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Abstract—This paper aims to provide a new perspective on how
the deployment of General Type-2 (GT2) fuzzy sets affects the
mapping of a class of Fuzzy Logic Controllers (FLCs). It is shown
that an a-plane represented GT2-FLC is easily designed via
baseline type-1 and interval type-2 FLCs; and two Design
Parameters (DPs). The DPs are the total number of a-planes and
the tuning parameter of the secondary membership function
which are interpreted as sensitivity and shape DPs, respectively.
We provide a clear understanding and interpretation of the
sensitivity and shape DPs on controller performance through
various comparative analyses. We present design approaches on
how to tune the shape DP by providing a tradeoff between
robustness and performance. We also propose two online
scheduling mechanisms to tune the shape DP. We explore the
effect of the sensitivity DP on the GT2-FLC and provide practical
insights on how to tune the sensitivity DP. We present an algorithm
for tuning the sensitivity DP that provides a compromise between
computational time and sensitivity. We validate our analyses,
interpretations, and design methods with experimental results
conducted on a drone. We believe that the paper provides clear
explanations on the role of DPs on the performance, robustness,
sensitivity, and computational time of GT2-FLCs.

Index Terms— General type-2 fuzzy logic controllers, type-2
fuzzy sets, secondary membership function, systematic design

1. INTRODUCTION

Fuzzy Logic Controllers (FLCs) have been widely designed
and deployed for various control applications [1-30]. In the
last two decades, the research has been predominantly focused
on Interval Type-2 (IT2) FLCs, as they are able to achieve better
control system performances than their T1 counterparts [6-19].
It is also shown that IT2-FLCs are potentially more robust than
their T1 counterparts, as their Control Curves (CCs) / Control
Surfaces (CSs) are usually smooth around the steady state [7,
10-12, 17]. These potential improvements of IT2-FLCs mainly
occur due to the extra degree of freedom provided by the
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Footprint of Uncertainty (FOU) in their antecedent Membership
Functions (MFs) that are defined by IT2 Fuzzy Sets (FSs). In
our previous works [12, 17-20], we have shown that smooth or
aggressive CCs/CSs can be easily generated by tuning the
parameters that define the size of the FOU.

Recently, researchers have given more attention to General
Type-2 (GT2) FLCs as it is shown that GT2-FLCs outperform
their T1 and IT2 counterparts [1, 2, 22-30]. This is due to the
fact that GT2-FLCs use and process GT2-FSs, i.e. employ T1-
FSs as Secondary MFs (SMFs) instead of interval FSs [1, 2],
and thus naturally have more parameters (i.e. design flexibility)
to be tuned in comparison to their IT2 counterpart [22, 30].
Therefore, one might conclude that the structure and design of
GT2-FLCs is more complex. Yet, via the zSlices [21] or a-plane
[31] representations, the output of a GT2-FLC can be easily
defined by aggregating a collection of T1 and IT2 FLCs [1].

Quite recently, the following research question was asked
[28] “Why does improved performance occur as one goes from
crisp, to T1, to IT2, to GT2 fuzzy systems? . To seek an answer,
Mendel [28] investigated the first-order and second-order rule
partitions and novelty partitions of GT2-FLCs and provided
new perspectives to find the underlying reasons for the potential
performance improvements of GT2-FLCs comparing to their
IT2, T1 and non-fuzzy counterparts. In [22], the effects of the
SMFs (in terms of size and shape) on the control performance
were investigated by employing zSlices representation. It was
stated that designing GT2-FSs is relatively more complex than
IT2-FSs due to the difficulty of tuning the Design Parameters
(DPs) [22]. Yet, it has been shown that GT2-FLCs can provide
an acceptable tradeoff between robustness and performance by
tuning the SMFs.

In this paper, motivated by the research question in [28], we
examine a class of GT2-FLCs and provide new insights into
how the deployment of GT2-FSs affects the CC/CS generation,
and we propose systematic design approaches to construct and
tune GT2-FLCs. In this context, after presenting their T1 and
IT2 counterparts, we handle and examine single and double
input GT2-FLCs that are represented with a-planes.

We first suggest the use of SMFs with trapezoid T1-FSs
because they include the widely used crisp, interval and
triangular SMFs. Then, to facilitate the design of the SMFs, we
propose a new parameterization method to define trapezoid
SMFs based on a single tuning parameter.
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We provide general suggestions on the structural setting of
GT2-FLC not only to construct GT2-FLCs in a straightforward
manner but also to reduce the total number of DPs. Then, we
present the main DPs of the GT2-FLCs by providing them
interpretations with respect to their effects on the sensitivity and
shape of the resulting CC/CS. We suggest using the total
number of a-planes as a sensitivity DP and the tuning parameter
of the SMFs as a shape DP. To validate the interpretations of
the DPs, we present comparative analyses.

We investigate the effect of the shape DP on the CC/CS and
then provide explanations about the role of the shape DP on the
potential improvements to performance and robustness. Based
on comparative investigations, we present design
recommendations on how to tune the shape DP by providing a
tradeoff between robustness and performance. Moreover, we
present two novel online Scheduling Mechanisms (SMs) that
tune the shape DP with respect to the steady state Operating
Points (OPs) and transient state dynamics.

We explore the effect of the sensitivity DP on the CC/CS and
provide practical insights on how to tune the sensitivity DP.
Through the presented comparative results, we suggest tuning
the sensitivity DP by considering the resolutions and processing
speed limitations of the hardware components, which are the
quantization level and Computational Time (CT). In order to
provide a compromise between sensitivity and CT, we propose
an iterative algorithm to tune the sensitivity of DP.

We also present experimental results using the Parrot Mambo
drone, which acts as a real-world platform, to evaluate the
proposed design recommendations/methods for GT2-FLCs.

In Table I, the widely used abbreviations in this paper are
given for the convenience of the reader.

TABLE 1
ABBREVIATIONS AND THEIR DESCRIPTIONS
Abbreviation Description
ACT Average Computational Time
CcC Control Curve
CS Control Surface
CT Computational Time
DFLC Double-Input Fuzzy Logic Controller
DP Design Parameter
FLC Fuzzy Logic Controller
FOU Footprint of Uncertainty
FS Fuzzy Set
GT2 General Type-2
1T2 Interval Type-2
LMF Lower Membership Function
MF Membership Function
OoP Operating Point
SFLC Single-Input Fuzzy Logic Controller
SM Scheduling Mechanism
SMF Secondary Membership Function
T1 Type-1
UMF Upper Membership Function
o-T2-FLC IT2-FLC associated with an a-plane a,,

II. PRELIMINARIES ON T1 AND IT2 FLCs

The state-of-the-art fuzzy controllers are the PID type SFLC
and DFLC [10-13, 15-17]. The PID type SFLC is composed of
a FLC cascaded to a PID controller [12], while the DFLC one
is composed of a PD type FLC with an integrator and a
summation unit [13]. Brief information on the structure of PID
type SFLCs and DFLCs is given in the Supplementary Material.

http://dx.doi.org/10.1109/TFUZZ.2020.3016034

A. The Internal Structures of Single Input T1 and IT2 FLCs

A SFLC is constructed by selecting its input as the error
(x, = E) and the output is denoted as y [12]. We prefer to
construct SFLCs composed of N =3 (n=1,2,3) rules as
shown in Table II. The rules of a SFLC employing T1-FSs (the
bold lines in Fig. 1) 4;; j = L and i = 1,2, 3) are:

R,: IF x;isA;; THEN yis C, (1)
while the structure of the SFLCs employing IT2-FSs (4;;)
(shown in Fig. 1) are:

R,:IF xyisA;; THEN yisC, )
where C,, is a crisp consequent MF; n, j, and i denote the
indexes for rules, inputs, and antecedent MFs, respectively.
Note that, as IT2-FSs are employed, pz(x,u) =1 holds for
Vu € J, C[0,1] where ], is the primary membership ofAj,i [1].

