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@ Lecture # 8 - Solving of Simple Equations

1- POLYNOMIALS

2- APPROXIMATION OF DATA
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@ POLYNOMIALS

» Definition: nt" degree polynomial
p(x)=a,x"+a, X"+, . +a,x2+a; x+a,

» Coefficients of the polynomial

a, a

n=1r + -

., 8y, 4, 4

e n: degree of the polynomial

Feyzi Haznedaroglu
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POLYNOMIALS

MATLAB toolbox: polyfun

« polyval: returs the value of the polynomial at a point x. Input
arguments are vector p and vector x.

p — a,a.q-...,38, 3

x is the abscissae, where the polynomials is evaluated.
absis

e y=polyval (p, X)
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POLYNOMIALS

MATLAB toolbox: polyfun

¢ polyval: returs the value of the polynomial at a point x. Input
arguments are vector p and vector x.

p — a,a,q--.,8, a8
X is the abscissae, where the polynomials is evaluated.
absis
* y = polyval (p, x)
EXAMPLE:

Given: p(x ) =x7 +3x2 -1,

X, =—1+k/4 for k=0,...,8

Find: Plot the given function.

Feyzi Haznedaroglu weeks # 8 6

POLYNOMIALS

File  Edit Debug Desktop Window Help

il J‘ & ) & ‘ & ‘ @ ‘Currem Directory, [/home/sept/Desktap Hil@a
4 b Wi e I
B >> help polyval =
T POLYVA aluate polynomial.
H ans returns the value of a polynomial P evaluated at X. P
Hp is a vector of Tength N+1 whose elements are the coefficients of the
Hipl polynomial in descending powers.
Hp2
%S Y = P(1)*XAN + P(2)*XA(N-1) + ... + P(N)*X + P(N+1)
HH x
Hy If X is a matrix or vector, the polynomial is evaluated at all
points in X. See POLYVALM for evaluation 1in a matrix sense.
[[Y,DELTA] = POLWAL(P,X,S)] uses the optional output structure S created
by POLYFIT to generate prediction error estimates DEITA. DELTA is an
estimate of the standard deviation of the error in predicting a future
G Ir observation at X by P(X). H
w0 a x
hb If the coefficients in P are least squares estimates computed by
L he POLYFIT, and the errors in the data input to POLYFIT are +independent,
TWTH' normal, with constant variance, then Y +/- DELTA will contain at least -
4 start) 4]
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POLYNOMIALS

Eile Edit Depug Desktop Window Help

9 ‘ & o B ‘ @ ‘ Current Directary; | /home/sept/Deskiop i@

If the coefficients 1in P are least squares estimates computed by H
POLYFIT, and the errors in the data input to POLYFIT are independent,
normal, with constant variance, then Y +/- DELTA will contain at least
50% of future observations at X.

x=l(x—p )/ gy

Y = POLYVAL(P.X HU) orl [Y,DELTA] = POLWAL!P,XIS,MU!] usesl XHAT =|

E; (X-MU(1)) /MU(2) |in place of X. The centering and scaling parameters MU
=1 are optional output computed by POLYFIT.

Class support for dnputs P,X,S,MU:
float: double, single

See also polyfit, polyvalm.

Overloaded methods:

= af /polyval

~h
: h;g‘."' Reference page in Help browser
D dar nnalyvual

I
2
2
[= &1
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POLYNOMIALS POLYNOMIALS

» y = polyval(p,x,[ ],mu) or [y,delta] = polyval(p,x,S,mu) use x=(x-)/ i EXAD’)"P'-E ;Ogt’ii4 221 o
in place of x. In this equation py =mean(x), and m =stdix) . The p° “[1000030 -1]:
centering and scal@ng parameters mu=[u,u,] are optional output x = [ -1:0.25:1]: ’
computed by polyfit. y = polyval (p,x);
Remarks plot (x. ¥)

e The polyvalm (p,x) function, with x a matrix, evaluates the polynomial
in a matrix sense. See polyvalm for more information.

EXAMPLE
e The polynomial plix)= 3% +2x+1 s evaluated at x = 5, 7, and 9 with;
p=1I321];
polyval (p,[5 7 9]) which resultsin
ans =
86 162 262
Feyzi Haznedaroglu weeks # 8 9 Feyzi Haznedaroglu weeks # 8 10

POLYNOMIALS POLYNOMIALS

EXAMPLE cont'd.:
% 7654321 0

File Edt View inset Tools Depug Deskiop Window  He

Dede | [BRs09E£- 2| 08HaD BOE =0
p=[1000030 -1]; . . .
x = [ -1:0.25:1]; 3 - ; . ' ; :
y = polyval (p,x); ol |
plot (x, y)
4 21 -
File Edit Depug Desktop Window Help
DS 4W@E9 @ B | 0| curenbiecrny
Current Ditectory .0 2. % A TCBmmand Window' I 15 =
EI=IC T >> type ex_08_0l.m
Al Files £ [rype 1

“lex_08_.04m  M-file
®lex_08_05.m  M-file 5
®lex_08_.06.m  M-file plot(x, y) o} -
Tlex_08_curve... M-file d

®lex_08_.0l.m  M-file ¥ 7 X
Flex_08_02m  M-file o I 3 g g ; 2 ) \
“lex_08.03.m  M-file p -11; "

X 0.2

y (

>>

a] [ [»

Command History oo x

~cle
~type ex_08_0l.m

<

[4sun] il
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POLYNOMIALS

POLYNOMIALS
* roots: provides an approximation of the zeros of a polynomial.
Usage: r = roots(p)

