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13. HAFTA Kinematics of Rigid bodies

Angular velocity: The angular velocitw of a vectoR is itself a vector which
has a magnitude equal to the rate of rotation,j@pdinting along the axis of
rotation ofR, following the right-hand rule where the thumlalisng the axis of
rotation and the other fingers provide the sensehithR is rotating around the
axis of rotation. The units of angular velocity areadians over a suitable unit
of time.

W

Angular acceleration: The angular acceleratianis the rate of change of the
angular velocity with respect to time.
da
a =—
Tdt
The derivative of a constant length vector (lemma)lf the length of vectoR

Is constan(|R| = constant), then one can calculate its derieatiith respect to
time using the formula
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Relative motion of points on a rigid body



Relative velocity of points on a rigid body:Consider pointé& andB on a rigid
body. The relative position & with respect td\ is given byrga.

The relative velocity oB with respect té is given byYe/a =Ls/a. Since the
distance between poingsandB does not change in a rigid bodyy/| is
constant and one can calculate the derivativg,Qlusing the lemma to get

Ve/a=lg/a=&Xlg/p

where& is the angular velocity of the rigid body. Singg, is the cross product
of & andrg,, the relative velocity oB with respect t@\ is perpendicular to
both & andrga.

Relative acceleration of points on a rigid bodyThe relative acceleration of

point B with respect td\ is given by the derivative gfs. Using the above
expression for relative velocity, one gets

. d . .
ag/a =Vp/a —E(Q"EB/A) =WXIgatWXlgp=

Ag/a=aXIga+tWX(WXIgp)

2-D motion: In 2-D, the angular velocity and angular acceleratan be
written as

w=wk, a=ak

Example 1:



The following are graphical representations ofrélative velocity and relative
acceleration of points on a rigid body.

VB/A=&XIg/a

The left figure shows that the motion of pdditelative toA describes a circle
since the distance between the points does nogeh&s a result, the velocity
of B relative toA is tangent to this circle. The right figure sholws tomponents
of acceleration. Since the relative motion is anrele, the acceleration &

relative toA has a component tangent to the ciréle*( s/ A= tangential

component) and a component towards the centettation (“* & a)=
centripetal component).

Since the relative motion of two points on a rigmbly always is described by
motion on a circular path, one can also use paardinates with a constant

radial coordinate (i.e.,r =i'=0), # =@ andf =a . This results in expressions
for relative velocity and acceleration given as

Ve/a~=Tlak €g

— a2
ag/a=TW +ra e




Another method of describing relative motion isusyng normal and tangential
coordinates. This results in

VB/A = VB/ A&

VB/A = VB/ A

EXAMPLE 1: KINEMATICS OF RIGID BODIES



The bar OA rotates such th@f 6, + Asin(e,t) whereb,, A anda, gre

constants. The disR rotates relative to baA such that? = Q.t| where s is
a constant. Calculate the angular velocity andlacatgon ofD.

&

SOLUTION:

The angle that lindB on D makes with the horizontal B0 The angular
velocity of the disk is, therefore,

_d
w=_(F+P)k

=[Adw, cos,t) +Q, 1k
The angular acceleration is
d d
= —(w) = —[Aw, cosi,t) + Q, ]k
a = (@)= [A@, cosEol) + Qo lk

= - Aw,’ sin(w,t)k

EXAMPLE 2: KINEMATICS OF RIGID BODIES
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Calculate the velocity of poi given that the cart is moving with a constant

speedV.as shown and the disc is rotating such fhatet , where&,is a
constant.

SOLUTION:

Position ofA relative to fixed poinB is
farB=La/o*rorB

=fae=faotios @
PointO moves with the cart, therefore

T'o/B = Vo = Vol



The length oft ~o is constant, therefore
Faro =&XI p/p
= (-aw,k) x(rsin@i+rcosdj)
= =T @, Sin(@Wyt)] + 1w, cos@yt)i
Since poinB is stationaryf s is the velocity oB. Substitution into (1) gives
MAIB = (rwo COS(Cbot )+ Vo )— - ra"‘o Slnebot )_

EXAMPLE 3: KINEMATICS OF RIGID BODIES

The robot arm is constructed from two b@wa andAB as shown in the figure.
At the instant shown, b#A is rotating clockwise at an angular speedwfind
bar AB is rotating counter clockwise at a rate%ef. Calculate the velocity of B.