The output of the T1-SFLC is defined as follows [1]:

N
n=1 fn Cn
Yr1 = "¥nN 3)
n=1 fn
Here f,, denotes firing strength and is defined as:
fn = nuAl‘L‘ (4)
where u Aji is defined for an input x; as follows:
X — ¢
] J,i—1
o % €[g 6l
Gi— Gi-1
= ’ ’ 5)
Haj; { Gi+1 — X (
;% €[4 Ginl
Giv1 — G

Here ¢;; is setas ¢;; = — 1, ¢j ,=0, and ¢j 3=1 for Vj.

Gi=-1
Fig. 1. Ilustration of antecedent MFs of the T1 and IT2 FLCs

TABLE II
THE RULE BASE OF T1,1T2, AND GT2 SFLCs

%A, , or YA, ,
¢, =-1 C,=0
2Defined for T1 SFLCs. ® Defined for IT2 and GT2 SFLCs.
The output of the IT2-SFLC is defined as [1]:
Yir2 = (XITz + y,n) /2 (6)

where Yir2 andy,., are defined as follows:
Shoi fuCn + ZNoiia fuCn
hei ot Xherii fo
. R G+ ZN g1 FuCn ®
i netfo t Zhores fr

Here L, R are found via the Karnik-Mendel algorithm [1], E
and f,, are upper and lower firing strengths that are defined as:

34, 5 0r P4, 4

Ci=1

X, 4,4 or A,

(7)

Yir2 =
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A ©
where u i is the UMF defined as in (4), while p s is the LMF
is defined as follows:

R, = Haj; Hay = Bz, My (10)
where M;; are the heights of the LMFs which are the main DPs
of IT2-SFLCs [11, 12].

B. The Internal Structures of Double Input Tl and IT2 FLCs
The DFLC is constructed by selecting its inputs as the error

and the change of error (x = [E, AE]) that are partitioned with
I=3({=1,23)and K =3 (k =1,2,3) MFs, respectively
[11]. Thus, we define N = 3x3 (n = 1,2, ...,9) rules as in Table
II1. The rule structure of a DFLC employing T1-FSs is as:

Ry: IF x; is Ay ; AND x, is A,  THEN yis C, (11)
while the rule structure of a DFLC employing IT2-FSs is as:

R,:1F x, is A,; AND x, is A, , THEN yis C, (12)

The output of the T1-DFLC is calculated as in (3), with
respect to Table 111, in which the firing strengths are defined as:

fn = l’lALi X l’lAZ,k (13)

where X indicates the product t-norm operator.

The output of the IT2-DFLC is calculated as in (6) with E
and f;, that are defined as follows:

fn = 'HA‘LL' X '[_,[A.z'k fi = l_,[A-l'iMLi X ﬁAZ,kMZ'k (14)

Here u i and ﬁﬁzk are calculated as given in (10). M;; and
M, ;. are the heights of the LMFs defined for the inputs x; and
X, respectively. Similar to its SFLC counterpart, M, ; and M, ,

are the main DPs of IT2-DFLCs [16-20].

TABLE III
THE RULE BASE OF T1, IT2, AND GT2 DFLCs

X2 \ X Ay or PAp YAz 00 Ay, “Ayz0r A,
*4, 4 0r*Ay, C,=-1 C,=-08 C; =
"4, or Ay, C,=—08 Cs=0 C,=08
94, 5 or P4 5 c,=0 C3=0.8 Cy =

aDefined for T1-DFLCs. ® Defined for IT2 and GT2 DFLCs.

III. GT2-FLCs: STRUCTURAL DESIGN RECOMMENDATIONS

We first present the internal structures of GT2 counterparts
of the given FLCs. We propose a parameterization to simplify
the design of SMFs and then provide recommendations on how
to interpret the DPs of GT2-FLCs.

A. Single-Input and Double-Input GT2-FLCs

The rule structures of the GT2 SFLCs and DFLCs are
constructed over their baseline T1 and IT2 FLCs. Therefore, our
GT2-FLCs have the same rule base (as given in (2) and (12))
and the same MFs at the primary level as their I1T2 fuzzy
counterparts. The fundamental difference between an IT2-FLC
and a GT2-FLC is that the GT2-FLCs use and process T1-FSs
as SMFs instead of an interval set (uz(x,u) = 1 for Vu € J, C
[0,1]). It is known that the GT2-FSs, employed in the
antecedent part of the rules, can be defined as a collection of a-
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planes (a,) as follows [1, 32]:

~ _ ,..ap
Aj,i_ U Aj,i

ap€l0,1]

(15)

where /I;.Zf is an a-plane of 4;; associated with @, (i.e, an a-
plane raised to level a,, or a zSlice [1]). Hence, the output of
the GT2-FLC can be defined as [1, 33]:

Yerz = <Z:21ygﬁz “p) / <2::1ap)

where yg;’z is the output of IT2-FLC (or T1-FLC) associated
with an a-plane @,, (a-T2-FLC), and P (p = 1, ... P) is the total
number of a-planes (excluding a, = 0). This representation
gives opportunity to define the output of GT2-FLC (ysr,) as

(16)

. ap . . .
an aggregation of a-plane outputs (ycrz)’ which are principally
the outputs of TI-FLC (yr,) and IT2-FLCs (y,r,) [1, 22].

B. A Novel Representation of Trapezoid SMFs

Let us define the SMF of the GT2-FS with trapezoid T1-FSs
as shown in Fig. 2. The corresponding UMF and LMF of an o-
T2-FLC are then defined as follows:

Haow = Bag, + (‘EI‘T ji E“Tj.i) ( 5t ap (61%' - 61'1'1')) (17)

Ji
ﬁ“iﬁ - ﬁ“ii,i h (‘Hﬁj.i - E“Tj.i) (1 -8+ ap(‘?j‘}i - 51%)) (18)

where 6jfi (t = 1,2, 3,4) defines the shape and size of the SMF.