* poly: returns the coefficients of the polynomial, whose zeros are
given.
Usage: p = poly(r)

e http://www.mathworks.com/help/techdoc/ref/roots.html

EXAMPLE:
o Given:p(x)=x3-6x2+11x-6
* Find: Compute the zeros of the polynomial.
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POLYNOMIALS

POLYNOMIALS
¢ roots: provides an approximation of the zeros of a polynomial.
Usage: r = roots(p)

« poly: returns the coefficients of the polynomial, whose zeros are
given.
Usage: p = poly(r)

e http://Iwww.mathworks.com/help/techdoc/ref/roots.html

EXAMPLE:
e Given:p(x)=x3-6x2+11x-6
¢ Find: Compute the zeros of the polynomial.

p=1[1 -6 11 -6]; format long;
roots(p)

Feyzi Haznedaroglu weeks # 8 14

POLYNOMIALS

Flle Edit  Debug Deskop  MWindow  Help

S % A9 o B | @ | curren Directorg | home/sept/Daskiop [+l @
4 ¥ [T 1
] »>> help roots E
wame « || ROOTS Find polynomial roots.
Hars ROOTS(C) computes the roots of the polynomial whose coefficients
Ep are the elements of the vector C. If C has N+1 components,
EE? the polynomial is C(L)*XAN + ... + C(N)*X + C(N+1).
Hq
Hr Note: Leading zeros in C are discarded first. Then, leading relative
I x zeros are removed as well. That dis, if division by the leading
Hy coefficient results in overflow, all coefficients up to the first

coefficient where overflow ocurred are also discarded. This process is

repeated until the Teading coefficient is not a relative zero.

Class support for input c:

float: double, single
AT B
o x See also poly, residue, fzero.
hf" | 1
hed Overloaded methods: i

BT ]| gf/roots I
4 stan| &
Feyzi Haznedaroglu weeks # 8 15

POLYNOMIALS

roots - Polynomial roots

Description: r = roots(c) returns a column vector whose elements are
the roots of the polynomial c. Row vector ¢ contains the coefficients of a
polynomial, ordered in descending powers. If ¢ has n+1 components, the
polynomial it represents is eqs™ +...+e,5+¢, 1

Remarks

* Note the relationship of this function to p = poly(r), which returns a row

vector whose elements are the coefficients of the polynomial. For vectors,
roots and poly are inverse functions of each other, up to ordering, scaling,
and roundoff error.

Examples

¢3_gs2 _79¢ _97 isrepresented in MATLAB as p=[1 -6 -72 -27]
The roots of polynomial are returned in a column vector by r = roots(p)
r =

12.1229
-5.7345
-0.3884
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POLYNOMIALS

POLYNOMIALS

EXAMPLE:
* Given:p(x)=x3-6x2+11x-6
* Find: Compute the zeros of the polynomial.

roots {9))

= [1 -6 11 -6]; format Iong;

Flle Edt Depug Deskiop Window Help
NS sMmB9 o« |drd -1| @ | current Dxr:dnry |ymedia/Transcend/source |«|[. ] @&

Eile Edit Debug Deskiop  Window Help
NE| s @9 oy "] | @ | Currem Directory| fmad!a,"lranscandfsourte|-v| 1@

Cutrent I.iﬂ:-wl:l\ w0 oA x R B3
1 D - >> type ex_08_02.m
All Files - Type
#lex_08_01l.m  M-file -6 “E1= Formak Tona:
#lex_08.02.m  M-file P =t[t 11 -6]; t Tong;
#ex_08.03.m  M-file roots(p)
ol Slex 06.04m  M-flle >> ex_08_02
" Flex_08.05.m M-flle
“lex_08.06.m  M-file ans =

Ditedory 0 2 x

*lex_08_curve... M-file

EE >> type ex 08 _02.m

i ek
Bex 08.0l.m  M-file = ] e i
_m( 08.02.m  M-file p=1[1-6 11 -6]; format long;
{Bex 08.03m M-rie  ||roots(R)

®lex 08 04m  M-file > |

®ex_08_05.m  M-file
®lex_08_06.m  M-file
®lex_08_curve... M-file

3.000000000000002

1.999999999999998

1.000000000000000
-

A [»

Command History Lot I 4
clc
type ex_08_02. ml}
__—ex.08_02 4 -
_Command tistory o ] ) o
ex_08_01 =
clc
_type ex_08_02. ln - - - - |
[ 4 stan] ]
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det(s/ - A)

POLYNOMIALS

POLYNOMIALS

EXAMPLE: poly

poly - Polynomial with specified roots

/ Syntax p = poly(Rh)
File Edit Debug Desktop Window Help = OI r
jtﬁ‘*RELB’If"‘*ff’j‘Q‘Curran(Dlre:(aM\MMng o P p y( )
4 » Description
- help pol B . .
namt e || POLY Comvert roots to polynomial. = p = poly(A) where A is an n-by-n matrix returns an n+1 element row
%3“ PnLY(;\), when ﬁ 1': an N :y N m:;rix. is afro: vector with vector whose elements are the coefficients of the characteristic polyn., det
N+1 elements which are the coefficients of the . . . L
%Eé characteristic polynomial, DET(lanbda*EVE(SIZEA)) - A) . (sl-A) . The coefficients are or'der'ed in descendlng powers: if a vector ¢ has
Hq n+1 components, the polynomial it represents is €18" +... +€,8+€; 11
EHr POLY(V), when V is a vector, is a vector whose elements are - _ I h . t t t h I t
Fi x the coefficients of the polynomial whose roots are the p = po y(r) where 1S a vector V?C Or returns a row vector whose elements are
iy elements of V . For vectors, ROOTS and POLY are inverse the coefficients of the polynomial whose roots are the elements of r.
functions of each other, up to ordering, scalding, and
roundoff error.
ROOTS(POLY(1:20)) generates Wilkinson's famous example. * Remarks
] Note the relationship of this command to r = roots(p) which returns a
AR Clas supgort - o HpUES KX 7 column vector whose elements are the roots of the polynomial specified b
o nx float: double, single = poly p ' y
Chd the coefficients row vector p. For vectors, roots and poly are inverse
thed|  See.also roots, comv, residue, polyval. [l functions of each other, up to ordering, scaling, and roundoff error.
Ll 1y %
VdgrlmJ in
Feyzi Haznedaroglu weeks # 8
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det(s/ - A)

