rate through the slot is

Y
V= W= (1.0 m*/s)(2.0 m) = 2.0 m%/s

To estimate the speed at point A, we measure the distance & between the
two streamlines that enclose point A. We find that streamline 1.8 is about
0.21 m away from streamline 1.6 in the vicinity of point A. The volume flow
rate per unit width (into the page) between these two streamlines is equal to
the difference in value of the stream function. We thus estimate the speed
at point A,

(V2 N VAR |

Vi= S sw E{"-.'II’J_S — ) =

(1.8 — 1.6) m*s = 0.95 m/s
0.21 m

Qur estimate is close to the known free-stream speed (1.0 m/s), indicating
that the fluid in the vicinity of point A flows at nearly the same speed as the
free-stream flow, but points slightly downward.

Discussion The streamlines of Fig. 9-26 were generated by superposition of
a uniform stream and a line sink, assuming irrotational (potential) flow. We
discuss such superposition in Chap. 10.
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St lir ndi ri k Koordi natl arda Akoé@é

d(ru,)  o(uy) Incompressible, planar stream function in cylindrical coordinates:
dr dd | dils s
U, =———- and Uy = ———
roof dr

| aru,)  olu)
o - —l_ " - O
roodr dZ
Incompressible, axisymmetric stream function in cylindrical coordinates:
| dilr 1 i

W, = ——- and U, = ——
| . I ar

Silindirik  koordinatlarda
z-eksenine g°r é°nel
simteriye sahip bir
eksenel simetrik cisim
zZeri na«kkikne
geometri ne de h éa ané
qya baj | &ed e,r=0
odeér

Rotational
symmetry

Axisymmetric

body
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¥rnekSilRindiri k Koordinatl arda Akém Fonksi
Hébi | ekemnufFG®veiup+ Kr (K-sabit) olarak v e r i Idami,j i ,

d¢zl emesseélk e kKt éiir €1 agrak\veryi®ywin ¢ ralé n.8Bn

ak a a] éwkldldeig © st e r.iAlkmafomksiyiorru y (x,y) i - bim

ifadegel i kvea k emizzg i Hagesalmli chu jgPrsut er i ni z

Analysis We use the definition of stream function given by Eq. 9-27. We can
choose either component to start with; we choose the tangential component,
difp K

—uy=-= =

— = = —Klnr+ f(6 (1)
- : . f)

Now we use the other component of Eq. 9-27,

1 Bu'f_ | 0 —
U= rf ©
where the prime denotes a derivative with respect to #. By equating u, from
the given information to Eq. 2, we see that

=0 — fiey=cC
where C is an arbitrary constant of integration. Equation 1 is thus

Solution: r=-KInr+C (3)

Finally, we see from Eq. 3 that curves of constant » are produced by setting
r to a constant value. Since curves of constant r are circles by definition,
streamlines (curves of constant ) must therefore be circles about the origin,
as in Fig. 9-15a.

For given values of C and i+, we solve Eq. 3 for r to plot the streamlines,
Equation for streamlines: r=e W-OK (4)

For K = 10 m2/s and C = 0, streamlines from + = 0 to 22 are plotted in
Fig. 9-28.
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Sekéekteéereéelabili r Akém Fonksiy

We extend the stream function concept to steady, compressible, two-dimen-
sional flow in the xy-plane. The compressible continuity equation (Eq.
O—-14) in Cartesian coordinates reduces to the following for steady two-
dimensional flow:
d(pu) N dpv) _ 0
dx ay

(9-30)

We introduce a compressible stream function, which we denote as ¢/,

Steady, compressible, two-dimensional stream function in Cartesian coordinates:
difr oilr |

pu = — and pr = ——— (9-31)
dy X

By definition, s, of Eq. 9-31 satisfies Eq. 9-30 exactly, provided that ¢, is
a smooth function of x and y. Many of the features of the compressible
stream function are the same as those of the incompressible i as discussed
previously. For example, curves of constant s, are still streamlines. How-
ever, the difference in ¢, from one streamline to another is mass flow rate
per unit width rather than volume flow rate per unit width. Although not as
popular as its incompressible counterpart, the compressible stream function
finds use in some commercial CFD codes. 41



9i4yDOJRUSAL MOMENTUM KORU
CAUCHY DENKLEMK

RTT uygul an marskéngdl dacmi i - idm ] r unsoméntum
denkleminin genel ifadesi.

— . B 0l — ‘ — =
MYF=| pgdV+ | o;-ndA= —(pV)dV+ | (pV)V -1 dA
“CV “CS “CV dt “CS
— — — ‘ 0l — — —
SMF=> Foay T > Furface = [ pr dV+ > BmV — > pmV
“CV ot in

Kartezyen koordinatlarda d ¢ z g ¢ n

al t ey glindekisonsuz k¢, - ¢k

kontrol hacminin pozitif y ¢ z1 er i nde ki
( sakst ve ° n)pozitf gerilme

tan s © rbd | e k. eMali enoktalar

her bir Yy ¢ Z ¢ n merkezini

g%ster meNMegatifdy gz 1|1 er de ki
(sol, alt ve arka) pozitif bi | ekenl er
Kekil|l dge® st eri |l etarsier i n

y°nl erdedir

42



Di verj ans Teor emi Kul | anar ak

J (pV)V - ndA = J V- (pVV)dV o ndA = J Veo;dV
Cs CV ‘cs cv
‘ d — — — — N — 1
J {—{p‘r’} + V- (pVV) —pg =V 0;/dV=0

dt |
cv

. 0 — — — —3 » —
Cauchy’s equation: Py (pV) + V- (pVV) = pg + V- 0
d

The Extended Divergence Theorem

| V-Gyav=1, G;-7ida

@S

Diverf ans teoreminin geni«klIl e .,.;I mi kK f or mu dece
vektorler i1 -in deji/l ayne '::;_Imanda rl er i
kuIIanéKIédéijrikincilﬁeastebkdbneb'mdeCauchy denkl emi dojru
tensWrhacim ve A ise hac korunumu yasasénén di
tanémlayan y¢zeyin alanéf ormudur. Her akékkan



Sonsuz K¢g-¢6k Kontr ol
2 Fy = EF*L body + EF x, surface

Rate of change of x-momentum within the control volume:

‘CV ot

i 3
— (pu) dV = — (pu) dx dy d
m{pul ar{pm v dz

“CV
Y d(pvu) dy
(puu + g—x f) dx dz
X
Z T (pwu _ afg:d.-'u] ﬁ) dx dy
) v o
: .*“"#
Ldy o
uu — dlpun) dx dy dz —p-—-»9 i r— d(pu)
f 1‘3}.1- 2 A " (}’JHH + T ?)dﬁ' d:'r
/ N o
Apwu) d »[ - : @
(pwu + Ipwi) —) dx dy” K2
dz 2 dx

Ha c mi Ku

%{pu] dV + 2 Pmu — 2 B

in

Sonsuz k ¢ - ¢l
kontrol hacminin her
biry¢zeé¢ngene
doj rusal
momentumun X-
bi | ek egniirmakr
-ékéekl ke m
noktalar her  bir
Yy ¢ Z ¢ n merkezini
g2ster mekt e
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Net outflow of x-momentum through the control surface:

