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ABSTRACT: 10 

In this work, the adaptation of the process noise covariance matrix for the non-traditional attitude filtering 11 

technique is discussed. The nontraditional attitude filtering technique integrates the Unscented Kalman 12 

Filter (UKF) and Singular Value Decomposition (SVD) approaches to estimate the attitude of a 13 

nanosatellite. It is shown in this study that the process noise bias and process noise increment type system 14 

changes will cause a change in the statistical characteristics of the innovation sequence of UKF. Influence 15 

of these type of changes to the innovation of UKF is investigated.  For differences in between the process 16 

channels, the Q (process noise covariance) adaptation strategy with multiple scale factors is specifically 17 

recommended. We analyze the performance of the multiple scale factors-based adaptive SVD-Aided UKF 18 

(ASaUKF) in the cases of process noise increment and bias, which can be caused by variations in the 19 

satellite dynamics or space environment. The adaptive and non-adaptive variants of the non-traditional 20 

attitude filter are compared through simulations in order to estimate the attitude of a nanosatellite. 21 
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INTRODUCTION: 24 

     The observations in a standard attitude filter can be referenced to the Earth's magnetic field vector or 25 

any of the direction vectors to the Sun, star, or other celestial body. As a foundational approach to 26 

addressing the problem of attitude estimation with direction vector measurements, the Kalman filtering 27 

technique can be employed. This technique integrates the measurements in accordance with the satellite 28 

dynamics propagation model, facilitating a precise assessment of the satellite's orientation. In nonlinear 29 

measurements-based (traditional) approaches, the reference directions can directly be utilized to 30 

generate a Kalman filter for satellite attitude and rate estimates (Hajiyev and Cilden-Guler 2017; Soken 31 

and Hajiyev 2014; Springmann and Cutler 2014). In linear measurements-based (nontraditional) 32 

approaches, the observations are first handled in a single-frame method for establishing a linear set of 33 

measurements for the filtering stage, which might be Extended Kalman filter (EKF) (Hajiyev et al. 2016; 34 

Hajiyev and Bahar 2003; Hajiyev and Cilden-Guler 2017; Mimasu and Van der Ha 2009) or Unscented 35 

Kalman filter (UKF) (Cilden et al. 2017; Gui et al. 2023b; a; Soken and Sakai 2020). The nontraditional 36 

approach demonstrates the capability to maintain robustness even when there are changes in 37 

measurement noise covariance, leading to enhanced accuracy performance (Cilden-Guler et al. 2017b). 38 

The article (Xue et al. 2023) presents an adaptive filter system based on the multistate constraint Kalman 39 

filter in position, orientation and measurement noise covariance factor estimation, where it is then used 40 

in the filtering for adaptation without considering an uncertain process noise in the system. 41 

 42 

Adjusting the process noise covariance of the filter presents a challenge for non-traditional attitude filters, 43 

as observed in previous studies. Changes in the disturbance torques, such as residual magnetic torque, 44 
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inaccuracies in satellite dynamics modeling, or issues with actuators, lead to variations in the process 45 

noise covariance of the filter. Although the non-traditional attitude filter exhibits robustness against 46 

measurement variations, it lacks the ability to adapt to fluctuations in this specific type of process noise 47 

covariance e.g. change in the mass moment of inertia of the spacecraft or space environment. The process 48 

noise adaptation needs to be considered at this stage in order to have this ability on top of the robustness 49 

against measurement noise challenges. The study in (Almagbile et al. 2023) stated that a traditional 50 

Kalman filter is typically utilized when the covariance matrices are known and constant. However, when 51 

the covariance matrices are unknown and time-varying, various adaptive estimation procedures must be 52 

developed to estimate their statistical information. An adaptive fading UKF algorithm based on the 53 

correction of process noise covariance (Q-adaptation) for the case of mismatches with the model is 54 

proposed in (Soken and Hajiyev 2011). The Sage-Husa adaptive Kalman filter and innovation-based 55 

adaptive Kalman filter approaches are employed in (Almagbile et al. 2023) for adapting the measurement 56 

covariance matrix. In order to improve the performance of data fusion under abnormal measurement 57 

noise, it is proposed to use an adaptive M-estimation robust unscented Kalman filter in (Sun et al. 2023). 58 

