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Fig. 6.2 Locating of the
center of gravity for a -
two-dimensional rigid body

=Y

each element by its coordinates x; and y;, while the gravitational force exerted by the
Earth on it is defined as AW;, where i 1s the number of an element. The resultant
force (weight) of all these elements 1s defined by

W = ZAWi

Ref.Book:Statics Learning From Engineering Examples



I.T.U. Faculty of Architecture

Structural and Earthquake Engineering WG

The location of the resultant force (line of action) may be determined by summing
the moments of each AW/ about both axes and equating them to the moment of the
resultant W about the same axes.

About x-axis

Y AM; =) AW, -y, =Wy, (6.3)
and about y-axis,
Y AM; =) AW -xi =W xg (6.4)
a b

Fig. 6.3 Center of gravity for bodies with different shapes (a) and for wires (b)
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Here, xg and yg are the coordinates of the application of the resultant force W. This
point defines the center of gravity of the two-dimensional body.

We may increase the number of particles representing our body and at the same
time decrease their size to obtain an infinite number of infinitesimally small
particles. In this case, the following expressions will describe the weight and
location of the center of gravity.

W= de (6.5)
ydW =W - yq (6.6)
xdW =W - xg (6.7)
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6.3 Centroids

Let’s assume that a body (Fig. 6.3a) has a constant thickness ¢ and 1s made of
homogeneous material (i.e., its physical properties are not the function of the
location) with a specific weight y (weight per unit volume). The weight of an
element AW;, which occupies volume AV; =tAA; may be expressed as

In the limit, equation (6.8) becomes
dW =t-v-dA (6.9)
Substituting expression for dW into (6.5)—(6.7), one gets
[ x-dA=A-xg (6.10)
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6.2 Center of Gravity of a Flat Plate

Any rigid body may be considered to consist of a number of particles, each having a
weight, dW directed toward the center of the Earth. For bodies, that are significantly
smaller than the Earth, gravitational forces acting on each particle can be considered
parallel. The resultant of these parallel forces is equal to the weight of the body W,

W— J AW (6.1)

volume

The moment M of the resultant and the sum of the moments of all gravitational
forces acting on the particles, with respect to the same point, should be equal.

M= J dM = I rxdW=rg xW (6.2)
volume volume
where rg defines the location of the center of gravity.

From the above, the location rg of the line of action of the resultant can be
determined by calculating the sum of moments for parallel forces.

The force exerted by the Earth, due to gravitation, on a particle or body is
defined as its weight.
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[y-dA:A-yG (6.11)

darca

where A is the area of the top surface of a rigid body. It should be noted that the
integration over volume 1s reduced here to the integration by area, since the
thickness of the body is constant. The values of xg and yqg obtained from (6.10)
and (6.11) define the location of the centroid of the area of the top surface of the
rigid body we consider.

Similar equations can be derived for determination of the centroid of a flat wire
(1.e., all points of the wire belong to the same plane).

y-dl=L-yg; (6.12)

contour

x-dl =L xg (6.13)

contour
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where d/ is the length of the infinitesimal element of the wire and L is the total
length of the wire.

It is important to understand the difference between the centroid and center of
gravity of a body. The centroid is purely geometrical characteristic of a body. Both
locations coincide only when a body has uniform thickness and is homogeneous.

The integrals [ vdA and deA are called the first moments of the area with

respect to the x- and y-axis.

Q}, = [ x-dA
area
and

0, — [y*dA

dlical

Thus, one can get the location of the centroid by dividing the first moment of the
area by the area.
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Thus, one can get the location of the centroid by dividing the first moment of the
area by the area.

= [10 > |19

- (6.14)

Y —
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Fig. 6.4 Axis of symmetry ‘

Area is a scalar quantity and is always positive, while the associated location of the
centroid, relative to the selected coordinate system, may be positive or negative,
thus the first moment of the area may be positive, negative, or zero. If it is zero, it
means that the centroid coincides with the coordinate axis. When an area has an axis
of symmetry, let say axis x, the centroid is on this axis, since for each element *“a”
one may find a corresponding element “b” on the other side of the symmetry axis
(Fig. 6.4). It is obvious, that if an area has two axes of symmetry the centroid must
be on their intersection. This allows us to find centroids of a number of common
shapes, having an axis of symmetry, such as circles, squares, and rectangles,
without calculations. The same is true for bodies with openings and wires.
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Example 6.2 Find the centroid of a rectangle of width b and height / (Fig. 6.6).

Solution Since the rectangle has two axes of symmetry, the centroid should be
located at the intersection of its diagonals. However, we will use integration to
show this.

Let us choose a vertical strip, as shown, which is located at the distance x from
the origin of the coordinate system and has an infinitesimal width of dx. The first
moment Q, of this strip about the y-axis is

and A = b h. = st

From (6.14) we obtain :
Fig. 6.6 Centroid "
ol a rectangle

-
X
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as we have predicted from the symmetry of the rectangle. In the similar manner, we
can calculate the value of yg to be equal to h/2.

The first moment for a rectangle about the axis parallel to its base is equal to the
base times square of the height divided by two.

Let us call the side of the rectangle along the axis about which we are calculating
the 1st moment a base, while the other side we will call a height. Thus, the first
moment for a rectangle about the axis parallel to the base is equal to the product of
its base by square of height divided by two.
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Example 6.3 Find the centroid of a uniform wire in a shape of a quarter of a circle
with radius R (Fig. 6.7).