POLYNOMIALS

e« Example_1

e Edit Debug Deskiop Window Help
S % BA 9 oo B | 0| coren Directory [ /homeyseptDaskion [+ ] @

]
B - >> poly(1:20) =

1 2 3
4 5 6 Hans  ||aps =
7 8 0

Hp2 Columns 1 through 6

is returned in a row vector by poly: p = poly(A) Hq

p = %r 1.0000e+00 -2.1000e+02 2.0615e+04 -1.2568e+06 5.3328e+07 -1.6723e+09
- X
1 -6 -72 -27 Columns 7 through 12

4.0172e+10 -7.561le+11 1.1310e+13 -1.3559e+14 1.3075e+15 -1.0142e+16

* The roots of this polynomial (eigenvalues of matrix A) are returned in a
Columns 13 through 18

column vector by roots: r = roots(p)
6.3031e+16 -3.1133e+17 1.2066e+18 -3.6000e+18 8.0378e+18 -1.2871e+19
r= Columns 19 through 21 Il
12.1229 ‘
| 1.3804e+19 -8.7529e+18  2.4329e+18 =
-5.7345 &l
-0.3884
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File Edit Depug Desktop  Window Help

1 La| Comiana Wirdow’ i

g émB 9 o| @y & | @ | corent Directony [/rome/sept/Deskiop 1;[ =) EXAMPLE
ISR > rovts{puly (Laau)) The result is not always accurate.
E:ﬂs P Given: p(x)=(x+ 1)’
1 . .
b2 2.0000e+01 Find: Compute the zeros of the polynomial.
Ha 1.8998e+01
Hr 1.8006e+01 Answer: a = -1
Ty 1.6989e+01
[ 1.6011e+01 I
1.4996e+01 . . .
1.3996e+01 * In fact, numerical methods for the computation of the polynomial
s 1 roots with multiplicity larger than one are particularly subject to
! 1.1002e+01 roundoff errors.
9.9998e+00
8.9998e+00 [
8.0001e+00
7.0000e+00
| 6.0000e+00 =
i
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@ POLYNOMIALS

EXAMPLE cont'd.:

@ POLYNOMIALS

fle Edt Depug Desktop  Window  Help

J ._). M3y e 3 ‘ @ | Current Directony;| fmedla,‘Transcend]soune'vL &

p=1[17 213535217 1]; roots(p) e e T S
: - ] _T.i -3 >> type ex_08_03.m I
File Edit Debug Deskiop Window Help :N Files « :Twe.
P L ] | @ | Current Directory fmediaTranscendjsaurce || (@ ;g:i—gg—g;-:ﬂ” m:;::: =[172135352171];
Culrent Difectapy '+ 0 & X » T M i‘ﬂe‘)(iOSiO.?:m M-file rnuts(p}
c i >> type ex_08_03.m [Flex_08_04m  M-file >> ex_08_03
'33'2!5’65 0Lm Lﬂw:ire EQeX.gg.gg.m M—;?:e
Fsgnaty B p=1[172135352171]; [21ex-05.06m il ans =
égkgg;ggm mi::{: roots(p) #lex_08_curve... M-file
®ex_0D8_04.m  M-file >> -1.008976439902066
?ew.pa_os.m M-file -1.005627465048996 + 0.0070122247744211
S -1.005627465048996 - 0.007012224774421
. -0.998023795747401 + 0.0088012382851981
-0.998023795747401 - 0.0088012382851981
| —— -0.991860519252570 + 0.0039344679437211
Al i — = M| _0.991860519252570 - 0.0039344679437214
clc Ly,
7 —r ~type ex_08_03. mL
Command History w0 oA x| ex_ 03 03 j;. g |
~ex_08_02 = _dstml 4]
cle L
type ex_08_03.m ]
EXT 14
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ADDITION AND SUBTRUCTION OF POLYNOMIALS ADDITION AND SUBTRUCTION OF POLYNOMIALS
» Polynomial addition and subtraction is the same as vector » Polynomial addition and subtraction is the same as vector
addition/subtraction operators. addition/subtraction operators.
 If the order of two polynomials (size of two vectors) does  If the order of two polynomials (size of two vectors) does
not match, zero should be added in order to match size of not match, zero should be added in order to match size of
vectors. vectors.
EXAMPLE:
* Given: p,(x)=x4-1,
Po(x) =x3-1
¢ Find: Compute the sum of two polynomials.
e Answer:p=x4+x3-2
Feyzi Haznedaroglu weeks # 8 27 Feyzi Haznedaroglu weeks # 8 28




POLYNOMIALS

EXAMPLE cont'd.:

pl = [1 00 0 -17;
p2 = [1 0 0 -17;
disp(pl);
disp(p2);

p =pl+ [0 p2]

Eile Edit Depug Desktop Window Help
Bl 9 o | &0 2 | @ | curent Directory/media/Transcand/source [+]... &
oex c I