They combine Huber's linear regression problem with the covariance matching approach to produce the 59 

adaptive matrix, which uses the innovation covariance estimator based on fading memory index weights 60 

to change the measurement noise covariance adaptively. Another study of (Qiu et al. 2020) presents an 61 

adaptive resilient spacecraft attitude estimate algorithm based on Huber and covariance matching. The 62 

measurement noise is calculated using robust filtering by building a nonlinear regression model whereas 63 

the process noise is reduced by incorporating a fading component. 64 

The paper of (Li et al. 2016) presents a robust UKF extension which provides trustworthy state estimations 65 

in the presence of unknown process noise and measurement noise covariance matrices. To increase 66 

dynamic state estimation accuracy, another research provides an adaptive filtering strategy based on 67 

innovation and residual to adaptively estimate Q and R of EKF (Akhlaghi et al. 2018). A variational 68 
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Bayesian-based adaptive Kalman filter for linear Gaussian state-space model with inaccurate process and 69 

measurement noise covariance matrices is proposed in (Huang et al. 2018). The state, as well as the 70 

expected error and measurement noise covariance matrices, are inferred using the variational Bayesian 71 

technique using inverse Wishart priors. Another study on slide window variational adaptive Kalman filter 72 

is presented in (Huang et al. 2020) in case of inaccurate state and measurement noise covariance matrices. 73 

The algorithms are designed based on the forward Kalman filtering, the backward Kalman smoothing, and 74 

the online estimates of noise covariance matrices. Similarly, in (Huang et al. 2021), variational adaptive 75 

Kalman filter with Gaussian-inverse-Wishart mixture distribution is implemented for partially unknown 76 

state and measurement noise covariance matrices. The system state vector together with the process 77 

noise covariance matrix and the measurement noise covariance matrix are jointly estimated. In (Zhu et al. 78 

2023), the coefficient of the process noise covariance matrix is estimated based on the variational 79 

Bayesian method and improved by the sample screening technique by dimension. The study of (Kim et al. 80 

2021) introduces an augmented adaptive unscented Kalman filter to estimate both the diagonal process 81 

noise covariance matrix and the unknown inputs. A selective scaling method is introduced in that study 82 

to improve the convergence property of the filter. A method is presented in (Iezzi et al. 2023) for 83 

localization that employs an adaptive Extended Kalman Filter exploiting statistical techniques to overcome 84 

the inaccuracies of conventional EKF when the noise of the environment or of the instrumentation is time-85 

varying or unknown. Another study of (Xi et al. 2018) proposes an adaptive process noise 86 

covariance Kalman filter that updates the process noise covariance matrix of the KF by maximizing the 87 

evidence density function. A robust filtering method combined multi-factor scaling and bias estimation is 88 

proposed in (Xu et al. 2022) based on the estimation of variances. An optimal information fusion 89 

methodology based on adaptive and robust UKF is presented in (Wang et al. 2021) for multi-sensor 90 

nonlinear stochastic systems. Their simulation findings show that the proposed strategy works well in the 91 

presence of time-varying process error and measurement noise covariance.  92 

https://www.sciencedirect.com/topics/computer-science/kalman-filtering
https://www.sciencedirect.com/topics/engineering/covariance-matrix
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In (Hajiyev and Cilden-Guler 2023), it is demonstrated how to change the process and measurement noise 93 

covariance matrices at the same time for a nontraditional attitude filtering technique. The authors' study 94 

like the other studies mentioned in this section only considers the event of uncertain process noise caused 95 

by changes in the environment or satellite dynamics. It is shown in this study; however, that both of the 96 

process noise bias and process noise increment type system changes will cause a change in the statistical 97 

characteristics of the innovation sequence of UKF. The theoretical basics of the Q-adaptive SVD-aided UKF 98 

with uncertain process noise mean and covariance are developed and presented. For the purpose of 99 

estimating a nanosatellite's attitude, simulations are compared using the adaptive and non-adaptive 100 

versions of the nontraditional attitude filter in the presence of process noise bias and process noise 101 

increment type system changes. 102 

In the following sections, we first describe the rotational motion of the satellite and the measurement 103 

models for the attitude sensors. The attitude estimation algorithms are then given with the influence of 104 

process noise changes to the innovation. The theoretical basics of the Q-adaptive SVD-aided UKF with 105 

uncertain process noise mean and covariance are presented. Analyses and findings are provided after 106 

providing specifics of the proposed estimation filter with multiple factor adaption characteristics. Finally, 107 

in the concluding section of the work, a summary and conclusion are provided. 108 