SOLUTION:



d d
Vg :E(LB/O) :E(LB/A +I a/0)

d d

=E(LB/A) +E(LA/O) @

Both OA andAB are of constant length, therefore
E(LA/O) =WopXl p/0
= (- K)x(l;cosdi +1;sind |)
==yl c080 j +ayl sind i

d _
E(LB/A) =W pXIp/a

=(ayk)x(lcospi +1,sing j)

=+a,yl,cosp | —w,l,sing i
Substitution into (1) gives

Vg = (~a,l,sing +a;l;sind )i +(&,l, cosp—a, |, cosd)j

EXAMPLE 4: KINEMATICS OF RIGID BODIES

v, = constant
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Calculate the velocity and acceleration of p&nf at the current instant the cart
has a constant velocity & and the rectangular plate C has an angular vglocit
« =&k and angular accelerati¢gh=a K |

SOLUTION:

Velocity of D:



Vp=Vo*tV¥po (@)

PointO moves with the cart

Vo =Voi (2
The length ofOD is constant. Therefore,
d
Vp/io ZE(LD/O) =W XIpo (3

=(ak)x(I cos@+¢)i+| sin@+¢)j)
=al cos@+9)j —al sin@+9)i
Substitution into (1) gives
Vp =[Vo —al sin@+@)li +al cos@+¢)j

Acceleration oD:

ap =8p +ap/o 4
The cart has constant velocity so that its acctteras

ap =0 ©)
Using (3) we get
a :E(V ):E(wxr )
gp/o = 4 \¥p/o) = G\ &7 Ip/o
d d
=— X + WX —
at (W) *xrpjo +w ot ('n/o)

=aXI'pjot&*XVpjo
Substitution yields,
ap/o =(a k) x[Icos@+¢)i+Isin@+9¢))]
+(aK) x[al cos@ +@)] —al sin(@ + @)i]
=alcos@+¢)j—alsin@+9¢)i

- Pl cos@+@)i —alsin@+¢)j  (6)
Substitution into (4) yields
ap = -I[w’ cos@ +¢) +asin@ +¢ )i

+[a cos@+¢ ) -w’sin@+¢)]j
Instantaneous Center of Velocity

Extension of a rigid body: The extension of a rigid body refers to the operat
of theoretically extending the body to fill all sy@a By this operation every point
in space becomes a point of the body and as & ressih velocity associated
with it. Since this is not an actual extensionh® body, a theoretical extension
does not influence how the actual body moves-ipgmfollows the motions of
the actual body.



Instantaneous Center of Velocity (ICV):Any point on a rigid body or on its
extension that has zero velocity is called theamistheous Center of Velocity of
the body. Assuming one knows the ICV of a body, cene calculate the velocity

of any pointA on the body using the equati¥n = Yaicv *Viev and recognizing
that be definition¥icv = 0. This gibes

VAa=aXI aricv

Extension of Body

In 2-D motion, iffaicv is in the plane of motion and is perpendicular to this
plane, then one can use the scalar relation

Va =G&lha/ve

Methods of finding the ICV:

o o Given the velocity~ of pointA on a rigid body and the angular
velocity of the rigid body one can use the abovgatign to find the distance
Va s

e
7/

/
s _Va
ICV r =
Alicy =



'micv between the poirk and the ICV. One can then draw a line
perpendicular to the velocity and passing throAgand move along this line
a distancéwicv to get to the ICV. The side on which the ICV is dee
determined by the direction of the angular velacity

. Given the velocity of poins andB on a rigid body one can find the

ICV by drawing a line perpendicular ¥ and passing through, and by

drawing a line perpendicular % and passing through One of the
following three cases will result
o o The lines intersect at one poiifhe point of intersection is the
ICV. The angular velocity can be calculated oneel@V is
determined using the velocity of either point atsdcorresponding
distance from the ICV.

° o The lines are parallel (they intersect at infinitfhe ICV is at
infinity, and the angular velocity is zero sincénity times zero is the
only way one can get velocities other than infinfteerefore, the body
IS in pure translation and the velocity of the f@ants must be the
same.



ICVatwl=>a=0=Vv, =V,

o o The two lines fall on top of each oth@ne can find the location
of the ICV using the proportionality of velocity dudistance from the
ICV to create similar triangles. This follows from

rasicv  I'B/icv

EXAMPLE 1: INSTANTANEOUS CENTER OF VELOCITY



Find thelCV of BC.

SOLUTION:

B is rotating around and, therefore, has a horizontal velocity.

V|
B B

AT
ICV of BC

Cis rotating in a circle arourid, and, therefore, has a vertical velocity. TG¥
Is at the intersection of the two perpendiculagdino the velocities.

EXAMPLE 2: INSTANTANEOUS CENTER OF VELOCITY

B C
0 o

Find thelCV of BC.



SOLUTION:

ICV of BC

EXAMPLE 3: INSTANTANEOUS CENTER OF VELOCITY

Given that bar AB rotates with an angular velocityof & =3rad/s
calculate the angular velocity of BC and the veloty of C.

SOLUTION:
Bar AB:



Vg = Gppl/ie = B)(B) =15m/s

o]

OIB

5m

ICV of AB

Bar BC:

10(%) y

B ¥-o-t--- $cV of BC
1o§:5\/§

Vg = G T

BC "B/ICV

15= wge (5V3) =  wie :%zﬁrad/s

Ve = Wacleyicy = (V3)(B) =5V3m/s
EXAMPLE 3: INSTANTANEOUS CENTER OF VELOCITY

Given thatVa =10m/s  calculate the angular velocity BE. Assume thaB is in
contact withD at all times.



SOLUTION:

- —— - VB = lpclp/icy

A60°

= g (2) = 20

ICV of BC

First find velocity of B Using the barBC.