> Briw — E Briu = (— (puu) + — [pvu} + — {pwu}) dx dy dz

out

2 F; body — 2 Fl eravity — P8x dx d‘r dz

Yer - e kel knti © r guatlgka belirli bir
eksenileh i z al agemskanezéEn genel

halde sonsuz k ¢, - Qirlka k € k&klaeaman é n a
etkiyen aj ér Ruedtinin ¢ - bi | ekeni
var.déer
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h-(-:ru + 0T yx d—1) dx dz
' dy 2

do . dx
—

o - “
I z 2
I
Di feransiyel bir kont ol hacnmimetamsBRerg b
bilekeninden kayYyngktdananhkiveer kuvvetl e

-1 zk @&, meoxa al ar ¢chemebkezyptr g°ster mekt e

d i i
F_ . =|\—g +—og, +—o. |dxdyvd:
2 T, surface (t:.i'l' X I:ﬂ"l- X ﬁ;{ ,,r) 4

d( pu) . d(puw)  dpru)  Jpwu) N l N d i
1 1 = np — T — g, +— .
ot ox 3y gz BT gy T Ty g
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d(pr) N dpur) dprr)  d{pwr) i a 4

=pg, +— o, +— 0o, +— 0,
ol ax ay 0z PRy T ax 7o ay 7 9z °
d(pw)  d(puw) d(prw)  d(pww) H d a
) + — + — + - = pg.+ O+ Oy O
ot dx ay 0z e T ey Az

Cauchy’s equation: T{(;:V} + V- (pVV)=pg + V- 0y
(]

V = (1, v, w) vekiériiniin kendisi ile dis carpuns
ikinci mertebeden bir tensdrdiir. Gasterilen
carpim Kartezyen koordinatlardadir ve dokuz
bilesenli bir matris olarak gdsterilmistir.
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Cauchy Denkleminin Alternatif Formu

PR oV - ap
Tovy=p L v
o P =P, ot

- = —3

Alternative form of Cauchy’s equation:

ot

9V R
I,r,{— + {F- ?]V] =p

p—-l—".f’—p—l— %*{p?’}]—l—p{b’* T}V=p§—|— E*ff,}'

—

DV
Dt

—

=||”§ T T'”__r'-ll;
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Newt ondun Kkinci /
Kul | anarak Tg¢gret J—»x

=ma=m—=( ' dz
pr P EYED,
pv . o
pﬁ_pg-FT{fU

Diferansiyel a k e&l e ma n
e ] emaddesel bir eleman
Ise, a k éla birlikte hareket
eder ve Newton'un IKinci

yasasé dojrudan d&
uygulanabilir.
Du do, 00, do,
X-component: P — P& - = + oy + >
Duv oy 00,  doy
}‘—C{?mpﬂﬂfﬂf: '{_]E = l;_].:«'gg'| + o + ay HE
Dw do, 00y do,
Z-component: pE = pg. + . o 1 -

Streamline
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9I5YNAVIER-STOKES DENKLEMK

G | I | K O Oy Oy —P 0 0
Fluid at rest: T =| 0w Oy op =1 0 —P 0
Ty O O (0 0 —P
t;;, viskoz gerilim Moving fluids:
tans®°r ¢ Ty Oy Oy —-P 0 0 T Ty T
Ti=| 0w Ty o |=| 0 =P O+ ™ Ty
Ty On Oy 0 0 —P Ta Ty Tz
| |
y Mechanical pressure: P, = 3 (O + Oy + )
/]—-x E Mekani k-, bbsenakékkan el
-y i - e udetkijeden ortalama normal gerilmedir.
| e
e Durgun haldeki ak ék kanl ar da
e o—- akéKk&klammaneér i teld e k i
dy p/fi _____________ gerilme, daima her biry ¢ z ey i n
: ~ normalidof rul tvesduredd
e’ : d o] r wtkiyen hidrostatik
& p basén-teér >0



Newton tipi ve Newton Tipl Ol

Reoloji: Ak makta ol an akeéekKk:

ar etrac Bingham ) : :
, Shear stress pl'ﬁ%ic deformasyonunun incelenmesine denir.
2 Iy

Newt on t i pi Kayma&gerkneesinina r
Kekil deji ktirme hézéyl

She:
el akékkanl arder .

thinning

. Newtont i p i ol may anKaanaé K k
Newtonian  gerilmesii | ek ikl dej inkthof mes
ol maa&jeakan!| arder .

Shear Viskoelastik: Uygulanan gerilme
thickenin : |
® Kaldéreldejénda baktak
ya da késmen) d°nen ak
1  Bazé Newton tipi ol may.
Shear strain rate hezlé kekil dejikimine

Ak & k k a n tealgjiké nd a v r a n é k & kg ¥skoz duruma geldiklerinden incelen

dej i kthiéz @f@nksiyonu olarak kayma a k € Kk k aeydsanki-p | ast i k akeér
gerilmesi. ol arak adlandér el er.

Pl ast i k aifkcelmeketkisininen fazla
Bazak é kK k marekederge - i r ebi Igmegk | d:7 ¢ akéekkanl ardé:
| - Bkma gerilmesi denilen sonlu bir
geriimeninuy gul anmas @ma.deér
Bu t ¢ ak &k k aBmbheam plastik
a k é k k aolarakabilirgr. 51



Kabal akan akékkanl ar veya kaUogerdme (di | a

veya Kekil dej i ki mdahalviskezéhaleagelit. t é k - a a k €t

[ think he

means
quicksand.

Help!
[ fell into a
dilatant fluid!

Bir m¢ h e n d bagaklenkkumuna (bir

dilatant a k é K kg te n d ehkli

Daha - o khareket etmeye - al ékKt é k - a
a k é k dalmarviskoz hale gelmektedir.
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Sekéektéereéel amaz Kz ot-StokeaDenkferni@in | - |
Téeéreti | mesi

For a fluid flow that is both -

incompressible and isothermal: S la 1z y_mk LlEECL B0
nluj] un izotermal
« p=constant a

Kide &iskeziteain sabit

« u = constant

And therefore: nd a ngeélin a
« p=constant

Viscous stress tensor for an incompressible Newtonian fluid with constant properties:

Ti = 2E;; (9-55)
/ . ou o ov au 0w \
- o # dy  ax Moz " ax
'w Ty o N ol . o dv  dw
Y :;-.1.» s F\ ox iy oy M\ oz ay
Iv-l.- i

o= aw . o aw v 0w
y dad (L 9,
\“L ox az) May T az o )
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/ L ou o @+w\
H ax H dy  ox H 0z  ox
-P 0 0 o T L
o »p ol #(du . du) on® H(mr . dw)
0= - LI - T
ax - ay ay 7
0 0 -P . :

w o) (ow ) aw
Mlax “oz) Moy " oz H oz

Du o "u L, @ (v ou), 6 (ow  ou d [ow d (ow
e T ) 3 o\ |\ oo T ol el Bl " ol R
"Di dx PEx # ax - H dy \dx oy # dz \dx az a 07 \ oXx ax \ 0z

Du aP N N KR’ N d ou N d v N d*u N d dw N alu}
) = — g Sttt + - s
"Dt ox | P& ‘u_ax- dxdx axdy gy* dx dz Az’

aP o [ou  ov  aw atu a0 u
= ——tpshtpu ot ot ottt
dx | JX \oX dy o7 ax - dv- 1 i

|

The Laplacian Operator

Cartesian coordinates: _ _ _ _ )
Seéek ékeéer e Naiar-5tokes

S L P S e
g - 32 o 32 o 02 denkleminin vizkoz terimlerinde
. - g°r ¢ Laplace oper at °r ¢neén
Cylindrical coordinates: e e
Kartezyen ve silindirik

gL 11 ( 8) 1 *, & koordinatlardakia - €1 & me
.~
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Du adP . Lo