 109 

SATELLITE ROTATIONAL MOTION AND ATTITUDE MEASUREMENT MODELS: 110 

The satellite's kinematics equation of motion may be written using the quaternion attitude 111 

representation as, 112 

= Ωq ω q1
( ) ( ( )) ( )

2 BRt t t  .                                                                     (1)                                                 113 
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Here q  comprises of four attitude parameters in the quaternion, [ ]= 1 2 3 4
Tq q q qq  where it satisfies 114 

the condition that the norm of the elements is 1. We can recast the quaternion because the last term is a 115 

scalar and the first three terms are vector terms as  =  q g 4

TT q , [ ]=g 1 2 3
Tq q q , Ω( )BRω  is ×4 4  116 

skew symmetric matrix composed by the components of [ ]ω ω ω= 1 2 3
T

BRω  that is the angular velocity 117 

vector of body frame with respect to the reference (orbital) frame. 118 

It is essential to describe the angular rate vector of the body in regard to the inertial axis frame 119 

separately from the angular velocity vector, ω ω ω =   .
T

BI x y zω BIω  and BRω  can be related via, 120 

[ ]ω= − −0 0 .T
BR BI oAω ω                                                                         (2) 121 

Here, ωo  indicates the satellite's angular orbital velocity. In (3), A  is the attitude matrix and the 122 

quaternions are linked to it by, 123 

[ ]×= − + − ×g gg g22
4 3 3 4( ) 2 2Tq I qA .                                                                     (3)                                              124 

3 3xI  is the identity matrix with the dimension of  ×3 3 and [ ]×g  is the skew-symmetric matrix whose 125 

elements are the components of g  vector. 126 

Based on Euler's equations, it is possible to deduce the satellite's dynamic equations,  127 

( )= − ×N ,BI
d BI BIJ J

dt
ω ω ω                                                                       (4)                                             128 

where J  is the principal moments of inertia matrix as ( )= , ,x y zJ diag J J J  and Nd  is the vector of 129 

disturbance torque affecting the nanosatellite.  130 

This study outlines our approach for attitude determination on a nanosatellite that incorporates both 131 

magnetometers and a Sun sensor as attitude sensors. To determine the attitude, it is necessary to 132 
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establish the unit vectors in the reference orbit frame that correspond to the unit vectors measured by 133 

the sensors in the spacecraft body frame. The measurement models presented in this study depict the 134 

relationships between these computed and measured unit vectors, facilitating accurate attitude 135 

determination. The magnetometer measurement model is as follows, 136 

= + 1b oA ξB B                                                                                   (5) 137 

Here Bb  is the magnetic field vector measured in the body frame, Bo is the orbit frame's computed 138 

magnetic field vector and 1ξ  is the zero-mean Gaussian white noise.  139 

In orbit frame, the Sun direction measurement model can be written as follows,  140 

 = + 2b oA ξS S                                                                                   (6) 141 

Here Sb  is the Sun direction vector as measured in the body frame, So is the orbit frame's determined 142 

Sun direction vector and 2ξ  is the zero-mean Gaussian white noise. It is assumed that that the 143 

magnetometers and Sun sensors are calibrated against any bias and/or misalignment. 144 

 145 

INTEGRATION OF SVD AND UKF FOR ATTITUDE ESTIMATION: 146 

The nontraditional attitude estimation procedure that is composed of two stages as singular value 147 

decomposition (SVD) and unscented Kalman filter (UKF) is presented in this section. The algorithm of 148 

Singular Value Decomposition Aided Unscented Kalman Filter (SVD-aided UKF) is named SaUKF for short 149 

throughout the text. 150 

Single-frame attitude estimate techniques encompass methods such as SVD, q-method, QUEST, FOAM, 151 

and others (Markley and Mortari 2000). All these techniques aim to minimize the loss function as 152 
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defined by Wahba (1965). In this instance, the SVD approach is selected for its superior robustness 153 