Note that, 0< 6];]"1' < éfL < 6]?L < 6]'1' <1

Uiz u)
3
) 15}

) E’i_,'-f ]J.’ Ju',f).ﬁ.
Fig. 2. Illustration of a GT2-FS with a-plane

In the design of GT2-FLCs, we suggest the use of trapezoid
SMFs, since it is possible to obtain various SMFs with different
shapes and supports with respect to éfl-.

The support of the SMF is defined on the primary MF ], if

8]-]"1- = 0, 81']:,: S 812‘1 S é}?" S 6;}1‘,:, 6;}1‘,: = (19)
is satisfied, whereas for
§5>0, 8, <6, <8%<64 &h<1 (20)

the support is defined on a subset of J,, which can be interpreted
as resizing the FOU of the primary MF.
The shape of SMF can be also transformed via Sjt,i. The

following SMFs can be obtained:
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e  Aninterval SMF, if

§i=08u=0, §i=6=1 1)
and thus, the GT2-FSs (Aj_i) transform into IT2-FS.
e Acrisp SMF, if
(S}t'l = 1 or 6}:1 = 0 ,Vt (22)

and this reduces the antecedent GT2-FSs into T1-FSs.
e A triangle SMF for

6]% 2 0, 6]1'1 S 6]%' = 6]?:1 S 6]"}-,:, (23)

Although trapezoid T1-FSs provide more design flexibility in
defining the shape and support of the SMFs, the design is
relatively complex as there are 4 parameters to be tuned.

In this study, in order to reduce the design complexity of the
trapezoid SMF, we propose a simple parameter mapping that
defines parameters (6f_i € [0,1]) with a single parameter as:

st <1

i =

5k = min(max(ﬁj_i -1,0),1)

84 = min(max(ej,i, 0), 1) (24)
87, = min(max(6;; + 1,0),1)
&, = min(max(8;; + 2,0),1)

where 6;; € [—2,2] is the new DP of the SMF. The effect of
DP on the shape and support of SMF is shown in Fig. 3 for 6;; €
[—2,2]. It can be seen that it is possible to generate various
SMFs with this mapping. For example, the SMF parameters for
6;; = —0.5 are calculated via (24) as §}; = 0, 6%, =0, 6%, =
0.5, and 6;_*1- = 1 and the SMF shown in Fig. 3b is generated.

C. Comments and Suggestions

Here, we provide general suggestions on the structural setting
of GT2-FLC and then present the main DPs of GT2-FLC.

We firstly suggest constructing the GT2-FLC by designing
baseline T1 and IT2 FLCs as presented in Section II. This
setting gives the opportunity to calculate the membership
grades of each a-T2-FLC as given in (17) and (18) via the ones
ofthe baseline T1 and IT2 FLCs. Then, the corresponding firing
intervals of each a-T2-FLC are calculated to obtain the outputs
yg;’z which are then aggregated via (16) to calculate the crisp
output Y7, Thus, in the design of GT2-FLCs, we assume that
the baseline tuning parameters (primary MFs of antecedent IT2-
FSs and consequent MFs) and structural settings (rule base,
aggregation/union operators, type-reduction) are set and fixed.
Consequently, we only focus on the DPs provided by SMFs.

The main DPs of GT2-FLCs are the a-plane values («,), the
total number of a-planes (P) and the tuning parameters of the
SMF. We suggest handling these DPs as follows:

e It can be observed from (16) that the weighted average
calculation can be seen as a quantization of a continuous
integration. If a,, is evenly distributed, then we can define:

ap=p/P, p=1..,P (25)

Thus, as P increases, the input-output mapping becomes
closer to its continuous counterpart in terms of sensitivity/
accuracy. Therefore, we suggest handling the total number
of o planes (P) as the sensitivity DP of the GT2-FLCs.

http://dx.doi.org/10.1109/TFUZZ.2020.3016034
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Fig. 3. lllustration of the trapezoid SMF for 6;; € [-2,2].

e It can be seen from (17-23) that the membership degrees of
a-T2-FLCs are defined with respect to the shape of the
SMFs which directly influences the resulting value of ygﬁz.

Therefore, we suggest handling the parameters that define
the shape of the SMF as the shape DPs of the GT2-FLCs.

In Table IV, DPs and #DP of GT2-FLCs are tabulated for each
possible design configuration. We suggest to
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e Use SMFs as defined in (24) since this parameterization
reduces not only the #DP significantly but also provides the
opportunity to the designer to construct various shapes of
SMFs with a single design parameter as shown in Fig. 3.

e Define the same SMF for each antecedent GT2-FS to
decrease the design complexity/effort. This structural
setting reduces #DP since the design is accomplished with
a single shape DP, denoted as 6 (6;; = 0 Vi, j).

In summary, we suggest constructing the GT2-FLCs that are

highlighted with bold in Table IV.

In the design of GT2-FLC, we first suggest to tune the shape
DP (6) to end up with desired controller performance measures
and then to tune the sensitivity DP (P) with respect to the
sensitivity/accuracy measures. We present analyses to provide
design methods/recommendations to tune the shape and
sensitivity DPs in Sections IV and V, respectively.

TABLE IV
DESIGN PARAMETERS OF GT2-FLC
#Inputs Property* DP* #DP
1 Single Unique SMF for 4, ; 8P 13
2 Single Same SMF for VA, ; &, P 5
3 Single Unique SMF for 4, ; 01, P
4 Single Same SMF for VA, ; 6,pP 2
5 Double Unique SMF for 4;; 8. P 25
6 Double Same SMF for VA;; 8, P 5
7 Double Unique SMF for 4;; 0;:, P 7
8 Double Same SMF for VA, e,p 2
*j=(1,2),i=(123),t=(1,23,4), 8" = &, Vijt

IV. THE SHAPE DESIGN PARAMETER OF GT2-FLCs:
ANALYSES AND DESIGN

In this section, we first investigate the effect of the shape DP
(8) on the GT2 CC/CS generation, and then present design
recommendations and online SMs to tune the shape DP.

Let us firstly examine how the structure of the GT2-FLC
changes with respect to 8 € [—2, 2]. It can be observed from:
e Fig. 3athat Eﬁﬁ = “Aj.f? and “Aj.ff = /,LA;?,Vap for 8 = 0.

Thus, as an interval SMF is obtained, the GT2-FLC
reduces to the baseline IT2-FLC given in Section II.

Yer2 =Yir2

=0 (26)
The GT2-FLC results with the same CC/CS of its IT2
baseline counterpart.

e Fig. 3hthat psap = pizep = pgeo,Va, for 6 = —2. In this

ji i —ji
case, the GT2-FLC reduce to a T1-FLC, that only uses the
LMFs of the IT2-FSs, which is defined as:
N f C
Tl=1_’ﬂ n

Yerz fp__, = m (27)
e Fig. 3i that psap = ﬁﬂ? = ﬁg?g Va, for 8 = 2. Thus, as
Jii Jii )L

the SMF reduces to a crisp value, the GT2-FLC reduces to
a T1-FLC, that only uses the UMFs of the IT2-FSs, that is
o, =T (28)

which is its baseline T1-FLC defined in Section II. Thus,
the GT2-FLC results with the CC/CS of its T1 counterpart.