The non-penetration condition requires that thezleotal component of the
velocity of B be equal to the horizontal component of velocftpptherefore,

VgSin60=Vv, = 2agcSin60=10

10 _10V3
Wgc = = rad/s

Motion relative to moving frames

Two observers may provide different descriptionhaf same event if they are
positioned in different frames. For example, aistetry point on the ground
may look to an observer stationed on a merry-gowaas moving. Or, for
example, passengers sitting in an airplane mayidensach other as stationary,
while an observer on earth may consider them tmd¢éng.



Frames: To describe position in space we use a frame. Emdmwe use is
frequently the background of the event we are olisgryet we can select any
rigid body as our frame to reference our obserwatidhe earth is the most
common frame we use, but it is not the only one.dxample, observations in
the shuttle may be done relative to the “shutéenie,” and then translated to
earth frame.

Time derivatives and frames:The derivative of any variable with respect to
time provides information on how it is changingwitme. Since the same event
when viewed from different frames may result irfeliént observations, the time
derivative of an event when taken relative to aaene may be different from

the time derivative taken relative to another frak@ example, poim which

is fixed to frame” has zero velocity as seen by an observer on fiameet
will have a downward velocity ofc if observed by an observer sitting at point

O on the frame&, which is a disk rotating abo@ with angular velocityw
relative to? .

One can relate the time derivative obtained fronelagerver in one frame to that
obtained from an observer in another frame. Let/dworD be represent a
quantity being observed by two observers, one amd? and one on fram&.

Let [D]; denote the derivative d? obtained by the observer &h, and letlDl.

denote the derivative d? obtained by the observer &. These derivatives are
related by following equation

[D]; = [Q]g + Weox D




lw)

Cam \Q

where%siz is the angular velocity of fram@& with respect to framé .

Relating observations on velocity and acceleratiorithe position of a poirf
as it moves on its path can be described relative to the @igf frame? by
the position vectokro or relative to the origirk of frame# by the position
vector ra. These vectors are related through the law of vector addjii@n by

'pjo =rp/atlaio

Taking derivatives of both sides of the equation from thetpdiview of the

observer in7Z and application of the above relation to relate derivatingwo
different frames results in the relation



[Veiolz =[Vp/ale T @az%Ip/a+[Vaiols

The first term on the right hand side is the veioas seen by an observer sitting
at pointA on frame#, the second term on the right hand side is a nuadibn

of this velocity to account for the rotation ofrfta & with respect té7, and the
third term on the right hand side is a modificatafrihe first term to account for

the translation o with respect t6&” . The derivative of this gives the relation
between the acceleration as observed from theravods. After application of
the rule for taking derivatives and some reorgdiinaone gets

[ap/0lz =[ap/ale + 26 52%[Vp/alz

+Q XM pja+ WeX(WazXTp,a) T[AA0]2

The first term on the right hand side is the acegien measured by an observer
located at poin® on frame#, the next three terms are modifications to correct
for the rotation of frame® with respect t67, and the last term is to correct for
the translation o with respect t&” .

Example

Note: The derivative o=zis the same in both frames. This follows from

Azz=[Cgzls =[Ggzle t CgaXbgz=[Cgalz

EXAMPLE 1: MOTION RELATIVE TO MOVING FRAME

Calculate the velocity and acceleration of theiplarf that is moving with
constant spee%relative to the disc along the groove. The bar ©fotating
with a constant counter-clockwise rotationdafrelative to the ground and the

disc D is rotating at a constant CCW ratetefrelative to OA. The length of OA
isl.



SOLUTION:

To calculate the velocity we have

[Vp/olz =[Vp/ale &gz XTp/atlVaoly @

Note that

[Vp,alz = oi
Gaz = (G +a))k
Ipa=bi+hj

Gz XL pip = (@ +ap)k x(bi +hj)
= (w; +w,)(bj - hi)



[Vasolz = @oa*rajo = (k) x(Icosf i +1sind |)
= (-Isin@i+Icosb j)
Substitution into (1) to get the velocity of P slgives
[Vpiolz = Vo] +(aq +a5)(bj - hi) +a, (I cosfj -1sind i)

=-[(ay + w,)h+1sind]i +[v, + (@ + w,)b+ w)l cosd ]j

To get the acceleration we have
[@pi0lz =[@p/alz +26zs X[Vp alz * Qg X p/a
+ Wamy X (Wgz XM p/p) t[Aa0lz (2

Note that
[@p/alz =0
20 g5 X[Vpalz = 2(a; +ay)k X (Vy))
= 2w + W)Vl

gz =0=0g; XIpp=0
oz *(Wgy XM pra) = (G + @o)K X[(ag + @, )(bj -hi)]

=-(c +ay)?(hj +bi)

[@n0lz =Qoa XTI ai0 + &on X (&oa XTI a0)
=0+wkxaw(lcosdj-1sind i)

= w?’(Isind j+1 cosd i)
Substitution into (2) gives the acceleration ofsP a

(3001, = 2w, + @)V, i - (@, +w,)*(bi+hj)

P/O
w; (Isind ]+l cosd i)
= _[2(6‘)1 + wz)vo + (a)l + a)z)zb + a)lzl COSH]_i

[(w +w,)’h+a)lsind]



