
Homework 1 Solution                MIA503E                          Due: March 14, 2018 

1) Show that divergence of vorticity is zero. 

Vorticity 𝑤𝑖 and its divergence is given as follows in tensor notation 

 

𝒘𝒊 = 𝜺𝒊𝒋𝒌

𝝏𝒖𝒌

𝝏𝒙𝒋
,         

𝝏𝒘𝒊

𝝏𝒙𝒊
= 𝟎 

Solution: 

 

𝝏

𝝏𝒙𝒊
𝜺𝒊𝒋𝒌

𝝏𝒖𝒌

𝝏𝒙𝒋
=

𝝏

𝝏𝒙𝟏
𝜺𝟏𝟐𝟑

𝝏𝒖𝟑

𝝏𝒙𝟐
+

𝝏

𝝏𝒙𝟏
𝜺𝟏𝟑𝟐

𝝏𝒖𝟐

𝝏𝒙𝟑
 

+
𝝏

𝝏𝒙𝟐
𝜺𝟐𝟑𝟏

𝝏𝒖𝟏

𝝏𝒙𝟑
+

𝝏

𝝏𝒙𝟐
𝜺𝟐𝟏𝟑

𝝏𝒖𝟑

𝝏𝒙𝟏
 

+
𝝏

𝝏𝒙𝟑
𝜺𝟑𝟏𝟐

𝝏𝒖𝟐

𝝏𝒙𝟏
+

𝝏

𝝏𝒙𝟑
𝜺𝟑𝟐𝟏

𝝏𝒖𝟏

𝝏𝒙𝟐
 

=
𝝏

𝝏𝒙𝟏

𝝏𝒖𝟑

𝝏𝒙𝟐
−

𝝏

𝝏𝒙𝟏

𝝏𝒖𝟐

𝝏𝒙𝟑
+

𝝏

𝝏𝒙𝟐

𝝏𝒖𝟏

𝝏𝒙𝟑
−

𝝏

𝝏𝒙𝟐

𝝏𝒖𝟑

𝝏𝒙𝟏
+

𝝏

𝝏𝒙𝟑

𝝏𝒖𝟐

𝝏𝒙𝟏
−

𝝏

𝝏𝒙𝟑

𝝏𝒖𝟏

𝝏𝒙𝟐
= 𝟎 

 

2) Write the following identity in tensor notation and prove it 

 

(�⃗⃗� ∙ �⃗⃗� )�⃗⃗� = 𝛁(
𝑽𝟐

𝟐
) − �⃗⃗� × �⃗⃗� × �⃗⃗�  

 

Hint: use the identity 𝜺𝒊𝒋𝒌𝜺𝒊𝒍𝒎 = 𝜹𝒋𝒍𝜹𝒌𝒎 − 𝜹𝒋𝒎𝜹𝒌𝒍 

 

Solution: 

𝒖𝒋

𝝏𝒖𝒊

𝝏𝒙𝒋
=

𝝏(
𝒖𝒋𝒖𝒋

𝟐
)

𝝏𝒙𝒊
− 𝜺𝒊𝒋𝒌𝒖𝒋𝜺𝒌𝒍𝒎

𝝏𝒖𝒎

𝝏𝒙𝒍
 

 

𝒖𝒋

𝝏𝒖𝒊

𝝏𝒙𝒋
= 𝒖𝒋

𝝏𝒖𝒋

𝝏𝒙𝒊
− (𝜹𝒊𝒍𝜹𝒋𝒎 − 𝜹𝒊𝒎𝜹𝒋𝒍)𝒖𝒋

𝝏𝒖𝒎

𝝏𝒙𝒍
 

 

𝒖𝒋

𝝏𝒖𝒊

𝝏𝒙𝒋
= 𝒖𝒋

𝝏𝒖𝒋

𝝏𝒙𝒊
− 𝜹𝒊𝒍

𝝏𝒖𝒎

𝝏𝒙𝒍
𝒖𝒋𝜹𝒋𝒎 + 𝜹𝒊𝒎

𝝏𝒖𝒎

𝝏𝒙𝒍
𝒖𝒋𝜹𝒋𝒍 

 