— = —— 18, “Uu
P Dt ox P& H

Duv dP N L Dw
—_ = — — i . LI.J 1 =
P Dt ay P8y T M P Dt

Incompressible Navier—Stokes equation:

DV

|”

Dt

denkl| e mi
k° ke t

Navier-St ok e s
mekani Jinin

— . ".‘_:.
= —VP + pg + I,u_T",—-”

9P .
— -t gt pViw

(9-60)

Navier-Stokes denklemi; daimi olmayan,

dojrusal ol mayan, Ik
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Kartezyen Koordinatl arda S¢r e
Navieri Stokes Denklemleri

The continuity equation (Eq. 9-16) and the Navier—Stokes equation (Eq.
9—-60) are expanded in Cartesian coordinates (x, v, z) and (u, v, w):

Incompressible continuity equation:

au  dv dw
+ +

T+t —=0 (9-61a)
ox dy 0z

x-component of the incompressible Navier—Stokes equation:

au N ou N o N au oP . o°u N a%u . a%u ©61h)
"N — M — v w—\1=———— 115 . . -
Plar " "ax " "oy T " az ox  PET\gx2 T g2 T 922

y-component of the incompressible Navier—Stokes equation:

dv v av v dP v v v
pl—tu—+v—F+w—|=—+pg +tpul—+—+— (9-61c)
ot 0x dy dZ dy ' ox- dy-  dT”

z-component of the incompressible Navier—Stokes equation:

w ow o aw W L a?err'Ferr‘Fw -
N —+u—+v W = ——— 1+ pg: | | -
Plar ""ax "oy T oz oz ST M ax2 T 9y T a2




St i1 ndiri k Koordinatl ar da

Navieri Stokes Denklemleri

. . . . ] H{FH,-) 1 ﬂ(”l’.l} {'][-H:}
Incompressible continuity equation: — +——+ =
roodr road dz

r-component of the incompressible Navier—Stokes equation:

du, ou, uyou, u; ou,
P\ — i, T — T U
dt ar roan r T iz

&,

dP ap | [1 i) o, U, N 1 o7u, 2 duy N HEH,] (0.62h)
= — - F - T4 7 T 7 6
or PSR\ ar) TR T R Pas a2

H-component of the incompressible Navier-Stokes equation:

., du,, du,, N Uy r'{u,, N u I, o Ej'u”
ot " ar road r © oz

1 {"}P —|— n [] d ﬂ”u Uy n 1 ﬂl“n‘ n 2 ('H!'.... n az””]
e — 2 — T \Fr— )~ o, To o .
roade P& - rar dr rr ot ae? r- ot az°

(9-62c)

z-component of the incompressible Navier—Stokes equation:

o . du.  u, ou. du
ol — + u, —+——-|-u_

At ar roof 1z

doy

HP+ + {1 a( ﬂ”:) LI Ejz”‘] (9-62d)
= —— _ — Fr— —}
dz PE= T oA\ ar r? aH? dz°

(9-62a)
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Alternative Form of the Viscous Terms

[t can be shown that

_d (l 9 (ru, 1] Navieri Stokes r
or\rar denklemindeki r-
and Ve q
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}%(f%)_% iki viskoz terim .
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_ 2 (l i{m ”}} form pagiidir: §-ySniinde hareket edildiginde Er’gin
or \r or yoniinde de degigim meydana gelir ve Navier
Stolces Denkieminin r~ ve 8- bilegenlerinde ek
terimler ortaya cikar.
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9i6YAKI K

DKFERANSKYEL

har eket

Di feransiyel
problem vardeéer.

ABilinen bir

ABilinen geometr |
hesapl anmaseé

h éz

Three-Dimensional Incompressible Flow

Four variables or unknowns:

- Pressure P
» Three components of velocity V

Four equations of motion:

« Continuity,

v.-V=0
« Three components of Navier—Stokes,

D]I’_; = —» e
1— =-VP+ pg+ uyv-Vv
F Dt pg + pv

PROBLEMLERKNKN

ANALKZK
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EXAMPLE 9-13 Calculating the Pressure Field
in Cartesian Coordinates

Consider the steady, two- d|men5|0nal mcu::mpresslble velocity field of Example
9-9, namely, V = (u,v)=(ax + b)r + (—ay + cx}; Calculate the pressure
as a function of x and y.

SOLUTION For a given velocity field, we are to calculate the pressure field.
Assumptions 1 The flow is steady and incompressible. 2 The fluid has con-
stant properties. 3 The flow is two-dimensional in the xy-plane. 4 Gravity
does not act in either the x- or y-direction.

Analysis First we check whether the given velocity field satisfies the two-
dimensional, incompressible continuity equation:

ou Hv dw
—
ax  ay ﬁ;

_\_r

=a—a=~0 (1)

a 2-I)

Thus, continuity is indeed satisfied by the given velocity field. If continuity

were not satisfied, we would stop our analysis—the given velocity field would

not be physically possible, and we could not calculate a pressure field.
MNext, we consider the y-component of the Navier-Stokes equation:

AL v W P s A
L ru— + v—+w|=——+pf + u|l -~ +
p(ﬁr "o T Ve TV ) y P ”(af- 2t )

—— —— et o o S bt e
0 (steady) (ar + bic {—ay + cx—a) 0 (2-D) ] 0 0 0 (2-D)
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The y-momentum equation reduces to

:—’: = p(—acx — bc — a*y + acx) = p(—bc — a*y)  (2)
The y-momentum equation is satisfied if we can generate a pressure field
that satisfies Eq. 2. In similar fashion, the x-momentum equation reduces to
aP - b
P pl—a™x — ab) (3)
The x-momentum equation is satisfied if we can generate a pressure field
that satisfies Eq. 3.

In order for a steady flow solution to exist, P cannot be a function of time.
Furthermore, a physically realistic steady, incompressible flow field requires
a pressure field P(x, y) that is a smooth function of x and y (there can be no
sudden discontinuities in either P or a derivative of P). Mathematically, this
requires that the order of differentiation (x then y versus y then x) should not
matter (Fig. 9-46). We check whether this is so by cross-differentiating Egs.
2 and 3, respectively,

d°P d [dP d°P d [oP
- {7-)J=0 and ——=__|=—-]=0 (4)
dx dy  dx \ dy dvyox  dy \ox

Equation 4 shows that P is indeed a smooth function of x and y. Thus, the
given wvelocity field satisfies the steady, two-dimensional, incompressible
Navier— Stokes equation.
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If at this point in the analysis, the cross-differentiation of pressure were to
yield two incompatible relationships (in other words if the equation in Fig.
9-46 were not satisfied) we would conclude that the given velocity field
could not satisfy the steady, two-dimensional, incompressible Navier—Stokes
equation, and we would abandon our attempt to calculate a steady pressure
field.