Yer2
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It can be concluded that by simply varying 8 various T1 and
IT2 FLCs can be obtained. Also, as 8 € {—2,0,2} are the
structure switching values, the output of the GT2-FLC is over
bounded as follows:

Yerz < Yerz = Yera (29)

where

Yerz |y Yer2a = ax _ Yerz

m
6€{-2,0,2}

(30)

Yer2 =

min
0e{-2,0,2} 0

A. Shape Analyses of the Control Curves / Control Surfaces

Here, we analyze the CCs/CSs of GT2-FLCs employing
P=10 a-planes for 6 € {-2,-1.5,-1,-0.5,0,0.5,1, 1.5,2} that
result with the SMFs depicted in Fig. 3. As is suggested to
construct the GT2-FLC with baseline T1 and IT2 FLCs in
Section III, we define the IT2-SFLCs with two different FOU
DP (M; ;) settings as follows:

e IT2-SFLC which has a smooth CC:

FOU-1: M;, = 0.2, M;, =09, M, ; = 0.2.

e IT2-SFLC which has an aggressive CC:
FOU-2: My, =09, M,, =0.2, M, 3 =0.9.

These FOU DPs are set according to the design method given

n [12]. The baseline T1-SFLC is given in Section II. For the

GT2-DFLCs, we define the following baselines:

e IT2-DFLC which has a smooth CC around the origin:
FOU-3: M,;, =0.2, M;, =09, M;5;=0.2, M, = 0.2,
M,, =0.9,and M,; = 0.2.

e IT2-DFLC which has an aggressive CC around the origin:
FOU-4: M, =09, M;, =0.3, M;3=0.9, M, = 0.9,
M,, =0.3,and M,; = 0.9.

The IT2-DFLCs are tuned via the design suggestions given in

[18-20] while the T1-DFLC is as given in Section II.

Now, in order to clearly show the effect of shape DP (8) on
the CC/CS, we define two measures to analyze the resulting
impact. The first measure is the Normalized Total Energy
(NTE) of the CC/CS which is defined as follows:

NTE = llygrall2/lyrll2 (31)
The NTE measure provides us information on the smoothness/
aggressiveness of the CC/CS of the GT2-FLC with respect to
its T1 counterpart. For instance, if NTE > 1, then the CC/CS
of the GT2-FLC is relatively more aggressive as it has more
energy than its T1 counterpart. Moreover, to examine the
robustness of FLCs around the steady state, we define a zero-
mean gaussian noise with a standard deviation of 0;, = 0.2 as
an input and calculate the following ratio:

NR = 03,/ 05, (32)
where g,,; is the standard deviation of the GT2-FLC output.
For instance, if NR < 1, then the handled FLC is potentially
more robust against noises and uncertainties.

1) Shape Analyses for GT2-SFLCs

The resulting CC of GT2-SFLC with FOU-1 is illustrated in
Fig. 4, while the one with FOU-2 is given in the Supplementary
Material. Here, we only analyzed the CCs for x; € [0,1] since
CCs are symmetric with respect to x; =0 [12]. It can be
concluded that the DP 8, which defines the shape of the SMF,
shapes the resulting CC.
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Fig. 4. Effect of the shape DP 8 on CCs of GT2-FLCs with FOU-1
It can be observed that, as 8 decreases from 2 to -2, the resulting
CC becomes smoother for FOU-1, while more aggressive for
FOU-2. This also coincides with the measures given in Table
V. The highest NTE value is obtained for the GT2-SFLC with
the setting of FOU-2 and 6 = —2. Therefore, the resulting
controller has an aggressive CC and thus a potential to improve
system response. Moreover, the lowest NR is obtained for the
GT2-SFLC with FOU-1 and 6 = —2. Thus, a potentially more
robust controller can be obtained as it is less sensitive to noise
around the origin in comparison to its GT2 counterparts.

TABLE V
PERFORMANCE MEASURES FOR GT2-FLCs
GT2-SFLC GT2-DFLC
FOU-1 FOU-2 FOU-3 FOU-4
6 NTE NR NTE NR NTE NR NTE NR
2 0.633 0.093 1.341 5272 0.736 0344 1.143 6.638
-1.5 0.679 0.141 1.297 4420 0.770 0485 1.125 5970
-1 0707 0.189 1266 3978 0.787 0.609 1.106 5.502
-0.5 0.772  0.324  1.199 3.091 0.829 0.948 1.065 4.542
0 0805 0455 1.156 2.733 0.846 1.230 1.028 4.063
0.5 0910 0.658 1.079 1.627 0.935 1.743 1.025 3.308
1 0963 0.841 1.033 1.230 0974 2.154 1.012 23818
1.5 0985 0.925 1.015 1.088 0.990 2337 1.007 2.633
2 1.000 1.000 1.000 1.000 1.000 2.491 1.000 2.491

2) Shape Analyses for GT2-DFLCs

The resulting CS of GT2-DFLC with FOU-3 is given in Fig.
5, while the one with FOU-4 is presented in the Supplementary
Material. However, analyzing the shape of CSs is not
straightforward as the CCs. Thus, we analyzed also the
differences between the CSs (Ygr, — Vg and ygroy — Yir2) for
both FOU-3 and FOU-4 settings by varying the shape DP
(given in the Supplementary Material). It can be seen from the
presented results that shape DP 6 has a similar effect on the CS
generation as in its single input counterpart. This can be also
clearly seen from the calculated measures given in Table V. For
instance, for the FOU-3 setting, the robustness of the system
increases while the 6 value changes from 2 to -2. Here, the
lowest NTE and NR values are obtained for the GT2-DFLC
with FOU-3 and 6= — 2. Thus, it has a potential to achieve
more robust performance, as it is more capable to mitigate the
noise than its counterparts. On the other hand, decreasing the
value of 8 from 2 to -2, increases the aggressiveness of the GT2-
DFLC with FOU-4 (constructed with an aggressive baseline
IT2-DFLC) since the NTE value increased by almost 15%.
However, the robustness level of resulting GT2-DFLC reduces
against noise, as the NR value increased.

http://dx.doi.org/10.1109/TFUZZ.2020.3016034

Fig. 5. Effect of the shape DP 6 on CSs of GT2-FLCs with FOU-3
B. Comments and Suggestions on the Shape DP

It can be concluded that the shape DP () defines the
resulting CC/CS of the GT2-FLC. Thus, tuning the shape of the
SMF might be an efficient way to design GT2-FLCs as the
properties of the baseline FLCs can be preserved. On the other
hand, the impact of 6 on the shape of CC/CS (smooth or
aggressive) depends on the baseline T1 and IT2 FLCs.