>> type ex_08_06.m

®1ex 08 0Lm  M-file = s
#ex_08.02.m  M-file p; e [i : g ‘_'1 ]j]'
[Elex_08.03.m  M-file pe = L 1
®ex 08.04.m  M-file disp(pl);
#lex_08.05.m  M-file disp(p2);
{€ex_08.06.m  M-file = pl + [0 p2
[F1ex 08 _curve... M-file ':) vl 10 w2l

clc |
type ex_08_06.m 3|

[« sun] i
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File  Edit  Depug Deskiop Window Help

D5 & % @& 9 o | drf B | @ | curem Diractony [/mediayTranscend/source [+][] @
Current Ditectory ¥ 0 & X | 3] "B * T

LI >> type ex_08_06.m
JAFiles & Tyme

*lex_08_01l.m  M-file
®lex_08_02.m  M-file
®ex_08.03.m  M-file

pr=[1000 -1];
p2 =[100 -1];

{£1ex_08.04.m  M-file disp(p1);
®ex_08.05.m  M-file disp(p2);
$lex_08 06.m  M-file =pl + [0 p2
(#lex_08_curve... M-file f, e:: 08 {EB P2

=

Al 3 P
Command History wnoa x| 1 1 0 0 -2

clc b=

~type ex_08_06.m L e |

ex_08_06 5

[ stan] 4
Feyzi Haznedaroglu weeks # 8 30

POLYNOMIALS

MULTIPLICATION AND DIVISION OF POLYNOMIALS

e conv: returns the coefficients of the polynomial given by the product
of two polynomials.
Usage: conv(pl, p2)

* deconv: provides the coefficients of the polynomials obtained on
dividing p1 by p2.
Usage: [q, r]= deconv(pl, p2)
g: quotient of the division,
r: remainder of the division

PG = a(xX) p.(xX) + rC)
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POLYNOMIALS

MULTIPLICATION AND DIVISION OF POLYNOMIALS

» conv: returns the coefficients of the polynomial given by the product
of two polynomials.
Usage: conv(pl, p2)

» deconv: provides the coefficients of the polynomials obtained on
dividing p1 by p2.
Usage: [q, r]= deconv(pl, p2)
g: quotient of the division, (boliim,oran)
r: remainder of the division (kalani)
P1(X) = a(x) p. () + r()
EXAMPLE:
Given: p;(X) = x4 =1, p,(x) =x3-1
Find: Compute the product of two polynomials.
Answer:p=x7-x4-x%+1

Feyzi Haznedaroglu weeks # 8
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) POLYNOMIALS

i EXAMPLE cont’d.:

File  Edit  ¥lew Graphics Debug Desktop Window Help

] u\ 4 B B9 &m |8} | @ | current Diractony [fhome/sept/Deskion |+||_ | f& pl =[1000 -1];
4 P | | Commangd Window E=E T p2 = [1 0o —1];
LT B *||>> help conv e o p=conv(pl ,p2)
Harte ¢ [Valug CONV Convolution and polynomial multiplication. .
B;“ H!?’g’gv:éi € = CONV(A, B) convolves vectors A and B. The resulting
el 10001] vector is Tength LENGTH(A)+LENGTH(B)-1. L St e :
Hp2 [1,0,0-1] If A and B are vectors of polynomial coefficients, convelving g’”‘:”m‘ uﬁ;:.ﬂw: f"x" m’ﬂ @ |('”“lm "‘m‘"mf”‘“"ﬂfﬂmf"ﬂf“"ﬂa @
HHa [1,0] them is equivalent to multiplying the two polynomials. o ﬂ: _é‘ =
Br [0,0,0,1,-1] jn:j = >> type ex_08_04.m
i x [-1,-0.7500 Class su s i fm AR s
pport for inputs A,B: #1ex_08_0L.m  M-file & 11
Hv 405580 float: double, single #lex_08.02.m  M-file pl % E : g ?1]:_[]'
Flex 08.03.m  M-file b 1 2) U
i =conv .
See also deconv, conv2, convn, filter and, in the signal giizgg;ggﬂ m:}: g A
Processing Toolbox, xcorr, convmtx. 191ex_08.06.m  M-file > |
Eﬂex_OS_cuNe... M-file
Overloaded methods: |
4] I 2 af /conv
Command Histoty w0 x
help conv E Reference page in Help browser B
~cle j doc _conv |
help conv = = .
l‘ Taummui Hislory w0 x
ex_08_03 =
cle
| type ex_08_04.m ]
4 stan -'ll
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) POLYNOMIALS

EXAMPLE:

File Edit Debug Deskiop Window Help

NElsm@ans e |y @) @ |Curram D:rzcrmy[Imedsaﬂr:n;candfsuurm Given: pl(x) =x 4 _ 1’
CurrenLDirectoy = 08 X [ AN .

cim| @ - >> type ex_03_04.m pz(x) =x3-1

L I . L .
N‘Ims e Find: Compute the division of two polynomials.

*lex_08.0l.m  M-file pL=[100 0 -1];

o )
Seiosoam e |[p2 = [LO O -1L; Answer: g(x) = X , (X) =x-1
Fex_08.04m  M-file p=conv(pl ,p2) T

Flex 08_05.m  M-file Bls Edit Dehug Deskiop MWindow Help

®lex _08.06.m  M-file >> ex_08_04 D Slemp9oc|a bl @ | current Dwecmvy’WED @

#lex_08_curve... M-file | Workspace == 0 2. ¢ [[E3 =
g @Il@’ﬂﬂ "* = ”lss help deconv [
g}“’“ = [vatue DECONV Deconvolution and polynomial division.
1 0 0 -1 -1 0 0 1 EH:m H’?’g’g’:;} [Q,R] = DECONV(B,A) deconvolves vector A out of vector B. The re
Hp1 [1101020171] is returned in vector Q and the remainder in vector R such that
%pz [1,0,0,-1] B = conv(A,Q) + R.
>> q (1,0
Hr [0,0,0,1,-1] If A and B are vectors of polynomial coefficients, deconvolution
4] | 3 %;( 51675051%070 is equivalent to polynomial division. The result of dividing B b
Commana History w0 x| s d A is quotient Q and remainder R. Ml
clc = i .
Class support for -inputs B,A:
typ;se;;ms_otm float: double, single
ex_08_| |
@@ :m i » I I See also conv, residue.
("'t""ca.'l‘lH'Sl““' 08X Overloaded methods: 1
~help conv [] ot idecony
“help deconv =i I \vl:
4 stan] i
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POLYNOMIALS