To calculate Plx, y), we partially integrate Eq. 2 (with respect to y) to
obtain an expression for P(x, ),

Pressure field from y-momentum:

a*y?
Pix,v) = ;;(—bc.‘}' — 1 ) + g(Xx) (5)
Note that we add an arbitrary function of the other variable x rather than a
constant of integration since this is a partial integration. We then take the
partial derivative of Eg. 5 with respect to x to obtain

dP ,

— = g'(x) = p(—a*x — ab (6)

oy 8 W I )

Cross-Differentiation, xy-Plane

RN R et kg ~or a two-dimensional flow
only if the order of differentiation field in the xy-plane, cross-
does not matter: differentiation reveals

P 9*P whether pressure P is a
S 9yo smooth function.
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where we have equated our result to Eq. 3 for consistency. We now integrate
Eqg. 6 to obtain the function g(x):

2_2

2(x) = p(—a — abx) + C, (7)

where C, is an arbitrary constant of integration. Finally, we substitute Eq. 7
into Eq. b to obtain our final expression for P(x, y). The result is

3

Fl rFey

_ a’x*  a’y* .
Plx,y) = p| - ——— —abx —bey | + C, (8)

Discussion For practice, and as a check of our algebra, you should differen-
tiate Eq. 8 with respect to both y and x, and compare to Egs. 2 and 3. In
addition, try to obtain Eq. 8 by starting with Eq. 3 rather than Eqg. 2; you
should get the same answer.
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— P =9222 Pa gage

The velocity field in an incompressible flow is
not affected by the absolute magnitude of

pressure, but only by pressure differences.
A
Since pressure el
B appears only as a “:;
+pg+ pvVV gradient in the B
incompressible o
Navieri Stokes il

equation, the absolute

magnitude of pressure
IS not relevantd only
pressure differences

L P =-3.562 Pa gage
(a)

P=509.222 Pa oace
J'— gag

matter. | .".'.'f',-l.',l| H.,|I|

Filled pressure contour plot, velocity vector i
. . il

plot, and streamlines for downward flow of air g
through a channel with blockage: (a) case 1; e
(b) case 20 identical to case 1, except P is 1*
everywhere increased by 500 Pa. On the gl
mif)|

gray-scale contour plots, dark is low pressure

and light is high pressure. P =496.438 Pa gage

(b)



Finally, we note that most CFD codes do noft calculate pressure by inte-
gration of the Navier—Stokes equation as we have done in Example 9-13.
Instead, some kind of pressure correction algorithm is used. Most of the
commonly used algorithms work by combining the continuity and
Navier—Stokes equations in such a way that pressure appears in the continu-
ity equation. The most popular pressure correction algorithms result in a
form of Poisson’s equation for the change in pressure AP from one itera-
tion (n) to the next (n + 1),

Poisson’s equation for AP: V*AP) = RHS,, (9-64)

Then, as the computer iterates toward a solution, the modified continuity
equation is used to “correct” the pressure field at iteration (n + 1) from its
values at iteration (n).

Correction for P: Py+yn= Py + AP

Details associated with the development of pressure correction algorithms is
beyond the scope of the present text. An example for two-dimensional flows
is developed in Gerhart, Gross, and Hochstein (1992).
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EXAMPLE 9-14 Calculating the Pressure Field
in Cylindrical Coordinates

Consider the steady, two-dimensional, incompressible velocity field of Exam-
ple 9-5 with function f(0, f) equal to 0. This represents a line vortex whose
axis lies along the z-coordinate (Fig. 9-49). The velocity components are

= 0 and u, = K/r, where K is a constant. Calculate the pressure as a
function of r and @.

Analysis The flow field must satisfy both the continuity and the momentum
equations, Eqgs. 9-62. For steady, two-dimensional, incompressible flow,

L) 1060 065,

Incompressible continuity:
p o r/ﬁﬂ /:/i.?

0 0 0

=Y

| ’\_,/
| \\J// Streamlines and
T velocity profiles for

_ a line vortex.
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Thus, the incompressible continuity equation is satisfied. Now we look at the
# component of the Navier-Stokes equation (Eq. 9-62c):

oy, Oy wgou, uu, o
Bt T Y T e T T ey
ot,  _dar, rde, Jr o Tldz
0 (steady) I[_“I:‘“ £| [.iﬁ-lu]u i 0 12-I7)

1P 10 [ du up 1 2 dul @
= ——+pg, + (r ”) F —'&+ kv gt

raf - rar\. or __\.-f r,ﬁﬂz rr a0 Az’
0 3 M i ——— e

£ K ] 0 0 (2-ID)

The #-momentum equation therefore reduces to

dP
H-momentum: — =1 (1

dfl
Thus, the #-momentum equation is satisfied if we can generate an appropri-
ate pressure field that satisfies Eq. 1. In similar fashion, the r~-momentum
equation (Egq. 9-62b) reduces to

dP K?

r-momentum: —=p—

: (2)
dr I

Thus, the -momentum equation is satisfied if we can generate a pressure
field that satisfies Eq. 2.
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In order for a steady flow solution to exist, P cannot be a function of time.
Furthermore, a physically realistic steady, incompressible flow field requires
a pressure field P(r, 8) that is a smooth function of r and 8. Mathematically,
this requires that the order of differentiation (r then # versus ¢ then r) should
not matter (Fig. 9-50). We check whether this is so by cross-differentiating
the pressure:

arab  or\aeg) a 90 ar o6 \ar)

Equation 3 shows that P is indeed a smooth function of r and 6. Thus, the
given velocity field satisfies the steady, two-dimensional, incompressible
Navier—Stokes equation.

We integrate Eq. 1 with respect to # to obtain an expression for P(r, #),

Pressure field from 8-momentum: P(r.0) =0+ g(r) (4)
Note that we added an arbitrary function of the other variable r, rather than
a constant of integration, since this is a partial integration. We take the par-
tial derivative of Eq. 4 with respect to r to obtain

2

AP , K-
—=g'nN=p— (5)
ar r

Cross-Differentiation, r@-Plane

ORI R g i For a two-dimensional
only if the order of differentiation flow field in the rg-plane,

does not matter: cross-differentiation
' reveals whether pressure
P is a smooth function.
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where we have equated our result to Eq. 2 for consistency. We integrate Eq.
5 to obtain the function g(r):

2

1
g(r) = _Ep + C (6)

rl
where C is an arbitrary constant of integration. Finally, we substitute Eq. 6
into Eq. 4 to obtain our final expression for P(r, #). The result is
1 K*?
Pr.@)=—p—+C (7)
lj .F'l

Thus the pressure field for a line vortex decreases like 1/r2 as we approach
the origin. (The origin itself is a singular point.) This flow field is a simplistic
model of a tornado or hurricane, and the low pressure at the center is the
“eye of the storm” (Fig. 9-51). We note that this flow field is irrotational,
and thus Bernoulli’'s equation can be used instead to calculate the pressure.
If we call the pressure P, far away from the origin (r — o), where the local
velocity approaches zero, Bernoulli's equation shows that at any distance r
from the origin,

2
Bernoulli equation: P + %pvf =P, — P=P.— %p% (8)
Equation 8 agrees with our solution (Eq. 7) from the Navier-Stokes equation
if we set constant C equal to P.. A region of rotational flow near the origin
would avoid the singularity there and would yield a more physically realistic
model of a tornado.
Discussion For practice, try to obtain Eg. 7 by starting with Eq. 2 rather
than Eq. 1; you should get the same answer.
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The two-dimensional line
vortex IS a simple
approximation of a tornado;
the lowest pressure is at the
center of the vortex.
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Interface boundary conditions: |
Fluid B
- ---I
I I
— 1T "
T W UL N N
- .‘::Z:!-'"”"—';'?.Trﬁ
- 1
- FA -----:
Fluid A
Fluid B—air

Wair

I B .. ---sz- I .
—

r"’ Uryater

X
Fluid A—water

-.I

and Ts A

At an interface between two
fluids, the velocity of the two
fluids must be equal. In addition,
the shear stress parallel to the
interface must be the same in
both fluids.