(Cilden-Guler et al. 2017a; Vinther et al. 2011).  154 

Given a set of ≥2n  vector measurements, ˆ i
Bu , in the body system, choosing to minimize the loss 155 

function given as for an ideal attitude matrix, A, is one possibility, 156 

=

= −∑
2

1

ˆ ˆ( )
n

i i
i B R

i

J wA u Au                                                                 (7)                                             157 

where iw is the weight of the ith vector measurement, ˆ i
Ru  is the vector in the reference frame. This 158 

optimization problem can be solved using the SVD method. An attitude determination algorithm based 159 

on SVD is provided in (Markley and Mortari 2000). SVD method also provides covariance matrix 160 

comprising the singular values (for details, please see (Markley and Mortari 2000)) . The filter achieves 161 

robustness against measurement faults through this initial pre-processing stage of SVD method that 162 

accurately determines the initial states, eliminating the need for arbitrary values but also gain the filter a 163 

reconfigurability capability for various sensor sets for different mission operation scenarios. 164 

The UKF is based on the unscented transform, a deterministic sampling approach used to get a reduced 165 

set of sample points (or sigma points) from the states' previous mean and covariance. These sigma points 166 

are nonlinearly processed, and the modified sigma points are used to calculate the posterior mean and 167 

covariance (Julier et al. 2000). 168 

Because the UKF is formed using discrete-time nonlinear equations, the process model is represented by 169 

the equations below, 170 

+ = +( 1) ( ( ), ) ( )k k k kx f x w ,                                                               (8)                                                171 

= +( ) ( ) ( )k k ky Hx ξ .                                                                      (9)                                        172 
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Here,  =  q( ) ( ) ( )
TT T

BIk k kx ω  is the 7x1 state vector. As all the states are measured, ( )ky  is the 7x1 173 

measurement vector, which is composed of the quaternion measurements determined by the SVD 174 

method and the angular velocities by the rate gyros. Moreover ( )kw  and ( )kξ  are the process and 175 

measurement error noises, which, according to the assumption, are processes with Gaussian white noise 176 

with zero mean and a covariance of ( )kQ and ( )kR respectively, H  is the measurement matrix of system. 177 

The detailed explanation of the well-known Unscented Kalman Filter (UKF) procedure for the process 178 

specified in equations (8) and (9) can be found in (Hajiyev et al. 2019). However, to maintain brevity, the 179 

step-by-step procedure is not provided in this paper. 180 

 181 

INFLUENCE OF PROCESS NOISE CHANGES TO THE INNOVATION OF UKF: 182 

The statistical properties of UKF's innovation will be changed due to process noise bias and process 183 

noise increment type system changes. The impact of such types of changes on UKF innovation is 184 

examined in this section. 185 

Influence of Process Noise Increment to the Innovation:  186 

Let the UKF process the measurements and a process noise increment occurs at the iterations τ≥k . 187 

Process noise increment can be simulated by multiplying the process noise vector by the diagonal matrix 188 

( )kΦ , the diagonal elements of which satisfy the following condition: σ ≥( ) 1ii k ,  ( =1,i s )  for ∀ τ≥k  ( s  189 

is the dimension of the process noise vector). The diagonal elements of matrix ( )kΦ can be represented 190 

as follows: 191 

σ


= 


1:  there is no change in system noise
>1: changes in system noiseii  192 
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The mathematical model of process in this case can be written in the form: 193 

+ = +( 1) ( ( ), ) ( ) ( )k k k k kx f x Φ w ,                                                             (10)                                            194 

The following theorem was proven in (Hajiyev and Cilden-Guler 2023). 195 

Theorem 1: If the UKF process the measurements and a process noise increment occurs at the iteration 196 

step τ=k . Then at the all τ≥k  steps the process noise increment leads to increment in the innovation 197 

covariance. 198 

Theorem 1 shows that process noise increment type system changes will lead to an increment in UKF’s 199 

innovation covariance.                                   200 

Influence of Process Noise Bias to the Innovation: 201 

     Assumption. In this section, the process noise is assumed to be biased and can be represented as a of 202 

sum of random ( )w k  and constant δ ( )k  components.  203 

      The process and measurement model equations in this case can be written as, 204 

+ = + +( 1) ( ( ), ) ( ) ( )b k k k k kx f x δ w ,                                                                      (11)                                                205 

  
[ ]
[ ]

= +

= − − + − + − +

= − − + − + − +

= + − + = + −

( ) ( ) ( )

( ( 1), 1) ( 1) ( 1) ( )

( ( 1), 1) ( 1) ( 1) ( )