EXAMPLE cont'd.:

Eile Edit Depug Deskiop Window Help

pl = [1 000 _1] ; NE tmB2 e dyR | 7] |Curmm Dlre\:(n'ry[fmadtaﬂranscandi:nurtg H @
2 - 1 0 0 _1 - Cuttent Dirgctory = 0 B x| »
P [ ] BEam| & >> type ex_03_05.m
[g.r]= deconv(pl , p2) [AFiles e
#1ex_08_.01.m  M-file 1 1000 -17:
. I 8 . pl = [ 1;
£ = ®lex_08.02.m M-file > 100 -1]:
fle Edt Debug Deskiop Window Help - {Fex_08.03m  M-file p2 = [ -11;
ik | \J| smave| by ﬂ | ) |(un‘am mrz(rm'yHmedlaﬂraﬂscend,‘suurﬂ\wh J® ®ex_08_04.m  M-file [q,l"]ﬂ deco“V(Pl |P2)
Current Ditectory b0 2 x, WoTH = : [®1ex_08.05m  M-file >> ex_08_05
@
= r 3 “lex 08 06.m  M-file
all n':; 4 e 7 TS S 00 00:8 #lex_08_curve... M-file q-
#ex 08 0L.m  M-file = 11
Bex o5 0om  Moie ||PL L2000 -1l
©lex 08.03m M-fie ||P2 = [100-1]; 1 0
Fex_08.04.m  M-flle [q,r]= deconv(pl ,p2)
Flex_08.05.m  M-file >> |
Tlex_08.06.m  M-file
#lex_08_curve... M-file r =
e —_ = o 0 0o 1 -1
Coammand History ol = I8
clc = | .
type ex_08_05.m | |
ex_08_05 &
- —t 4 stan. i
Command History wn oA x L
- ex_08_04 =
L cle Lf
type ex_08_05.m <|
[# san| ikl
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POLYNOMIALS

Flle Edm Depug Desktop MWindow Help
DE s e|dbo=|e \currzm Dlreuum,_rmzdmﬁrammnnfsuur(zJ_j 1@

Cutieat Dil‘“l’w Lt = I 8 4 ’ v

sosd e B Tk : = polyint: returns the coefficients of the primitive of the polynomial.
iles £ yPe = H

diizﬁﬁzgéﬁ m‘;:‘; Eg.:1=u:e:gnv(p1 ,p2) E Usage:y = polyint(p), Tiretiimemis

Flex 08.03m  M-fi S -

Slex-00.06m  Mfil y: coefficients of | *p(t) dt.

lex_08.05.m M-file q-= 0

*lex_08_06.m  M-file
*Jex_08_curve... M-fila 1 0

ion = polyder: returns the derivative of the polynomial, whose coefficients
8 6 ¥ # are given by the components of the vector p.

= Usage:y = polyder(p),
L7 Ir p2, "
Compunand Histoy w0 x| > @ (p q"“" HP !

type ex_08_05.m |~ y: coefficients of p(x)

os0s LT i
-ex_Usa_| L

~conv(pZ,q)+r - 1 0 0 0 -1 * =
[ stan i
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CURVE FITTING

« Approximating a function f consists of replacing it by another func. f.

« A function f can be replaced in a given interval by its Taylor

polynomial.

e ltrequires the knowledge of f and its derivatives up to the order n at a

diven point X,,.

CURVE FITTING

» Approximating a function f consists of replacing it by another func. f.

A function f can be replaced in a given interval by its Taylor

polynomial.

» It requires the knowledge of f and its derivatives up to the order n at a

given point x,,.

» Taylor polynomial may fail to accurately represent f far enough from

the point Xo-

« Use taylortool for the computation of Taylor's polynomial of arbitrary

degree for any given function f .

e The agreement between the function and its Taylor polynomial is

very good in a small neighborhood of Xo-
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Taylortool THle Edn Vew jmsen Toos Oepug Deskop Mndow b
Nl s 0
Efle Eon  Depug Daeskiop  WEnciow  Help -
N M9 = & 2| @ ciren Direcery fmediaTranscend/source [+ | &
Cuirent Difeciony, = 0 2 % ¥ ST 7 Taylor Sanies Appraximation
R |>> taylortool R I ' I : i I ’
4 e nee i E /
i 8_01.m M-file 151 rd
#ex_08_02.m M-file Fig
#®lex_08.03.m  M-file 4 *
Flex_08.04m  M-file o
®ex 0805m M-me @#H4 L B e pen™ i
1Flex_08.08.m  M-file 051
Wex 08 curve... M-ile
. 0 1 L L 1 L L | | .
1 12 14 18 18 z 2z 24 28 28
Tyl = 2t PO 1 b1 e P e e 1) )P
fod = fipx
X
Gom istary o Bt i <K<
help ginput N = [10 —'j
cle o Help | e e
taylortool ] . : . .
|# gran. 4 Figure 1« [ TayiorTool x| -
) [4
Comparison between the function f (x ) = 1/x and its Taylor
polynomial of degree 10 for the point x, = 1.
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CURVE FITTING

Eile  Edit  ¥iew [nsem  Tools Qeskiop Window Heip

e

Taylor Saties Approximafion

CURVE FITTING

CURVE FITTING

» A function is known only through its values at some given points.
* n+1 couples (x;y,) are given, i=0,1,2,...,n+1.