Along a horizontal free surface of
water and air, the water and air
velocities must be equal and the
shear stresses must match.
However, since m;, << Maiep @
good approximation is that the
shear stress at the water surface is
negligibly small.
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Boundary conditions at water—air interface:

du i
Is water — Mwater . = g air — Mair
water air

Free-surface boundary conditions:

|

|
. |
P = continuous |
|
|
|

B Symmetry plane
Vv

‘ X
Boundary conditions along a plane of
symmetry are defined so as to ensure
that the flow field on one side of the
symmetry plane is a mirror image of

that on the other side, as shown here
for a horizontal symmetry plane.

PIi;|'.|iLI =P

dy dy/ .

and T = ()

pas 5, liquid
Other boundary conditions arise
depending on the problem setup.

For example, we often need to define
inlet boundary conditions at a
boundary of a flow domain where fluid
enters the domain.

Likewise, we define outlet boundary
conditions at an outflow.

Symmetry boundary conditions are
useful along an axis or plane of
symmetry.

For unsteady flow problems we also
need to define initial conditions (at
the starting time, usually t = 0).



: EXAMPLE 9-15 Fully Developed Couette Flow

™ Consider steady, incompressible, laminar flow of a Newtonian fluid in the
: narrow gap between two infinite parallel plates (Fig. 9-57). The top plate is
m moving at speed V, and the bottom plate is stationary. The distance between
m these two plates is h, and gravity acts in the negative z-direction (into the
®m page in Fig. 9-57). There is no applied pressure other than hydrostatic

pressure due to gravity. This flow is called Couette flow. Calculate the velocity

and pressure fields, and estimate the shear force per unit area acting on the
bottom plate.
V

e
' -

Moving plate Geometry of Example 9i

| 15: viscous flow between
h Fluid: p, p two infinite plates; upper
y plate moving and lower

v Fixed plate T x plate stationary.

Analysis To obtain the velocity and pressure fields, we follow the step-by-
step procedure outlined in Fig. 9-52.

Step 1 Set up the problem and the geometry. See Fig. 9-57.

Step 2 List assumptions and boundary conditions. We have numbered
and listed seven assumptions (above). The boundary conditions come
from imposing the no-slip condition: (1) At the bottom plate (y = 0),
u=v=w=0.(2) Atthetop plate(y = h), u=V, v =0, and w= 0.
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Step 3 Simplify the differential equations. We start with the
incompressible continuity equation in Cartesian coordinates, Eq. 9-61a,
ol i HH au

0 (1
ax oy 07 ox

U

assumption 3 assumpion &

Equation 1 tells us that u is not a function of x. In other words, it doesn't
matter where we place our origin—the flow is the same at any x-location.
The phrase fully developed is often used to describe this situation (Fig.
9-58). This can also be obtained directly from assumption 1, which tells
us that there is nothing special about any x-location since the plates are
infinite in length. Furthermore, since v is not a function of time
(assumption 2) or z (assumption 6), we conclude that v is at most a
function of y,

Result of continuity: u = u(y) only (2)

4 A A fully developed region of a flow

field is a region where the velocity
profile does not change with
downstream distance. Fully

¥

developed flows are encountered in
long, straight channels and pipes.
Fully developed Couette flow is
shown hered the velocity profile at x,
IS identical to that at x;.



We now simplify the x-momentum equation (Eq. 9-61b) as far as possible.
It is good practice to list the reason for crossing out a term, as we do here:

(a,si N A N ail N a;ir) apP N
7 - v Wo— | = —7— .
4 ot ix oy iz ix %
— o — - =" assumption 7
assumption 2 continuity  assumption 3 assumption 6  assumption 5
+ (_}_ﬂzﬁ + _I:FH + !“FP{) s 0 (3)
— — =
H P iy’ P @y’
IH_\\.F_(- \_V_l'
continuity assumption &

Notice that the material acceleration (left-hand side of Eq. 3) is zero,
implying that fluid particles are not accelerating in this flow field, neither
by local (unsteady) acceleration, nor by advective acceleration. Since the
advective acceleration terms make the Navier-Stokes equation nonlinear,
this greatly simplifies the problem. In fact, all other terms in Eg. 3 have
disappeared except for a lone viscous term, which must then itself equal
zero. Also notice that we have changed from a partial derivative (d/dy) to a
total derivative (d/dy) in Eq. 3 as a direct result of Eq. 2. We do not show
the details here, but you can show in similar fashion that every term except
the pressure term in the y-momentum equation (Eq. 9-61c) goes to zero,
forcing that lone term to also be zero,

oP _
a9y

0 (4)

In other words, P is not a function of y. Since P is also not a function of
time (assumption 2) or x (assumption 5), P is at most a function of z,

Result of y-momentum: P = P(z) only (5)
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Finally, by assumption 6 the zcomponent of the Navier—Stokes equation
(Eq. 9-61d) simplifies to

op — dp (6)
— —_— — — J
9z P8 dz P8

where we used Eq. 5 to convert from a partial derivative to a total
derivative.

Step 4 Solve the differential equations. Continuity and y-momentum have
already been “solved,” resulting in Eqgs. 2 and 5, respectively. Equation 3
(x-momentum) is integrated twice to get

u=0Cy+ G, (7

where C, and C, are constants of integration. Equation 6 (z-momentum) is
integrated once, resulting in

P=—ppz+ C; (8)

Step 5 Apply boundary conditions. We begin with Eq. 8. Since we have
not specified boundary conditions for pressure, C; remains an arbitrary
constant. (Recall that for incompressible flow, the absolute pressure can be
specified only if Pis known somewhere in the flow.) For example, if we let
P = P,at z= 0, then C; = F; and Eqg. 8 becomes

Final solution for pressure field: P=F,— pgz (9)
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Alert readers will notice that Eq. 9 represents a simple hydrostatic pressure
distribution (pressure decreasing linearly as z increases). We conclude that,
at least for this problem, hydrostatic pressure acts independently of the

flow. More generally, we make the following statement (see also Fig. 9-59):

For incompressible flow fields without free surfaces, hydrostatic pressure
does not contribute to the dynamics of the flow field.

In fact, in Chap. 10 we show how hydrostatic pressure can actually be
removed from the equations of motion through use of a modified pressure.

For incompressible flow fields
¢ ¢ | without free surfaces, hydrostatic
pressure does not contribute to the
~ dynamics of the flow field.

P hydrostatic

xory

We next apply boundary conditions (1) and (2) from step 2 to obtain
constants C; and C..

Boundary condition (1): u=0C, x0+0C,=0 - C,=0
and

Boundary condition (2): H=C, xh+0=V — C, = V/h
Finally, Eq. 7 becomes

v
Final result for velocity field: un=v-= (10)
1

The velocity field reveals a simple linear velocity profile from v = O at the 79
bottom plate to v = V at the top plate, as sketched in Fig. 9-60.



o y
h U= V,;Il The linear velocity
L y profile of Example 97 15:
¥ Couette flow between

x parallel plates.

Step 6 \Verify the results. Using Egs. 9 and 10, you can verify that all the
differential equations and boundary conditions are satisfied.