In the design of the GT2-FLC, we suggest designing the T1-
FLC, i.e. yGTzle—z’ and IT2-FLC, i.e. yGTZIB_O, baselines, with

aggressive and smooth CCs/CSs, respectively (as it is usually
done in the fuzzy control literature [6, 10, 12]). Thus, |y, | <
|yr1| ¥x (or almost all) satisfies, and then (29) becomes

|yGT2 |9=_2| < lyeral < |YGT2 |9=2| (33)

which can be also seen from Fig. 4. For this suggested baseline

setting, we can comment that:

i) Decreasing 6 from 2 to 0, converts the CC/CS of GT2-FLC
from its baseline T1-FLC to its IT2-FLC counterpart as
expected. Thus, the control performance and robustness of
GT2-FLC with a 6 € [0,2] will always lie between the
baseline T1-FLC and IT2-FLC.

ii) Decreasing 6 from 0 to -2, the CC/CS of GT2-FLC
transforms from its baseline IT2-FLC counterpart to a T1-
FLC that only uses the LMFs as given in (27). Thus,
designing a GT2-FLC with a 8 € [-2,0) gives the
opportunity to design GT2-FLCs that are relatively more
robust than its baseline IT2-FLC since (33) is satisfied.

It is worth to emphasize that the shape DP 6 € [—2,2]
provides not only a design simplicity as only baseline T1 and
IT2 FLCs are needed, but also a convenient design flexibility,
since various CCs/CSs can be generated straightforwardly by
simply tuning a single parameter 8. We suggest designing the
CC/CS of the GT2-FLC by employing the tuning steps
summarized in Table VI.

Copyright (c) 2020 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



This is the author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.

The final version of record is available at

TABLE VI
TUNING STEPS OF THE SHAPE DP

Step-1  Design a T1-FLC such that the system response is fast and
satisfactory (i.e. aggressive CC/CS).

Step-2  Convert the T1-FLC to an IT2-FLC by tuning the FOU DPs to
end up with a potentially robust controller (i.e. smooth CC/CS).
Use the design guidelines/suggestions given in [12, 18-20].

Step-3  Use the designed T1- and IT2- FLCs as baselines to construct a

GT2-FLC. Tune the shape DP 6 (online or offline) by providing
a tradeoff between robustness (i.e. like IT2-FLC) and control
system performance (i.e. like T1-FLC).

Remark-1: In the literature, IT2-FLCs are usually designed
with smooth CCs/CSs for handling uncertainties and noises [6,
7, 10, 12]. Thus, we do not suggest design guidelines for the
case where an aggressive IT2-FLC is designed in comparison
to its T1 counterpart (i.e. |y;r2| = |yrq1| Vx (or almost all)).
Though, similar/parallel observations can be also made for the
structure when the baseline IT2-FLC is aggressive which is left
for the reader. Note that, for this setting, (29) transforms to:

|yGT2 |6:2| < lygral < |yGT2 |9=_2| (34)
This can be observed from figures in the Supplementary

Material.

C. Online Scheduling Mechanisms for the Shape DP

The resulting control system performance improvements (in
transient and steady states) of the GT2-FLCs for a 8 value
heavily depend on the OP in which the system is controlled,
especially for nonlinear systems. Thus, the control system
performance might be optimal/satisfactory at certain OP where
the GT2-FLC is tuned, yet its performance might degrade at
other OPs. This is due to the fact that the dynamics of nonlinear
systems might change with respect to OPs. In control theory,
this problem is usually solved with gain-scheduled controllers
that use and schedule a collection of controllers, which are
designed at various OPs, with respect to the steady state OP [4,
34]. Therefore, instead of tuning the shape DP () in an offline
manner, we suggest tuning the shape DP with an online SM by
providing a tradeoff between the performance and robustness.

In this paper, we firstly propose the following SM to tune the
shape DP with respect to steady state OPs:

SM-1: 6, = £.(r) (35)

where f,.(r) is a mapping that calculates the value of 8 = 6,
with respect to the reference signal (7). The design steps of the
SM-1 are accomplished as given in Table VII.

On the other hand, although tuning the shape DP via (35) is
a simple way, the scheduling might not result in an efficient
transient state control performance as only the steady state OPs
are taken into account. So, we also recommend taking account
the transient dynamics that occur during reference variation. In
this context, we suggest one to use the following SM:

SM-2: 0=06,+wé, (36)
where w is a weighting coefficient and 6, is varying parameter
during the transient state to enhance the performance of GT2-
FLC while approaching the steady state OP. The following
design guidelines are proposed for shaping the value of 6,:

e [f the transient state response is fast, in order to prevent
overshoot, the control signal should be smoothened.
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Hence, we suggest to set 8, < 0 to decrease the value of 6.
With this setting, the CC/CS of GT2-FLC bends towards
its boundary T1-FLC defined in (27).

e If the transient state response is slow then, to increase the
convergence speed, the aggressiveness of the control signal
should be increased. Therefore, we suggest to set 6, > 0 to
increase the value of 0, i.e. the CC/CS of GT2-FLC bends
towards its boundary T1-FLC defined in (28).

e At the steady state, we suggest 8, = 0 in order to set 8 to

its nominal value 8, at the steady state OP ().
TABLE VII
DESIGN STEPS OF THE ONLINE SM-1

Step-1  Define the OPs of the nonlinear system as [ry, 73, ... 7y ].

Step-2  For each 7y, define a value of 6, = 6,, . To accomplish such a
goal, an optimization-based design can be performed.

Step-3  Define an interpolation method (i.e. linear, cubic, polynomial,

fuzzy, etc.) for f,.(r).

As the presented SM guidelines can be transformed to fuzzy
rules, we propose a fuzzy SM f; (x) that generates 6, as follows:

6 = fe (%) (37
where the input is defined as x = [E,AE] to capture the
transient state dynamics of the control system as it has been
widely done in the self-tuning FLCs [16, 18, 22]. The fuzzy SM
is defined with the same antecedent T1-FSs and rule structure
of the T1-DFLC presented in Section II. In the light of the SM
design guidelines, we suggest the rule base in Table VIII to
enhance the performance of the GT2-FLC. As it can be seen,
the rules are symmetric on the left diagonal axis x; = x, so that
a symmetric CS is obtained. We preferred to employ “0” and
“-1” consequent values dominantly thus to prevent possible
overshoots and oscillations. Also, in Table VIII, only the rule
R is activated at the steady state (x; = x, = 0), and thus the
output value becomes 8, =0, and 8 = 6,. It is worth to
mention that the consequent parameters are DPs and thus they
should be tuned according to the control system dynamics. Yet,
it has been observed that the ones given in Table VIII resulted
in a satisfactory enhancement of the transient state.

TABLE VIII
THE RULE TABLE OF FUZZY SM f,(x)

X \ X% Aiq A, Ais
Ayq =1 C,=0 C;=-1
Ay, C;=0 Cs=0 Ce=-1
Az C;,=-1 (Cg=-1 Cy=—

V. THE SENSITIVITY DESIGN PARAMETER OF GT2-FLCs:
ANALYSES AND DESIGN

In this section, the effect of the sensitivity DP (P) on the
CC/CS is first examined to provide practical insight on how to
tune P, after which a simple algorithm is proposed for tuning P.