» Approximate function? :

?(xi ) =V, , where

i=0,1,2,...,n

g 4
| | 1 | | | | ~
2 ot % . : 4 ¢ ® fis called interpolant of the set of data
Tt e i AR « There exist different types of interpolant:
S — Polynomial interpolant
- o e e 5 — Trigonometric interpolant
| = ' — Rational interpolant
s  Help ﬁ Reset. ] Close
(4
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BASIC FITTING: Opening the Basic Fitting GUI
.- Figurex Figure ML ey To use the Basic Fitting GUI, you must first plot your data in a figure window,
File  Edi ¥iew [nsent Tools Depug Deskiop Window Help Selact data: |data 1 oll ks .
NeRs|Elesones 2 0 EH D L Center and scale x data soaesd using any MATLAB plot commands that produces (only) x & y.
" L] Pl i " . . . g
. C‘;[ez:ju display s on flgure ¢ To open the Basic Fitting GUI, select Tools > Basic Fitting from the menus at
' ' 5 s ortoseg W | et the top of the figure window. —
e ol e 1 Fle Edt Vew Incert |Tooks Desktop Window Help %
7 cubic s It EditRie B
oo M| /- LELIERS - =
’:: flhé;gréa polynormial 250 Zoom Ouk: gl ”
15+ -l 7th degree nDI\mnml.al . i
(] &th degrae polynomial o
_! gfa-n.uggree pcl\,rmmia} = Rotate 30 k
] it [ Show equations 7 . 200 Diata Cursor o
Significant digits” |2 = P Reset Yiew o
05+ ] Flot residuals 1 E Options. 3
LT B Pt Aces ?
T 77'5 ] ‘g Snap To Layout Grid 52
(] Show narm of residuals § ook Wiews Layout Grid o) |
T [ hep |[ cose | [ =] 7 2 Smart Aligr and Distribcte
e 2 e
= I ¢ 1 I | #Ahgn Distribute Taol ...
-1 -08 0.6 =04 -02 o 0z 04 0§ 1 a0 Hign ¢ 1
Distribuke ]
’ : 14 4%
— o _
10750 = Diata Stakistics 50 00
Year
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CURVE FITTING

To expand or collapse the panels, use the arrow button in the lower
right corner of the interface.

The GUI consists of 3 panels: |

1. For selecting a model and
plotting options

2. For examining and exporting

I Sth degree polynomial _‘
d I ff . t d [ &t degree polynornial T |
model coefficients and NOIMS | it 1 cegres ropnomal P

of residuals

3. For examining and exporting
interpolated and extrapolated
values.

-~} Basic Fitting - 1

Select data: | data 1
[ Center and scale X data
Plotfits:

Checkto display fits on figure
[ spline interpofant
[ shape-presening interpolant

[T ath degree polynomial

[ 8th degree polynomial
[~ 8t degree polynomial
|r 10th degree polynomial

I Show equations
Slgnificant digits: [ 2 =
" Plotresiduals
Bar piot ¥
Subplot =]

Numerical resuits

i -

Coefficients and norm of resicuals

Find Y= 100~
Eniter value(s) or 2 valld MATLAB
expression such as X, 1:2:40 or
Ho18

Feyzi Haznedaroglu
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CURVE FITTING

* The most common method of finding the best fit to data point is the
least squares method.

e polyfit function uses least squares method.

= polyfFit function returns the coefficients of a polynomial for a given
data set (x; , ;).

* Usage: p = polyfit(x, y, n)
n : degree of the polynomial.

xandy . data set (x; , Y;)-
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CURVE FITTING

EXAMPLE

In the table below we report the values of the sea water density p (in kg /m3)

corresponding to different values of the temperature T (in degrees Celsius):

T 4 8

12

16°

20°

p 1000.7794  1000.6427

Feyzi Haznedaroglu

1000.2805

weeks # 8

999.716

998.9700
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CURVE FITTING

EXAMPLE

In the table below we report the values of the sea water density p (in kg /m?3)
corresponding to different values of the temperature T (in degrees Celsius):

T 4 8 12° 16° 20°
p 1000.7794 1000.6427 1000.2805 999.716 998.9700

T =[4 8 12 16 20];

rho =[1000.7794 1000.6427 1000.2805 999.7165 998.9700];

px = polyfit(T, rho, 3) %|[x,y, degree]

Tx = linspace(4,20,100); % [4, 4.1616,...., 20]

rhox = polyval(px, Tx) % px func. At points Tx

plot(T, rho, ’07) % plot T versus rho with ‘o’ sign.

hold(”on”)

plot(Tx, rhox, ”-7)

grid(Con”)

xlabel (°T?)

ylabel(’rho”)

legend(’data’, ’curve fit’)
Feyzi Haznedaroglu
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CURVE FITTING

Eile  Ecit  Depug Deskiop  Window Help
NS smEd9 e | & D| 8| coren Direunryi!medrw’Transcehd[suur[ej’!.._:. ®