To calculate the shear force per unit area acting on the bottom plate, we
consider a rectangular fluid element whose bottom face is in contact with
the bottom plate (Fig 9-61). Mathematically positive viscous stresses are
shown. In this case, these stresses are in the proper direction since fluid
above the differential element pulls it to the right while the wall below the
element pulls it to the left. From Eq. 9-56, we write out the components of
the viscous stress tensor,

/ du du o du aw\ V
2 ox “(a_f“%) “(a_fg) O Ky 0
dv  du dv v ow 1%
Tj = JLL(E+E) 21 P ,L{(H_E-l- {?}‘) ol L 0 O (11)

w ) fow e\, w 0 0 o
Max " oz) "\oy " oz H oz




Stresses acting on a
differential two-
dimensional rectangular
fluid element whose
bottom face is in contact

with the bottom plate of
Example 97 15.

Since the dimensions of stress are force per unit area by definition, the force
per unit area acting on the bottom face of the fluid element is equal to 7,
= wV/h and acts in the negative x-direction, as sketched. The shear force
per unit area on the wall is equal and opposite to this (Newton's third law);
hence,

Shear force per unit area acting on the wall: =m—i (12)
The direction of this force agrees with our intuition; namely, the fluid tries to
pull the bottom wall to the right, due to viscous effects (friction).

Discussion The zcomponent of the linear momentum equation is wncou-
pled from the rest of the equations; this explains why we get a hydrostatic
pressure distribution in the zdirection, even though the fluid is not static,
but moving. Equation 11 reveals that the viscous stress tensor is constant

everywhere in the flow field, not just at the bottom wall (notice that none of
the components of 7, is a function of location).
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A rotational viscometer; the
inner cylinder rotates at
angular velocity w; and a
torque T, pjieq IS applied, from
which the viscosity of the fluid
Is calculated.

. v wR,
‘_TF'T_HRG_RE_MRO_R!'
{J'JRI'
T,v.jsmus = ’TAR,— = M m (E?TR{-L)RI-
Stationary outer cylinder o i
; . (Ro o R:J
Viscosity of the fluid: =

lied
PP 2 wRIL

82



= EXAMPLE 9-16 Couette Flow with an Applied Pressure Gradient

| Cnnsnder the same geometry as in Example 9-15, but instead of pressure
I}emg constant with respect to x, let there be an applied pressure gradient in
the Xx-direction (Fig. 9-&3). Specifically, let the pressure gradient in the x-
m direction, #Pf4x, be some constant value given by

||
ap P, — P
dx X — X

® Applied pressure gradient: = constant (1)
where x; and x, are two arbitrary locations along the x-axis, and P; and P.
are the pressures at those two locations. Everything else is the same as for
Example 9-15. (a) Calculate the velocity and pressure field. (b) Plot a family
of velocity profiles in dimensionless form.

SOLUTION We are to calculate the velocity and pressure field for the flow
sketched in Fig. 9-63 and plot a family of velocity profiles in dimensionless
form.

Assumptions The assumptions are identical to those of Example 9-15,
except assumption 5 is replaced by the following: A constant pressure gradi-
ent is applied in the x-direction such that pressure changes linearly with
respect to x according to Eq. 1.

Analysis (a) We follow the same procedure as in Example 9-15. Much of
the algebra is identical, so to save space we discuss only the differences.

Step 1 See Fig. 9-63.
Step2 Same as Example 9-15 except for assumption 5.

Step 3 The continuity equation is simplified in the same way as in
Example 9-15,

Result of continuity: u = u(y) only (2)

1 |
] i Moving plate i
[ |
J'i Fluid: p, e i
| 1
1Py Fixed plate :PQT x
."il'] aF — P] _ 'D] .‘il']
ox X3 —X)

FIGURE 9-63

Geometry of Example 9-16: viscous
flow between two infinite plates with
a constant applied pressure gradient
dPlax; the upper plate 1s moving and
the lower plate is stationary.
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CAUTION!

WHEN PERFORMING A
PARTIAL INTEGRATION,
ADD A FUNCTION OF THE
OTHER VARIABLE(S)

-
=+
-
= &
-
-+
-
-
-

FIGURE 9-64

A caution about partial integration.

The x-momentum equation is simplified in the same manner as in Example
9-15 except that the pressure gradient term remains. The result is

Result nt du_1op 3)
ESutl Of X-momeniim: e = T
f dy?  poax
Likewise, the y-momentum and z-momentum equations simplify to
aP
Result of v-momentum: e = (4)
and
aP
Result of z-momentum: P = —pg (5)
ri

We cannot convert from a partial derivative to a total derivative in Eq. 5,
because Pis a function of both x and zin this problem, unlike in Example
9-15 where P was a function of z only.

Step4 We integrate Eq. 3 (x-momentum) twice, noting that aP/ax is a

constant,
1 aP

Integration of x-momentun: u=——y'+ Cy+ G, (6)
2 dx )

where C; and . are constants of integration. Equation 5 (z-momentum) is

integrated once, resulting in

Integration of z-momentum: P= —pgz + fix) n

Note that since Pis now a function of both x and z, we add a function of x
instead of a constant of integration in Eq. 7. This is a partial integration
with respect to z, and we must be careful when performing partial
integrations (Fig. 9-64).

Step 3 From Eq. 7, we see that the pressure varies hydrostatically in the

Z-direction, and we have specified a linear change in pressure in the x-

direction. Thus the function f(x) must equal a constant plus aPfax times x.

If we set P = P, along the line x = 0, z = 0 (the j-axis), Eq. 7 becomes
0

I
Final result for pressure field: P=P, + 'l_l x — pez (8) 84
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We next apply the velocity boundary conditions (1) and (2) from step 2 of
Example 9-15 to obtain constants €, and C..

Boundary condition (1):

u=LE:—<D+C|‘xD+ C;=0 = C,=0
2 dx
and
Boundary condition (2):
u=lﬁh2+£’] Xh+0=V — C, =E—LE.&
2u ax h 2u dx
Finally, Eq. 6 becomes
Vi 1 aP | V
w=—=+———(y" = hy) (9 i BN
h 2 o = \”‘[.‘”
Equation 9 indicates that the velocity field consists of the superposition of h B —
two parts: a linear velocity profile from v = 0 at the bottom plate to u =V ?/ .
at the top plate, and a parabolic distribution that depends on the = ' B
magnitude of the applied pressure gradient. If the pressure gradient is :
zero, the parabolic portion of Eq. 9 disappears and the profile is linear, just
as in Example 9-15; this is skefched as the dashed line in Fig. 9-65. If , FIGURE 3-65
the pressure gradient is negative (pressure decreasing in the x-direction, The velocity profile of Example 9-16:
causing flow to be pushed from left to right), aB/ax < O and the velocity Couette flow between parallel plates
profile looks like the one sketched in Fig. 9-65. A special case is when with an applied negative pressure
V = O (top plate stationary); the linear portion of Eq. 9 vanishes, and the gradient; the dashed line indicates the
velocity profile is parabolic and symmetric about the center of the channel profile for a zero pressure gradient,
(¥ = h/2); this is sketched as the dotted line in Fig. 9-65. and the dotted line indicates the profile

Step & You can use Egs. 8 and 9 to verify that all the differential
equations and boundary conditions are satisfied.