( ) ( 1) ( ) ( ) ( 1)

b bk k k

k k k k k

k k k k k

k k k k k

y Hx ξ

H f x δ w ξ

H f x w Hδ ξ

Hx Hδ ξ y Hδ

                                    (12)                         206 

Here, b in the index shows that the value is biased. It is clear that in this case the system state estimates 207 

will be biased.  208 

Theorem 2:  If the UKF process the measurements and a process noise bias occurs at the iteration step 209 

τ=k , then at the all τ>k  steps the estimation and innovation of UKF are biased and innovation bias is 210 

equal to the observed difference between the process bias and prediction bias.  211 
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Proof. See Appendix A. 212 

A sampling covariance matrix of innovation is presented as statistics for detecting and compensating for 213 

changes in process noise. The innovation's sample covariance matrix can be written as: (Hajiyev et al. 214 

2019): 215 

ν
= − +

= ∑
1

1ˆ ( ) ( ) ( )
k

T

j k M

k j j
M

S ν ν                                                              (13)                                                              216 

where  M  is the width of the “sliding window”.  217 

If there is a bias in the mean of the innovation at time τ, and the biased innovation is indicated by ( )b kν , 218 

then the biased innovation is defined as, 219 

                          =( ) ( )b k kν ν  ,          k=1,2,... τ-1                                                 (14) 220 

= +( ) ( ) ( )b k k kν ν μ ,      k=τ,τ+1,..                                                      (15)                                  221 

where ( )kμ  is an unknown innovation bias vector. 222 

When k<τ, the following formula provides the mathematical expectation of the sample innovation 223 

covariance matrix (17) 224 

ν νν  = − = − + 
ˆ ( ) ( / 1) ( / 1) ( )TE k k k k k kS P HP H R                                      (16)                                        225 

Here −( / 1)k kP   is the extrapolation error covariance matrix. In the case of k≥ τ, in the sample 226 

innovation covariance a biased innovation = +( ) ( ) ( )b k k kν ν μ is used instead of an unbiased innovation 227 

( )kν  [21]. 228 

ν
= − +

= ∑
1

1ˆ ( ) ( ) ( )
k

T
b b b

j k M

k j j
M

S ν ν                                                            (17)                                                    229 
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Remark 1. Note that the mean of innovation ( )b kν in this case is not zero, so formula (17) is not a sample 230 

covariance. In a “sliding window”, this is the mean square of innovation (MSI). 231 

Statement. The bias in innovation leads to an increase in the mathematical expectation of the mean 232 

square of innovation. 233 

Proof.  The mathematical expectation of mean square of innovation (17) can be written as 234 

[ ][ ]ν
= − +

= − +

 
  = + + = ×  

 
 

 + + +  
 

∑

∑

1

1

1 1ˆ ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

k
T

b
j k M

k
T T T T

j k M

E k E j j j j
M M

E j j j j j j j j

S ν μ ν μ

ν ν ν μ μ ν μ μ

                                             (18)                  235 

Taking into account [ ] =( ) 0E kν , and the absence of correlation between the parameters ( )jν  and ( )jμ , 236 

we have 237 

ν ν
= − +

 
   = +     

 
∑

1

1ˆ ˆ( ) ( ) ( ) ( )
k

T
b

j k M

E k E k E j j
M

S S μ μ                                   (19)                                        238 

Comparison of expressions (18) and (19) proves the Statement. Consequently, the process noise bias will 239 

increase the mathematical expectation of the mean square of innovation.  240 

It can be seen from the Theorem 2 and the Statement above that the process noise bias is transferred to 241 

the innovation bias and changes the mean square of innovation (17). The innovation bias ( )kμ  leads to a 242 

change in the values of ( )b kν and the elements of the mean square of innovation. As a result, the bias in 243 

the process noise is transferred to the MSI. Thus, the MSI can be chosen as a monitoring statistic in the 244 

problem of compensating for changes in process noise. 245 

  246 

Q-ADAPTIVE INTEGRATED SVD/UKF ATTITUDE ESTIMATION ALGORITHM: 247 
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In the integrated filtering procedure, one of the single-frame methods -SVD in our case- runs for 248 

providing the attitude and corresponding covariances. The Kalman-type filter -UKF in our case- is then 249 

processed with these estimated attitude terms as input.  ‘SaUKF’ is used instead of ‘SVD-aided UKF’ and 250 