4 | Woikspace == 0 2 W

el E - 7 l>> type ex_08_36.m
ame « vaiee |
HT [4,8,12,1 s .
Hans [1.3967,3 I [4 8 12 16 20];
Hp [1,1,0,0.1 rho = [1000.7794 1000.6427 1000.2805 999.7165 998.9700];
Hip1 (1,0,0,0,- |px = polyfit(T, rho, 3)
p2 [1,0,0,-1/|Tx =linspace(4,20,100);
Haq [1,0] rhox=polyval (px, Tx)
dr [6,0,0,1,~ plot(T, rho, "0')
Hrho [1.0008e Vot
=P (£1.-0.75 hold('on')
By [1,0.554¢ |plot(Tx, rhox, '-")
grid('on')
x1abel('T")
ylabel('rho")
_|legend('data', 'curve fit'
KB | i »g )
cle B
type e)c_08_361;"i
 F—— |
[ stan &l
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File Edit View Insert Tools Debug Deskiop Window Helg

NDEdes|Blaace9es-C0E o

1000 8. T T T T
10005 :
10004
10002+

1000

g99.8 -

.
rha

CLEH ) CORRETRS
SEREL oo
gzt

B8G bt

e i i i i i |

o data

curve fit
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CURVE FITTING

LEAST SQUARES METHOD

« If the degree of the polynomial increases, interpolation does not
guarantee a better approximation of a given function.

* In least - squares approximation we look for an approximant f which
is a polynomial of degree m (typically, m << n) that minimizes the

mean-square error (1/n 3 "_ [y - f (xi)]z]. The same minimization
criterion can be applied for a class of functions that are not
polynomials.
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CURVE FITTING

CURVE FITTING WITH FUNCTIONS OTHER THAN POLYNOMIALS

» Rewrite the function in a first degree polynomial form.

e Power function:
y =b xm — Iny=minx+inb

* Exponential function:
y =b e mx — Iny=mx+Inb

* Logarithmic function:
y=minx+b— y=minx+b

» Reciprocal function:
y=1/(mx+b) — 1ly=mx+b

Feyzi Haznedaroglu weeks # 8
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CURVE FITTING

FUNCTION SELECTION

« For a given data it is possible to foresee which of the functions have
the potential for providing a good fit.

e This is done by plotting the data using different combinations of

linear and logarithmic axes.

CURVE FITTING

FUNCTION SELECTION

» Exponential functions can not pass through the origin.

» Exponential functions can only fit data with all positive y ’s or all

negative y ’s.

X-axis y-axis function * Logarithmic functions cannot model x = 0, or negative values of x .
linear linear y=mx+b » For the power functiony = 0 when x = 0.
logarithmic | logarithmic y=bxm « The reciprocal equation cannot model y = 0.
linear logarithmic y=hem
logarithmic | linear y=minx+b
linear linear y=1/(mx+Dhb)
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EXAMPLE: EXAMPLE:
W 064 073 096 1.21 1.83 241 315 370 4.83 6.00 W o064 073 096 121 149 183 241 315 370 4.83 6.00
t | 5.0 4.5 4.0 3.5 2.5 20 15 1.0 05 00 t | 5.0 4.5 4.0 3.5 3.0 25 20 15 1.0 05 0.0
Choose the function for the given data. Choose the function for the given data. (in revers order)
Y ATLAR 7,6.0 (A20087 1—1@‘7
Eile Ecn Depug Deskiop Window Heip
il L y 9 = h_DT £ | @ | current Directong[/media/Transcendysource [« || (@
e 0 n o T i
N >> type ex_08_funcsell.m
i_ﬂei,‘uﬁ,u‘ﬂl.m a‘if‘\\a £=0:0.5:5;
oostem Ml |lw=[6 4.83 3.7 3.15 2.41 1.83 1.49 1.21 0.96 0.73 0.64];
Flex 08 04m Mfile | [Plot(t, w, 'o')
#ex 08.05.m  M-file | [xTabel("Tinear t")
“ex 08 .06:m  M-file | [ylabel ('1inear w')
“lex_08_curve... M-file
#)ex_08_funcs... M-file ‘
“lex_08_funcs... M-file |[>>
®ex_08_funcs... M-file
lex_08_funcs... M-file
Mex 08.36.m  M-file
_lex_08_36.m~ Editor A
®ex_08_polyfi... M-file
1 =
:y:__e ex_DS_f\m%T‘
e — il
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() CURVE FITTING

Figures -

Eﬂ Ect  ¥lew Insert Tools Debug Desktop Window Help
L‘ldﬂ&“@]% U9es- 80 nm

Tioure

o ) :
5t %
i .. -
o
-]
a
R
ol
0 | 1 L L
0 05 T iE z
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Eile  Edit  Debug Eesmaa mndw Help
D 4B |dy .!'3 | @ |(urrzm Dirgmm[.rmzdzaﬂranscend;soumeUl_

Curtent Directory, 0 # % »

RS >> type ex_08_funcsel2.m
(Al Files & [Type
E;]ex 08_0l.m M-file £=0:0.5:5;
Rocigem VAl Buls 4 83 3.7 3.15 2.41 1.83 1.49 1.21 0.96 0.73 0.641;
“lex_08.04m  M-file
®ex_08.05.m M-file
#ex_08.06.m M-file
ijax 08_curve... M=file
®lex_08_funcs... M-file
Bex_08_funcs... M-file [[>>
®ex_08_funcs... M-File
®lex_08_funcs... M-file
®iex_08_36.m  M-file
[ex 08 36.m~ Editor A
*lex_08_polyfi... M-file

ylabel (' '!ug ll')
x1abel('1inear t')

Compmand History, 0 2 %

clc
type ex_08_fun
< e i

[ 4 tan] ity
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Figures - Figure 1

File [Edit ¥iew [nsert Tools Debug Desktop Window Help

NEasE 0L

=

L5 T T T
o
e
-]
o
a
a
= ]
=)
1o+ g
1 1 L L - : 1 \_
o5 1 15 z o 35 a5
2 D ! :
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CURVE FITTING

MATIAB™ 760 (RP00Ba)