A. Sensitivity Analyses of the Control Curves/Surfaces

We present comparative results in order to provide an insight
into how the sensitivity DP affects the resulting CC/CS and the
resulting CT. We analyze and compare GT2-FLCs employing
P ={2,3,5,10, 25,100} a-planes, with respect to both the
Maximum Value of Errors (MVE) and the Mean Absolute Error
(MAE) measures:
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MVE(eq) = max (leq[v]]) (38)
MAEGD) =Y ledv]l/v (39)

where: V_
ed[v] = Y [v] = Yy [v] (40)

V is the total number of samples, Y, [v] and Y, [v] denote the
outputs of GT2-FLCs employing P = a and P = b a-planes,
respectively. We also calculate the Average CTs (ACTs) over
10 experiments, by gridding the input space with 0.001 and 0.01
step sizes for GT2-SFLC and GT2-DFLC, respectively.
Simulations were performed on a computer with an Intel
Core 17-9750H 2.6GHz processor, 8GB memory, running
Windows10 64-bit and MATLAB R2019a. The CTs are
obtained via tic and foc functions of MATLAB. During the
experiments, the remaining DPs were set as follows:
e @ = —1and FOU-2 for the GT2-SFLC,
e 6 = —1 and FOU-3 for the GT2-DFLC.

Remark-2: In the experimental comparisons, we assume that
the output of a continuous GT2-FLC (Y,) can be approximated
with a GT2-FLC employing P = 1000. Thus, we assume that
Ye = Y900 holds in our investigations.

We firstly compare the effect of P by comparing the outputs
of GT2-FLCs with their continuous counterparts. The resulting
mappings of GT2-SFLCs are shown in Fig. 6, while the ones
for GT2-DFLCs are given in the Supplementary Material. The
calculated measures are given in Tables IX and X for GT2-
SFLCs and GT2-DFLCs, respectively.
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Fig. 6. Illustration of (a) the CCs for different P values, (b) the CC differences
between Y and Y., and (c) the CC differences between Yp and Yp 4

It can be concluded that the mappings of the GT2-FLCs are
almost identical as the P value varies through a wide range from
2 to 1000. This can also be numerically observed from Tables
IX and X, as the GT2-FLCs resulted with relatively low MVE
and MAE values, regardless of their P value. On the other hand,
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the P value has a significant effect on the ACT (as expected)
and thus the deployment of a GT2-FLC employing high values
of P might be an issue in real-time applications which usually
require high sampling frequencies. For instance, when P was
increased from 10 to 100 for the GT2-SFLC, the MVE measure
was reduced from 8.925%107 to 0.798x1073, but the ACT value
increased approximately 9 times. It is concluded that, more
accurate CCs/CSs are generated with high values of P, which
not too surprisingly increases the CT.

TABLE IX
SENSITIVITY MEASURES FOR GT2-SFLCSs!

P MVE(eS) MAE(ef) ACT(ms) MVE(el*Y) MAE(ef*?
2 46.067 28120 0.039+£0.001  15.435 9.406

3 30.632 18.714  0.052+0.001  7.798 4.743

5 18.167 11.128  0.076£0.003  3.099 1.890
10 8.925 5483 0.133£0.003  0.831 0.509
25 3.482 2.143  0315£0.016  0.138 0.085
100 0.798 0492  1257£0.077  0.009 0.006

"' The MAE and MVE values are normalized by 10-3.

We also analyzed how the sensitivity of the CC/CS varies per
increments of P (i.e. from P to P + 1 ). The results for SGFLCs
are given in Fig. 6¢ while the ones for GT2-DFLCs are given in
the Supplementary Material. The resulting MAE and MVE
values are also given in Tables IX and X for GT2-SFLCs and
GT2-DFLCs, respectively. For instance, increasing the P value
from 3 to 4 resulted in a relatively bigger difference in terms of
MAE and MVE when compared to the results in which P is
increased from 100 to 101. It is concluded that the relative
difference per increment decreases as P is getting bigger.

TABLE X
SENSITIVITY MEASURES FOR GT2-DFLCS?

P MVE(eS) MAE(ef)  ACT (ms) MVE(ef*™) MAE(ef*™)
2 48.577 23.783 0.133£0.012 16.295 7.975

3 32.281 15.814 0.147+£0.014 8.342 4.022

5 19.140 9.393 0.169£0.014 3.299 1.598

10 9.407 4.625 0.224+0.015 0.878 0.430

25 3.701 1.808 0.356+0.017 0.146 0.072
100 0.860 0415 1.017£0.051 0.010 0.005

2 The MAE and MVE values are normalized by 10-3,

B. Comments and Suggestions on the Sensitivity DP

The comparative analyses demonstrated that the sensitivity
DP does not change the shape, but it determines the precision/
sensitivity of the CC/CS. The results also clearly show that
there is a strong tradeoff between CT and CC/CS precision. In
other words, high number of a-planes means accurate precision
in the control signal, but huge computation burden at the same
time. Thus, there is a need to provide a compromise in tuning
the sensitivity of CC/CS, especially in real-time applications.

In real-time control applications, the designed GT2-FLCs are
implemented on microcontroller-based hardware components
which have a finite precision and processing power (i.e. CT).
Moreover, GT2-FLCs have to not only process quantized input
signals but also have to generate quantized output signals to be
deployed to the real-world environment. In real-time
applications, a continuous signal S is quantized as follows:

S=|S/A|A (41)

where $ is the quantized signal, A is quantization level and | |
denotes the floor function. Thus, there is a quantization error
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(Qs) which is defined as follows:

Qs = §-5 (42)
The magnitude and characteristic of (42) will affect the real-
time control performance of the GT2-FLC. Thus, Qg has to be
taken account in the design of GT2-FLCs.

We suggest one to tune the sensitivity DP P by taking into
account the quantization level A and the required CT on the
target hardware. In this context, we suggest designers to use the
proposed iterative algorithm presented in the next subsection to

provide a tradeoff between sensitivity and CT.
TABLE XI
TUNING ALGORITHM OF THE SENSITIVITY DP

Forward Calculation

Step 1:  Define input and output quantization levels: 4;, and 4,
Step 2:  Quantize input values based on 4;, according to (41)

Step 3:  Calculate GT2-FLC output Y, via (16) with 4;,, for all inputs
Step 4:  Obtain the quantized signal ¥, via (41) with 4,,,

Step 5:  Define hyperparameters: &, Pr, Bprayx

Step 6: Initialize P, = 0, and P* = B4

Step 7:  for P = 3:1: P4, do

Calculate GT2-FLC output Y, via (16) with 4;,, for all inputs
Obtain the quantized signal ¥, via (41) with 4,,,
Calculate MAE (ef 1) with ¥, and ¥,_, using (39)
if MAE (ef™) < &, then
if P, == P; then
P*=P—P
break for loop
end if
P,=P +1
else
| P=0
end if
end for
Output: The sensitivity DP P = P*
Backward Calculation

Step 1: Take P* and Y- from the Forward Calculation
Step 2:  Define hyperparameter: &,

Step 3: Initialize P*™* = 2

Step4: for P =P —1:—1:2 do

Calculate GT2-FLC output Y, via (16) with 4;,, for all inputs
Obtain the quantized signal ¥, via (41) with 4,,,

Calculate MVE(ef") with ¥ and - using (38)

if MVE(el") > ¢, then

P"=P+1
break for loop
end if
end for

Output: The sensitivity DP P = P™".