𝒖𝒋

𝝏𝒖𝒊

𝝏𝒙𝒋
= 𝒖𝒋

𝝏𝒖𝒋

𝝏𝒙𝒊
−

𝝏𝒖𝒎

𝝏𝒙𝒊
𝒖𝒎 +

𝝏𝒖𝒊

𝝏𝒙𝒍
𝒖𝒍 

 

𝒖𝒋

𝝏𝒖𝒊

𝝏𝒙𝒋
= 𝒖𝒋

𝝏𝒖𝒋

𝝏𝒙𝒊
−

𝝏𝒖𝒋

𝝏𝒙𝒊
𝒖𝒋 +

𝝏𝒖𝒊

𝝏𝒙𝒋
𝒖𝒋 =

𝝏𝒖𝒊

𝝏𝒙𝒋
𝒖𝒋 
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3) Use the following form of the momentum equation to derive an equation for kinetic energy per 

volume: 𝜿 = 𝝆𝒖𝒊𝒖𝒊/𝟐 

 

𝝆
𝑫𝒖𝒊

𝑫𝒕
= −

𝝏𝒑

𝝏𝒙𝒊
+ 

𝝏𝝉𝒋𝒊

𝝏𝒙𝒋
 

 

Result should be in the following form 

𝝏𝜿

𝝏𝒕
+ 

𝝏(𝒖𝒊𝜿)

𝝏𝒙𝒊
= ? 

 

Solution: 

𝝆𝒖𝒊(
𝝏𝒖𝒊

𝝏𝒕
+ 𝒖𝒋

𝝏𝒖𝒊

𝝏𝒙𝒋
) = −𝒖𝒊

𝝏𝒑

𝝏𝒙𝒊
+ 𝒖𝒊  

𝝏𝝉𝒋𝒊

𝝏𝒙𝒋
 

 

𝝆𝒖𝒊

𝝏𝒖𝒊

𝝏𝒕
+ 𝝆𝒖𝒋𝒖𝒊

𝝏𝒖𝒊

𝝏𝒙𝒋
= −𝒖𝒊

𝝏𝒑

𝝏𝒙𝒊
+ 𝒖𝒊  

𝝏𝝉𝒋𝒊

𝝏𝒙𝒋
 

 

𝝆
𝝏

𝝏𝒕
(
𝒖𝒊𝒖𝒊

𝟐
) + 𝝆𝒖𝒋

𝝏

𝝏𝒙𝒋
(
𝒖𝒊𝒖𝒊

𝟐
) = −𝒖𝒊

𝝏𝒑

𝝏𝒙𝒊
+ 𝒖𝒊  

𝝏𝝉𝒋𝒊

𝝏𝒙𝒋
 

 

𝝏

𝝏𝒕
(𝝆

𝒖𝒊𝒖𝒊

𝟐
) −

𝒖𝒊𝒖𝒊

𝟐

𝝏𝝆

𝝏𝒕
+

𝝏

𝝏𝒙𝒋
(𝝆𝒖𝒋

𝒖𝒊𝒖𝒊

𝟐
) −

𝒖𝒊𝒖𝒊

𝟐

𝝏

𝝏𝒙𝒋
(𝝆𝒖𝒋) = −𝒖𝒊

𝝏𝒑

𝝏𝒙𝒊
+ 𝒖𝒊  

𝝏𝝉𝒋𝒊

𝝏𝒙𝒋
 

 

𝝏

𝝏𝒕
(𝝆

𝒖𝒊𝒖𝒊

𝟐
) +

𝝏

𝝏𝒙𝒋
(𝝆𝒖𝒋

𝒖𝒊𝒖𝒊

𝟐
) −

𝒖𝒊𝒖𝒊

𝟐
(
𝝏𝝆

𝝏𝒕
+

𝝏𝝆𝒖𝒋

𝝏𝒙𝒋
) = −𝒖𝒊

𝝏𝒑

𝝏𝒙𝒊
+ 𝒖𝒊  

𝝏𝝉𝒋𝒊

𝝏𝒙𝒋
 

 

 

 

𝝏𝜿

𝝏𝒕
+ 

𝝏(𝒖𝒊𝜿)

𝝏𝒙𝒊
= = −𝒖𝒊

𝝏𝒑

𝝏𝒙𝒊
+ 𝒖𝒊

𝝏𝝉𝒋𝒊

𝝏𝒙𝒋
 

 