File Edit Depug [zasklnp Window  Help
NE|lsma2c axB|e |Currem Directary|/media/Transcend/saurce
Current Directory = O » x "W [

BEam| & |>> type ex_08_funcsel3.m
Al Files « Type

®lex_08_01l.m M-=file -0- “C.
i!]ex,os,oz.m M-file 1500 57 %

{Mex 08.03:m M-File ‘m[ﬁ 4.83 3.7 3. 15 2.41 1.83 1.49 1.21 0.96 0.73 0.64];
lex_08_04.m  M-file :
Eﬂu 08_05.m  M-file x'lahe}( Tinear t 3]
E’jex 08.08.m  M-file ||ylabel("1inear .')
#lex_08_curve... M-file
Eﬂax 08_funcs... M=file
{Blex_08_funcs... M-file |[*> |
“lex_08_funcs... M-file
®lex_08_funcs... M-file
®lex_08.36:m  M-file
Jex_08_36.m~ FEditor A
“lex_08_polyfi... M-file

il ¥
Comuiand History e 00 2 x
e =

clc =

type ex_08_fur~
EHf e p—.
4 Start ¥ -;u
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TitoT =y meding i anscent) source)

= -1_':

Elle  Ecm  ¥ew Insert Tools Debug Desktop MWindow Help !‘! ) Bile Edit Text Go GCell Tgols Depug Deskiop ﬂinun ﬂeu:! N ) _V
NoEs|Hasgsas 608 a0 =N DER[$BB 0D - Nesh|R-DORRE BB v 808 a0
' 2 5 Bl -[1o |+ |sfa x|s&[0O
18 T T - T T = ; T . 1- t = 0:0.5:5; .
2= w = [6.00 4.83 3.70 3.15 2.41 1.83 1.49 1.21 0.96 0.73 0.64];
141 é e 3- [ p = polyfit(t,Tog(w),1);|
&= m = p(l) Il
121 e 5— b = exp(p(2)) %determine the coefficient b =
6~ ti = 0:0.1:5;
b i - Z= wi =b* exp(m * ti); %calculate the fnc. value at each element of tm
: 8- [_p'lot(-t,ll,’n’, ti, wi) ] %plot the daya points and the function
. :§ g . B 4 9- “grid
& - 10 - xlabel('t, ti')
st - 1% = ylabel('w, wi')
- 12 -  Tlegend('data’, 'polyfit')
_p;*_ a -
o
o
02, e 4
.‘j I L L L | I | 1 L
o a5 1 15 e 75 3 a5 4 as 5
' ' lihear t
" & E | seript th B Cal 2% ofd
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CURVE FITTING

TIATIAS 7600 (R2D0EAY

THignres SEigtre 1

File ﬁdﬁ Debug Deskion Window  Help File Edit  ¥iew Insert Ing!s VDanug Deskiop mp_dmf Help ) u\a :
D& 4 M@ ¢ |d o 8|6 | curediredory [mednsTranscend/saurce [+][.] NDEs|Easoses- 0| 0EH = B0 e0
CurentDirectory = 0. » x. "W LIIEREREEEE ] R . . -
=R >> clf 6 . T T T
R N L, 2 o daa
Al Files' £ Twe |55 ex_08_funcsel4d : : i : : it
#lex_08.0L.m  M-filg=l ; | i poyy
#ex_08.02.m  M-filg - I S A T P ey o ]
Bex_08.03.m M-fild |[M = i ‘ :
“ex_08_04m  M-file
Fex_08.05.m M-filg -4,5801e-01
Flex 08.06m  M-file, -
*lex_08_curve... M-file/
*)ex_08_furcs... M-filg b s .
Flex_08_funcs... M-filgl = . o )
“lex_08_funcs... M-file :
Bex_08_funcs... M-fllg 5.9889e+00
“lex_08.36.m  M-file— 2+
o8 36m. Edtor..
. 13
Commani History =[] 2 % T
clf = : : ; j : i ;
ex_08_funcselés o i i i i i i i i i
[l i I i 05 1 s 2 25 3 25 4 45 5
4 Stan| : b
- - fan

e E e (S0 ] [=b]8 o [= b B ] =)= o 4 )
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@ CURVE FITTING

EXAMPLE:

e The price (in euros) of a magazine has changed as follows:

Nop 87 Dec B8 Nov G Jan 93 Jon 05 Jon 56 N op B6 N oo (0
45 5.0 .0 65 7.0 75 2.0 2.0

Estimate the price in November 2002 by extrapolating these data.
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@ CURVE FITTING

EXAMPLE:
di
Latitude K =006r K=15 K=20 K=30
G5 -3.1 352 605 93
55 -3.22 3.62 6.02 9.3
15 =33 365 502 917
35 -332 352 57 282
25 -317 3dy 53 &1
15 -3.07 3.2 5.02 T.52
5 -1.02 315 405 7.3
-5 -3.02 315 497 7.35
-15 -3.12 3.2 5.07 T.62
-25 -3.2 327 535 822
-35 -3.35 352 562 &8
-45 -137 3T 505 9.25
-58 -3.25 3.7 6.1 9.5

» Variation of the average yearly temperature on the Earth for four
different values of the concentration K of carbon acid at different
latitudes.

— Compute the least-squares polynomial of degree 4 that approximates the
values of K reported in the Table given above.
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@ References for Week 8

1 Alfio Quarteroni, Fausto Saleri, Scientific Computing with
Matlab and Octave, Springer, 2006.

2 Brian Hahn, Daniel T.Valentine, Essential Matlab for
Engineers and Scientists, Elsevier, 2010.

3 http://mww.mathworks.com/help/techdoc/ref/ f16-5872.html#f16-6325

Have a nice Week End
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