‘ASaUKF’ instead of ‘Q-Adaptive SVD-aided UKF’ for short. In addition to the estimated quaternions, the 251 

estimation covariance obtained from the SVD is incorporated into the UKF method. It is utilized as the 252 

measurement noise covariance matrix for the filter, i.e. + = +( 1) ( 1)svdR k P k .  As a result, this filtering 253 

approach is inherently resistant to measurement noise increments in particular. In the presence of a 254 

measurement error, the SVD's estimation covariance, which is also the filter's measurement noise 255 

covariance, rises, allowing the filter to run without being adversely damaged. 256 

One problem for the attitude filters is adjusting the filter's process noise covariance matrix. It is critical 257 

to improve the process noise covariance as the environment changes. Any conditional modification that 258 

might affect the filter's process model is mentioned here. These include changes to the inertia 259 

parameters (for example, deployment or retraction of solar arrays, motion of robotic arms), changes to 260 

the disturbance torques (for example, when the satellite enters or escapes an eclipse), and changes to 261 

the controller parameters (for example, a failure), though a controller is not addressed in this study. 262 

While the measurement covariance is adapted automatically by the aid of SVD method, an external rule 263 

is employed to concurrently adjust the process covariance, ensuring that both covariances are adapted. 264 

The noise increment type process noise change influences UKF's innovation covariance (Hajiyev and 265 

Cilden-Guler 2023). As a result, in the process noise covariance matching problem, the innovation 266 

covariance can be used as the monitoring statistic. The innovation covariance at the iteration steps τ≥k  267 

can be written as, 268 

( ) ( ) [ ] + = + + + + 
2*1 1 ( ) ( ) ( 1)T

vv k k k k k k kP H P Φ Q H R                                     (20)                              269 
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Here ( )+* 1k kP is the extrapolation error covariance matrix without taking into account process noise. 270 

Substituting the adaptive scaling matrix [ ]= 2( ) ( )k kΛ Φ into formula (20), after mathematical 271 

transformations we have                      272 

( )= + − + − +*( ) ( ) 1 ( 1 / ) ( 1)T T
vvk k k k k k kHΛ Q H P HP H R                                             (21) 273 

After multiplying the expression (21) by TH on the left and H on the right, we get 274 

   ( ) = + − + − + 
*( ) ( ) 1 ( 1 / ) ( 1)T T T T

vvk k k k k k kH HΛ Q H H H P HP H R H                                 (22)                                     275 

The scaling matrix ( )kΛ  is defined from the formula (22) as  276 

( ) ( )− −

= − +

 
   = × + + − + − + ×    

 
∑

1 1*

1

1
( ) 1 1 ( 1 / ) ( 1) ( )

k
T T T T T

j k M

k j j k k k k
M

Λ H H H ν ν HP H R H Q H H   (23) 277 

where its components compose the adaptive factors. The pseudocode for the proposed algorithm is 278 

given in the Table I. 279 

Remark 2. Formula for the scaling matrix (23) can be used in two practical cases:  280 

It can be used to adapt the real process noise covariance to the changing environment. If the real 281 

process noise increase, according to Theorem 1, the process noise increment leads to increment in the 282 

innovation and the innovation covariance. As seen from (23), in this case, the elements of the scaling 283 

matrix will increase and become more than 1. The simulations of Section VI.B are run for this case. 284 

It can be used for verification of the process noise covariance. If the covariance matrix, Q used in the 285 

mathematical model of the system is larger than the real process noise covariance, as seen from (23), 286 

the denominator will increase and the scaling matrix will decrease. In this case, the elements of the 287 

scaling matrix will become less than 1. The simulations of Section VI.A are run for this case. 288 
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 289 

ANALYSIS OF SIMULATION RESULTS: 290 

The research considers a tumbling satellite to evaluate the suggested techniques under critical 291 

measurement and environmental concerns. The principal moment of inertia is292 

[ ]= 2diag 0.055 0.055 0.017  kg mJ . The program runs for nearly one orbital cycle with the filter and 293 

sensors sampling at 1 Hz. Magnetometers and Sun sensors are chosen as the attitude sensors with the 294 

standard deviations of σ = 300 nTB  and σ = 0.002S , respectively. The process noise covariance is set as 295 