for a negative pressure gradient with
the upper plate stationary (V = 0).
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(b) We use dimensional analysis to generate the dimensionless groups (I1
groups). We set up the problem in terms of velocity component v as a func-
tion of y, h, V, p, and aFfax. There are six variables (including the depen-
dent variable u), and since there are three primary dimensions represented
in the problem (mass, length, and time), we expect & — 3 = 3 dimension-
less groups. When we pick h, V, and p as our repeating variables, we get the
following result using the method of repeating variables (details are left for
you to do on your own—this is a good review of Chap. 7 material):

Result of dimensional analvsis: —=f (l h—z ﬂ—P) {(10)
Using these three dimensionless groups, we rewrite £Eq. 9 as
Dimensionless form of velocity field: u* = y* + %P':'_r"fi_r* — 1} (11)
where the dimensionless parameters are

¥ h* ap
1

H* —_ -‘I* =

=Ir

In Fig. 9-66, u* is plotted as a function of y* for several values of P*, using
Eq. 11.
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FIGURE 9-66 0 J_:
Nondimensional velocity profiles for -
Couette flow with an applied pressure i
gm'j'ient:prﬂﬂlﬂsa‘rESthnFDr ']_IIIIIIIIIIIII III|IIII|IIII|IIII|IIII
several values of nondimensional 15 1 05 0 0.5 | 15 2 715
pressure gradient. w*=wV
Discussion When the result is nondimensionalized, we see that Eq. 11 rep-
uly) resents a family of velocity profiles. We also see that when the pressure gra-
d dient is positive (flow being pushed from right to left) and of sufficient mag-
y nitude, we can have reverse flow in the bottom portion of the channel. For
I R all cases, the boundary conditions reduce to v* = 0 at y* = 0 and u* =

x at y* = 1. If there is a pressure gradient but both walls are stationary, the
flow is called two-dimensional channel flow, or planar Poiseuille flow (Fig.

FIGURE 3-67 9-67). We note, however, that most authors reserve the name Poiseuille flow
The velocity profile for fully for fully developed pipe flow—the axisymmetric analog of two-dimensional
developed two-dimensional channel channel flow (see Example 9-18).

flow (planar Poiseuille flow).
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FIGURE 9-68

Geometry of Example 9-17: a viscous
film of oil falling by gravity along a
vertical wall.

EXAMPLE 9-17 0il Film Flowing Down
a Vertical Wall by Gravity

Consider steady, incompressible, parallel, laminar flow of a film of oil falling
slowly down an infinite vertical wall (Fig. 9—68). The oil film thickness is h,
and gravity acts in the negative zdirection (downward in Fig. 9-68). There is
no applied (forced) pressure driving the flow—the oil falls by gravity alone.
Calculate the velocity and pressure fields in the oil film and sketch the nor-
malized velocity profile. You may neglect changes in the hydrostatic pressure
of the surrounding air.

SOLUTION For a given geometry and set of boundary conditions, we are to
calculate the velocity and pressure fields and plot the velocity profile.

Assumptions 1 The wall is infinite in the yz-plane (y is into the page for a
right-handed coordinate system). 2 The flow is steady (all partial derivatives
with respect to time are zero). 3 The flow is parallel (the x-component of
velocity, u, is zero everywhere). 4 The fluid is incompressible and Newtonian
with constant properties, and the flow is laminar. 5 Pressure P = P, = con-
stant at the free surface. In other words, there is no applied pressure gradient
pushing the flow; the flow establishes itself due to a balance between gravita-
tional forces and viscous forces. In addition, since there is no gravity force in
the horizontal direction, P = P, everywhere. 6 The velocity field is purely

two-dimensional, which implies that velocity component + = O and all partial
derivatives with respect to y are zero. 7 Gravity acts in the negative zdirection.
We express this mathematically as g= —gk, or g, = g,=0and g = —g&
Analysis We obtain the velocity and pressure fields by following the step-by-
step procedure for differential fluid flow solutions. (Fig. 9-52).

Step 1 Sef up the problem and the geometry. See Fig. 9-68.

Step 2 List assumptions and boundary conditions. We have listed saven
assumptions. The boundary conditions are: (1) There is no slip at the wall;
atx=0,u=v=w=0.(2) At the free surface (x = h), there is negligible
shear (Eq. 9-68), which for a vertical free surface in this coordinate system
means awlax = 0 at x = h.



Step 3 Write out and simplity the differential equations. We start with the
incompressible continuity equation in Cartesian coordinates,

TS ap aw aw
- + F + —= - = M
fx ay a4z @z

assumption 3 ;iauHml [

Equation 1 tells us that w is not a function of z i.e., it doesn't matter
where we place our origin—the flow is the same at any zlocation. In other
words, the flow is fully developed. Since w is not a function of time

(assumption 2), z (Eq. 1), or y (assumption &), we conclude that wis at
most a function of x,

Result of continuity: w = w(x) only (2)

We now simplify each component of the Navier—Stokes equation as far as
possible. Since v = v = 0 everywhere, and gravity does not act in the x- or
y-directions, the x- and y-momentum equations are satisfied exactly (in fact
all terms are zero in both equations). The z-momentum equation reduces to

(aw aw awr ar-gi) ap

+ v - + wi-|= —7 + :
;i'(_ WA iz br T LE
et S
assumption 2 assumption 3 assumplion & contimity assumption 3 i
aw a° a d*w
1 ( o }( ) - — = = (3
ax? I{‘Ir - ﬂfr dx L

bl |_r1rf| b continuity

The material acceleration (left side of Eq. 3) is zero, implying that fluid
particles are not accelerating in this flow field, neither by local nor
advective acceleration. Since the advective acceleration terms make the
MNavier—Stokes equation nonlinear, this greatly simplifies the problem. We
have changed from a partial derivative (a4/4x) to a total derivative (d/dx) in
Eq. 3 as a direct result of Eq. 2, reducing the partial differential equation
(PDE) to an ordinary differential equation (ODE). ODEs are of course much
easier than PDEs to solve (Fig. 9-69).

'y s 3
" NOTICE )

[f i = u(x) only,
change from
PDE to ODE:

e

ox ax

\S——
FIGURE 9-69

In Examples 9—135 through 9-18, the
equations of motion are reduced from
partial differential equations to
ordinary differential equations,
making them much easier to solve.
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FIGURE 9-70

The normalized velocity profile of
Example 9-17: an o1l film falling
down a vertical wall.

Step 4 Solve the differential equafions. The continuity and x- and
y-momentum equations have already been “solved.” Equation 3
(z-momentum) is integrated twice to get

w=£11+ Cix+ C, (4)
'lr:

Step 5 Apply boundary conditions. We apply boundary conditions (1) and
(2) from step 2 to obtain constants C, and G,

Boundary condition (1): w=0+0+0C;=0 Cy,=10

and

. dw P8 pgh
Boundary condition (2): — =—h+Ci=0 = C=—
dx =k H H

Finally, Eq. 4 becomes

) » o
_ P8 1“1—E1’1.1' — 8

2 Iz 2p

Since x < hin the film, w is negative everywhere, as expected (flow is
downward). The pressure field is trivial; namely, P = P, everywhere.

(x — 2i) (5)

Velocity field: W

Step & Verify the resulfs. You can verify that all the differential equations
and boundary conditions are satisfied.

We normalize Eq. 5 by inspection: we let x* = x'h and w* = wu/(pgh?).

Equation 5 becomes
o
Normalized velocity profile:  w* = % (x* — 2) (6)

We plot the normalized velocity field in Fig. 9-70.