C. Tuning Algorithm for the Sensitivity DP

Here, we present a novel iterative algorithm to tune the
sensitivity DP (P) that accounts for hardware limits. The
proposed algorithm is effective for real-time control problems,
in which the CT and the sensitivity/quantization level (A) are
fixed. The pseudo code is given in Table XI and has two steps:
1. Forward calculation: In this step, the goal is to find the

GT2-FLC output under given sensitivity constraints and
quantization levels of input/output signals. This is achieved
by increasing the P value in each iteration to find a solution
P* such that the stopping condition is satisfied:

MAE(ef™) < g 43)

where ¢&; is threshold value to be defined. However,
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because a floor operator is employed in the quantization, a
chattering effect is usually observed; one must also check
if the condition in (43) is also satisfied in interval of
[P, P* + Pf] to conclude whether P* is an acceptable
solution. Here, P > 0 is a hyperparameter to be defined.
This procedure can be viewed as an extra local search
mechanism to handle the chattering phenomena in MAE.
If the resulting ACT of the GT2-FLC is feasible for real-
time application, there is no need for the next step.

2. Backward calculation: The calculated P* in the forward
calculation might result in a GT2-FLC that has high CT
which may not be feasible for a real-time application.
Therefore, in this step, we define an acceptable maximum
precision error threshold (&,) to reduce the total number of
a-planes which naturally reduces ACT (as shown in
Section V.A). This is accomplished by decreasing P* in
each iteration until the MVE value, which is defined with
respect to Yy« satisfies:

MVE(ef’) > &, (44)

In this way, a tradeoff between sensitivity and CT is
obtained by finding a solution satisfying P** < P*. Note
that, if there does not exist a solution which is feasible for
the real-time application, then &, is increased.

VI. REAL-TIME EXPERIMENTAL VALIDATION AND ANALYSIS

In this section, we present real-world experimental results
using the Parrot Mambo drone, which is shown in Fig. 7, to
evaluate the proposed design recommendations/methods for the
design of GT2-FLCs. The Parrot Mambo drone has an ARM 9
416MHz processor and is equipped with 6-DOF IMU, pressure
sensor, ultrasonic sensor, and a downward facing camera with
a 60FPS. The drone has a MATLAB/Simulink support package
to deploy control and sensor fusion algorithms. The drone has
a highly efficient built-in flight control structure (from PI/PD
controllers to Kalman estimators) to stabilize the attitude and
altitude dynamics. The sampling time of flight algorithms of the
Parrot Mambo is fixed as T = 5ms.

ﬁnlml =
Frame

Fig. 7. Parrot Mambo drone with coordinate frames

In this study, we focused only on the design of the x-axis
position controller that generates the pitch angle reference
signal (u). During the design and experiments, the y-axis
reference is set to Om, the yaw angle reference is set to 0° and
the altitude reference is set to 1m from the ground (controlled
via built-in controllers). We preferred to design a PI type fuzzy
controller that is formed using DFLC (i.e. T1, IT2 or GT2) with
an integrator [3, 9]. The PI type DFLCs process the X-axis
position error (¢) and the change of X-axis position error (4e)
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to generate the pitch angle reference (). The PI type DFLCs
have two input scaling factors (K, K,.) and one output scaling
factor (K,) as given in the Supplementary Material. We handled
the scaling factors as the main DPs of T1-DFLC since they
affect the control performance [3, 5, 11-13].

A. Design of the Shape DP

In designing the shape DP (6) of GT2-DFLC, we followed
the steps given in Table VI. First, we designed baseline T1 and
IT2 DFLC:s for the steady state OP defined asr = 1m. The DPs
of the baseline DFLCs are as follows:

e TI-DFLC: We designed a T1-DFLC with an aggressive
CS, defined with the rule base given Table 111, and set

K, =1,K,, = 0.68,K, = 2.5.

e IT2-DFLC: We designed an IT2-DFLC with a smooth CS

and set
M;, =0.05,M;, =0.95,M, ; = 0.05,
M,, =0.15M,, =0.85,M,; = 0.15.

Then, the following GT2-DFLCs were designed:

e GT2-DFLC: We designed a GT2-DFLC with a fixed 6 for
the OP r; = 1m. The best 8 value that provides a tradeoff
was found experimentally as 8 = 0.1.

e GT2-DFLC with SM-1 (GT2-DFLC-SM-1): In the design
of f.(r) in (35), we used the following steady state OPs
r =[1m,0.75m, 1.5m] and obtained 6, = [0.1,-0.8,1]
as the best values for these OPs. We used the linear
interpolation method to define f,.(r).

e GT2-DFLC with SM-2 (GT2-DFLC-SM-2): In the SM-2
design, the f;.(r) designed for GT2-DFLC-SM-1 was used.
The design of f;(x) in (37) was accomplished via the rule-
base given in Table VIII with w = 0.5.

The CSs of all DFLCs and their CS comparisons are given in

Section S.3 which is presented in the Supplementary Material.

B. Design of the Sensitivity DP

In designing the sensitivity DP (P) of the GT2-DFLC, we
took into account the hardware limitations of the real-world
drone, which are 4 and CT. Because the Parrot Mambo drone
is equipped with various sensors with different resolutions, we
assumed that the average quantization levels are approximately
A;, =0.01 and 4,,; = 0.001. To study whether the CT of
designed GT2-FLCs are then feasible for a real-time flight, we
examined the CT of the built-in flight control system via the
MATLAB Simulink Profiler toolbox to find a maximum
allowable CT for GT2-DFLC. The ACT of flight control system
is found as Tr, = 3.7ms, and thus there is T — T = 1.3ms
left for the computations of the GT2-DFLC.

To tune the sensitivity DP of the designed GT2-DFLC, we
employed the iterative algorithm given in Table XI. The
forward calculation step stopped at P* = 23 for the settings
g = 0.025 x 1073, Pr =20, and Pyqy = 100. In order to
conclude whether the resulting P* = 23 is feasible for the real-
time application, we calculated the ACT of the GT2-DFLC with
P = 23 on the computer and obtained approximately 0.348ms.
Then, we multiplied this value by 6.25 and obtained Ty, =
2.176ms (since the clock speed ratio between the processors of
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the computer and the Parrot Mambo is 6.25). To cope with
resulting errors of this rough ACT mapping from a 2.6GHz to
416MHz processor, we left a buffer time value of at least 0.3ms
and observed that the GT2-DFLC with P* = 23 is not feasible
since the total CT (Tpc + T4y + 0.3) is higher than the
sampling time of the drone (T = 5ms). To overcome this
problem, the backward calculation step in Table XI was
performed with €, = 0.01 and P** was obtained as 4. The ACT
of GT2-DFLC employing P = 4 a-planes was examined and
then it was found that T;, = 0.978ms. We concluded that the
ACT of the designed GT2-DFLC employing P = 4 a-planes is
feasible for real-time applications on the Parrot Mambo drone.