Solution We will use the formulae (6.12) and (6.13). Let us select an infinitesimal
element of the length d/ = R - d@ at the location defined by an angle &, as shown in
Fig. 6.7. Centroid of this element is

x=R-cosf and y=R- sinf

The total length of the quarter arc is

Fig. 6.7 Centroid of a wire
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Thus, the centroid can be calculated from the following expression:

L ﬁ‘:-:
[x-dt' JRC:}SH~R-¢J’H 7
R? 2R
0 0
p— p— — . H-dﬂ:—
6= L 7R /2 [CGS 7

(0

and 1n the similar manner we can find that

2R

T

Yg —

It should be noted that xg = y; since the structure (wire) has the axis of symmetry
at 45°.
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Example 6.4 Find the location of a centroid of the quarter circle (Fig. 6.8).

Solution Quarter of a circle has an axis of symmetry at 45°. Thus, xg = yg. Let us
use a horizontal strip located at the distance y and having thickness of dy. The
equation of the circle is

4y =R

and the limits defining the quarter circle are 0 <x <R and 0 <y <R.
The area of the strip 1s dA = x - dy, where

]
X =1/R"—y?

Fig. 6.8 Centroid
of a quarter circle
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Thus, the vertical coordinate of the centroid of the quarter circle can be calculated
by direct integration

R R R R?
yGAzjydAzj}:xdyzjyﬁIRQ_yzdyz?
0 0 0

Since the area of the quarter circle 1s

B R?

A
4

the location of the centroid in the y direction is

4R

Yo = Ir
4R
Due to the symmetry we have xg = E
R¥/1
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6.3.2 Centroids of Composite Bodies

Determination of the centroids by integration may become a rather tedious task for
complicated body shapes. Very often, an area may be divided into a number of basic
clements, like rectangle, triangles, circles, and others, whose centroid coordinates
may be easily obtained by using integration. The centroids of such elements are
summarized in Table 6.1. Many structures are built from those simple shapes. For
example, the structure in Fig. 6.9 is composed of two rectangles, a triangle, and a
circular cutout. Their boundaries are shown as dotted lines. Since we know the
centroid location of each constituent part, we may rewrite (6.3) and (6.4) utilizing
(6.8) to get the centroid of the whole assembly.

zzﬁp:t"f'«ﬁzzf'}"ﬁﬂf'xr‘:ZiA:"xﬁ (6.15)

t-y-A

XG

N AWy Yrpady Yo aay,
A Y (6.16)
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Table 6.1 Centroids of basic elements

Element Area XG YG
b-h a+b h

2 3 3

b-h b h

2 2
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Table 6.1 Centroids of basic elements

Element Area XG YG
y ‘ TR? 4R 4R
4 3n 3n

Element .Length Xa ¥G
R 2R 2R
vl =R 2R 2R

2 T T

i

Ref.Book:Statics Learning From Engineering Examples

-~ T il



I.T.U. Faculty of Architecture

Structural and Earthquake Engineering WG

Guidelines and Recipes to Calculate the Centroid Location for Composite
Bodies

» Select a common coordinate system.

* Divide the body into number of parts with simple geometry, so that for
each part the location of its centroid 1s known.

« Identify the centroid location for each part in the common coordinate
system and its corresponding area or length.
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6.5.3 Theorems of Pappus

Many geometrical shapes, which are used in engineering practice, can be generated
by revolving a plane curve or a flat surface about an axis. Greek mathematician
Pappus of Alexandria (circa 290-350 cE) derived the theorem for calculating the
surface area or volume created by revolving a plane curve or an area. They apply to
the curves and areas that do not intersect the axis of rotation. He showed that the
surface and the volume are related to the distance traveled by their centroids. These
theorems are sometimes called Pappus—Guldinus. Guldinus (1577-1643) was a
Swiss mathematician, who had rediscovered these theorems, but was not able to
give a satisfactory proof of them.
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Theorem 1 The surface area created by revolution of a plane curve about the axis
belonging to the same plane is equal to the length of the curve multiplied by the
distance traveled by its centroid.

The line AB 1is revolved about the x-axis (Fig. 6.20) by an angle of 2z. The
differential length d/ generates a surface of 2zydl. Thus, the entire area S generated
after rotation of 27 is y )

B B
S = JZE}*d! = ZH[ydf
A A A

re

Fig. 6.20 Surface generated
by a rotating line

]
L/
i
L
'
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As it was shown above, (6.12), the integral in the above equation is

J ydl =L -yg

contour

Therefore, we have

S = 2nLy; (6.24)

where is the distances traveled by the centroid of the curve during the 2z revolution
around the x-axis.
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Theorem 2 The volume of a body created by revolution of a plane area about the
axis belonging to the same plane is equal to the area multiplied by the distance
traveled by its centroid.

Plane area A 1s revolving about the x-axis (Fig. 6.21) by an angle of 2x. Let’s
consider differential element dS. Rotation of element dS will generate a toroid with
volume dV = 2xydS. Thus, volume V generated by rotation of the whole area A by
21 18
v
V= J 2ny dS = ZJrJde

area A

The above integral can be represented as (see (6.12))

Jde = Ayg /
b

A

Fig. 6.21 Rotating a

plane area
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where yg is the centroid of area A. The volume of the body may be expressed as

Here, 27yg 1s the distance traveled by the centroid of the plane area.
If the curve or the area is revolved through an angle ¢ less than 2x, the resulted

area or volume can be found by substituting 2z by the angle ¢. Thus, (6.24) and
(6.25) become

A = gLy (6.26)

and

V = @Ay (6.27)

Ref.Book:Statics Learning From Engineering Examples