Discussion The velocity profile has a large slope near the wall due to the
no-slip condition there (w = O at x = 0), but zero slope at the free surface,
where the boundary condition is zero shear stress (awfax = 0 at x = h). We
could have introduced a factor of —2 in the definition of w* so that w*
would equal 1 instead of —3 at the free surface.
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Geometry of Example 9-18: steady
laminar flow in a long round pipe with
an applied pressure gradient dP/dx
pushing fluid through the pipe. The
pressure gradient is usually produced
by a pump and/or gravity.

EXAMPLE 9-18 Fully Developed Flow in a Round Pipe—
Poiseuille Flow

Consider steady, incompressible, laminar flow of a Newtonian fluid in an infi-
nitely long round pipe of diameter D or radius R = D2 (Fig. 9-71). We
ignore the effects of gravity. A constant pressure gradient aP/ax is applied in
the x-direction,

ﬂP _ P! — Pl

Applied pressure eradient: —
p P B ax T 1

= constant (1}

where x; and x, are two arbitrary locations along the x-axis, and P; and Ps
are the pressures at those two locations. Note that we adopt a modified
cylindrical coordinate system here with x instead of z for the axial compo-
nent, namely, (r, #, x) and (u,, u,, u). Derive an expression for the velocity
field inside the pipe and estimate the viscous shear force per unit surface
area acting on the pipe wall.

SOLUTION For flow inside a round pipe we are to calculate the velocity
field, and then estimate the viscous shear stress acting on the pipe wall.
Assumptions 1 The pipe is infinitely long in the x-direction. 2 The flow is
steady (all partial time derivatives are zero). 3 This is a parallel flow (the
r-component of velocity, u,, is zero). 4 The fluid is incompressible and MNew-
tonian with constant properties, and the flow is laminar (Fig. 9-72). 5 A con-
stant pressure gradient is applied in the x-direction such that pressure
changes linearly with respect to x according to Eqg. 1. 6 The velocity field is
axisymmetric with no swirl, implying that v, = 0 and all partial derivatives
with respect to # are zero. 7 We ignore the effects of gravity.

Analysis To obtain the velocity field, we follow the step-by-step procedure
outlined in Fig. 9-52.

Step 1 Lay out the problem and the geomatry. See Fig. 9-71.
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Step 2 List assumptions and boundary conditions. We have listed seven

assumptions. The first boundary condition comes from imposing the no-slip

condition at the pipe wall: (1) at r = R, V = 0. The second boundary

condition comes from the fact that the centerline of the pipe is an axis of
symmetry: (2) at r= 0, aular = 0.

Step 3 Wrife out and simplify the differential equations. We start with the
incompressible continuity equation in cylindrical coordinates, a modified
version of Eq. 9-62a,

190wy  19@d | du _ au _
o a8 ax A (2
C .

assumption 3 assumption 6

Equation 2 tells us that v is not a function of x. In other words, it doesn't
matter where we place our origin—the flow is the same at any x-location.
This can also be inferred directly from assumption 1, which tells us that
there is nothing special about any x-location since the pipe is infinite in
length—the flow is fully developed. Furthermore, since v is not a function
of time (assumption 2) or # (assumption &), we conclude that v is at most
a function of r,

Result of continuity: u = w(r)only (3)

We now simplify the axial momentum equation (a modified version of Eq.
9-62d) as far as possible:

(ﬂé + - %ﬁ - /‘E )
i o

P\ 5t ar a0 ax
—_— o N’ S

assumplion 2 assumplion 3 assemplion & coalimity
L N (1 a(au)+133 +ai)
. : — 2 () A -
ax % = rar\ o ar an? X~
—— b il
assumpdion 7 assumplion & contiouity
or
1 d( du) 1 3P @
——lr—)=—
rdr\ dr Modx

CAUTION: EXACT
SOLUTIONS POSSIELE
FOR LAMIMAR FLOW
OmMLY

FIGURE 9-72

Exact analytical solutions of the
Navier-Stokes equations, as in the
examples provided here, are not
possible if the flow is turbulent.
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As in Examples 9-15 through 9-17, the material acceleration (entire left
side of the x-momentum equation) is zero, implying that fluid particles are

not accelerating at all in this flow field, and linearizing the Mavier-Stokes
equation (Fig. 9-73). We have replaced the partial derivative operators for
the u-derivatives with total derivative operators because of Eq. 3.

In similar fashion, every term in the ~~-momentum equation (Eq. 9-62b)
except the pressure gradient term is zero, forcing that lone term to also be
ZEro,

aP
r-maomentum: —=10 (5)
ar
In other words, Pis not a function of r. Since Pis also not a function of
time (assumption 2) or # (assumption &), P can be at most a function of x,

Result of r-momentum: P = P(x) only (6)

Therefore, we replace the partial derivative operator for the pressure
gradient in Eq. 4 by the total derivative operator since P varies only with x.
Finally, all terms of the #-component of the Navier-Stokes equation (EqQ.
9-62c) go to zero.

Step 4 Solve the differential equations. Continuity and -momentum have
already been “solved,” resulting in Egs. 3 and 6, respectively. The
#-momentum egquation has vanished, and thus we are left with Eq. 4
(x-momentum). After multiplying both sides by r, we integrate once to obtain
r du _ ,-_1 dr +C )
dr  2ude
where C, is a constant of integration. Note that the pressure gradient dP/dx
is a constant here. Dividing both sides of Eq. 7 by r, we integrate a second
time to get
2
r- dP
H=EE+C‘LInr+E} (8)

where C, is a second constant of integration.

The Navier—Stokes Equation

P(ﬂﬂﬁ-ﬁﬁ ):jpﬂﬁmvlﬁ

di \

Monlinear term

FIGURE 9-73

For incompressible flow solutions in
which the advective terms in the
Navier—Stokes equation are zero, the
equation becomes linear since the
advective term is the only nonlinear
term in the equation.
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FIGURE 9-74

Axial velocity profile of Example
0—18: steady laminar flow 1n a long
round pipe with an applied constant-
pressure gradient dP/dx pushing fluid
through the pipe.
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Step 5 Apply boundary conditions. First, we apply boundary condition (2)
to Eq. 7,

Boundary condition (2): 0=0+ C, — =0

An alternative way to interpret this boundary condition is that u must
remain finite at the centerline of the pipe. This is possible only if constant

C, is equal to O, since In(0) is undefined in Eq. 8. Now we apply boundary
condition (1),

R* dP R dP
Boundary condition(1): u=——+0+C=0 —» C;=-——
Ap dx 4 dx
Finally, Eq. 7 becomes
1 dP .
Axial velocity: n=——(rt—RY (9)
' 4 dx

The axial velocity profile is thus in the shape of a paraboloid, as sketched
in Fig. 9-74.

Step 6 Verify the results. You can verify that all the differential equations
and boundary conditions are satisfied.

We calculate some other properties of fully developed laminar pipe flow as
well. For example, the maximum axial velocity obviously occurs at the cen-
terline of the pipe (Fig. 9-74). Setting r = 0 in EqQ. 9 yields

R* dP
Maxi ial velocity: = ———— 10

aximum axtal velocity (7 J— T (10)
The volume flow rate through the pipe is found by integrating Eq. 9 through
a cross-section of the pipe,

y Y R

. 27 dP TR dP

V= J ] ur dr di = —J (r! — ROrdr=— — (11)
a—i Jr—1 dpode | o B dx
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