Remark-3: As we just stated, we mapped the ACTs of the GT2-
DFLC by multiplying the results calculated from a computer
with 6.25 since the Parrot Mambo drone has a 416MHz
processor which is approximately 6.25 times slower than the
clock speed of the processor of the computer (2.6GHz).
Although clock speed is an important indicator of how fast the
processor is, it is not the only factor, since different processors
often use different architectures, and other factors (e.g. cache
size, speed of RAM) also contribute to the overall performance
of the processor. For this reason, we defined a buffer time value
of at least 0.3ms.

C. Experimental Results

The performances of the DFLCs were compared with respect
to overshoot (OS5%), rise time (7,) and settling time for 5%
tolerance band (75) values. The performance of DFLCs for the
OPs (r = [1m, 0.75m, 1.5m]) are given in Fig. 8 and Fig. 9,
while the performance measures are given in Table XII.

The performance of the GT2-DFLC with 6 =0.1 is
compared with its T1 and IT2 counterparts as given in Fig. 8.
Observe:

e From Fig. 8 and Table XII that the lowest OS% values are
calculated for the IT2-DFLC as it has been designed with
a smooth CS, while the lowest 7, value is obtained for the
T1-DFLC as it has been designed with an aggressive CS.
As shown in Figs. S11-S12 (given in the Supplementary
Material), the CS of GT2-FLC is smoother than its T1
while more aggressive than its IT2 baselines. As an
outcome of this shape DP design, for the first OP change,
the GT2-DFLC improves the 7, value by 0.27s by
compromising the OS% value by 5.83% in comparison to
its IT2 baseline, while it improves the OS% value of T1-
FLC by almost 3% by compromising 0.06s for the 7. The
performance of the GT2-DFLC lies between its T1 and T2
DFLCs and thus provides a compromise between its
baseline DFLCs.

e From Fig. 8b that, since the performance of the baseline T1
and IT2 DFLCs degraded at this OP, the performance of
GT2-DFLC degraded in comparison to the results given in
Fig. 8a. This is due to the fact that the GT2-DFLC literally
schedules the outputs of its baseline T1 and IT2 DFLCs, so
its performance heavily depends on its baseline DFLCs.

The performances of the GT2-DFLCs with SMs are
compared with the GT2-DFLC with 8 = 0.1 in Fig. 9. Observe:
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TABLE XII
PERFORMANCE MEASURES OF THE REAL-TIME CONTROL EXPERIMENTS
OP-1 OP-2 OP-3
Controller Ts(s) 0S5% T:(s) Ts(s) 0S% T:(s) T (s) 0S% T:(s)
T1-DFLC 3.54 10.13 0.79 5.85 20.47 0.65 2.25 4.80 1.23
IT2-DFLC 2.01 1.39 1.12 4.86 9.28 0.79 2.84 0.92 1.64
GT2-DFLC 2.44 7.22 0.85 3.75 15.87 0.75 2.54 2.20 1.39
GT2-DFLC-SM-1 2.44 7.22 0.85 5.78 9.39 0.69 2.16 4.84 1.18
GT2-DFLC-SM-2 1.79 3.39 0.88 4.05 6.64 0.74 2.16 291 1.15
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e From Fig. 9 that updating the shape DP with respect to the  to the OP has the potential to provide a good tradeoft between

11

OP results in a highly efficient control system response  robustness and performance via the proposed SM-1 and SM-2.

both in the sense of control performance and robustness.
e From Fig. 9b that the SM-2 reduced 6 to -1.3 (i.e. the VIL.  CONCLUSIONS AND FUTURE WORK

aggressiveness of the CS is reduced) and then dynamically We have provided a new perception of how GT2-FSs affect
increased 6 to its nominal value of -0.8. This results in a  the CC/CS of GT2-FLCs and have also presented a systematic
performance without oscillation and less overshoot. As design approach for GT2-FLCs. To ease the design of GT2-
given in Table XII, the GT2-DFLC-SM-2 reduced the  FLCs, we first provided general suggestions on the structural

OS% and Ts values by 2.64% and 0.81s respectively, since  settings and then defined their main DPs. We suggested

the SM-2 transformed its mapping into a CS which is  employing trapezoid SMFs as they provide a great design

smoother than its IT2 fuzzy counterpart as shown in the  flexibility. We also proposed a mapping for trapezoid SMF that

Fig. S17b (presented in the Supplementary Material). provides the opportunity to transform the trapezoid SMF into a

e From Fig. 9c that theSM-2 changed 6 from 0.5 to 1, and  crisp, interval, triangular SMF via a single tuning parameter.

thus increased dynamically the aggressiveness of the CS to We addressed the challenge of GT2-FSs that are usefulness
end up with faster transient system response in comparison  and interpretation of the SMFs by providing the DPs with
to the GT2-DFLC with fixed of & = 0.1, which resulted in  interpretations about the sensitivity and shape of the CC/CS.
a relatively slow system response. We first presented analyses to provide explanations about the
e That both SM-1 and SM-2 enhanced the control system role of the shape DP on CC/CS. We concluded that the shape
performance but the SM-2, which takes into account the  DP provides not only design simplicity as only baseline T1 and
transient state dynamics and OP to tune the shape DP, IT2 FLCs are needed, but also a convenient design flexibility as
resulted in superior control performances for all OPs. a tradeoff between performance (i.e. like a T1-FLC) and
We conclude that the online tuning of the shape DP with respect ~ robustness (i.e. like an IT2-FLC) can be easily provided. Then,
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to enhance the control performance, we proposed SMs that tune
the shape DP in an online manner with respect to the OP. This
results with a GT2-FLC that basically uses and schedules a
collection of T1 and IT2 FLCs to end up with a satisfactory
performance. Then, we provided practical insights into how to
tune the sensitivity DP by showing how the sensitivity of the
CC/CS and CT is affected. We presented an algorithm for
tuning the sensitivity DP by providing a tradeoff between
sensitivity and CT which are essential factors to be taken
account in real-time applications. We also designed GT2-FLCs
to control a real-world drone and validated our proposed design
approaches with proof of concept real-time experiments.

We believe that the results of this study will open the doors
to a wider use of GT2-FLCs in real-time applications as we
provided interpretations to the DPs and proposed design
approaches by taking account the resulting effect of the DPs on
the GT2-FLC’s performance, robustness, sensitivity and CT.

As for our future work, we plan to extend the presented
analysis and design methodologies by 1) investigating other
type of SMFs (like Gaussian) towards more generic definitions,
2) deriving the analytical relationship of the GT2-FLC and
providing an interpretation, 3) developing sophisticated tuning
mechanisms for the shape and sensitivity DP, 4) employing
neural networks and optimizations algorithms to tune GT2-
FLCs, and 5) examining the performance of the proposed GT2-
FLCs in challenging real-world experiments.
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