− −
× × =  

4 9
3 3 3 310 10diagQ I I  for an initial matrix. The single-frame attitude estimation methods can be 296 

employed only when at least two measurements are available at the same time and the vectors are not 297 

parallel to one another. As a result, the single-frame approach is unsuccessful when the satellite is 298 

in shadow and two vectors are parallel. An eclipse period is inserted between the 500th and 1500th 299 

seconds to illustrate how the filter performs when used with a single-frame technique in these intervals. 300 

The first segment assesses the ASaUKF for process noise increments between 4500th and 5500th 301 

seconds. In the same interval, the second portion examines the adaptation for process noise bias.  302 

Process Noise Increment Case: 303 

We reveal that the nontraditional attitude filter may be R and Q adaptive at the same time. Similarly to 304 

the preceding part, the eclipse time ranges from 500th to 1500th seconds. As the process noise 305 

increases as, ( )
( )

η
η

−

−

 
=  
 

4
1x3 3x3

9
3x3 1x3

10 diag 0
0 10 diag

Q  between 4500th and 5500th s to test the efficacy of 306 

the suggested Q-adaptation method for the attitude filter by using the constant increment vectors of307 

{ } { }η η= × × = × ×2 2 3 3 3 4
low medium10 2 10 2 10 ; 10 2 10 2 10 ; { }η = × ×4 4 4

high 10 2 10 2 10  for each 308 

channel of attitude and angular rates. Because we employ multiple measurement noise scaling factors, 309 
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also known as adaptive factors, changing increments on each channel will result in distinct factors for 310 

each channel of the factor. 311 

ASaUKF quaternion estimate errors are seen in Fig. 1. The Figure shows the case of having high process 312 

noise increments. The graphic shows three periods that are not as correctly assessed as the rest of the 313 

time. The first is the eclipse period, which lasts between 500 and 1500 seconds. Switching to a 314 

magnetometer-based estimate filter makes it easy to customize this interval. The second interval of 315 

having parallel vectors of sun and magnetic field directions about 3400th second is the same. The noisy 316 

interval is the third interval of process covariance between 4500 and 5500 seconds. We'd like to take a 317 

closer look at this time period. Table II shows the RMS errors for this interval for each filter and scenario. 318 

When closely examining the estimation error norms, it becomes apparent that the ASaUKF performance 319 

is not significantly affected by increasing noise increments from low to high levels, unlike the SaUKF. 320 

In terms of process noise covariance, SaUKF calculations lack an adaptive framework. As a result, the 321 

estimate errors for SaUKF rise from low to high increment situations, but the estimation errors for 322 

ASaUKF do not vary substantially. This is an obvious result of each channel's effective adaptation in 323 

process covariance. This adaptation is carried out utilizing the adaptation factor shown in Fig. 2 for the 324 

situation of high process noise escalation. As a result, we may conclude that ASaUKF is more dependable 325 

than SaUKF for each process noise increment, even when attitude estimates continue to deteriorate. 326 

Figure 3 depicts various process noise increments for a better understanding of Table II. The increment 327 

values ( )η  are given the same for every channel as η − − =  
4 9

3x3 3x310 10diagQ I I . 328 

As seen in this section, the increment is issued between 4500 and 5500 seconds intervals. RMS errors 329 

are estimated for each instance throughout this time period. The estimation error trend for each filter is 330 

plainly visible. It can be shown that the SaUKF has a rapid rise in estimating errors for this type of 331 

uncertainty produced by environmental changes. ASaUKF, on the other hand, grows considerably by the 332 
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provided increment. The ASaUKF is unaffected by process noise increments, particularly in the 333 

beginning, and remains at the same error level, whereas the SaUKF has a jump in that interval and 334 

gradually grows subsequently. 335 

Process Noise Bias Case:  336 

To investigate the filter's ability to adapt to process bias faults, the algorithm is tested on three different 337 

types of faults: low, medium and high noise bias over a short period of time. Process noise biases are 338 

identified by adding the constant bias term to the process noise between 4500th and 5500th s.  339 

For the test case the constant term is selected as { }δ δ δ δ= low medium high  to represent low, medium, 340 

and high bias cases: 341 

                [ ]δ =low 0.005 0.005 0.005 0 0 0 T  342 

  [ ]δ =medium 0.008 0.008 0.008 0 0 0 T [ ]δ =high 0.012 0.012 0.012 0 0 0 T  343 

The Root Mean Squares Errors (RMS) for SaUKF and ASaUKF for process noise bias cases are shown in 344 

Table III. The estimation errors from low to high levels of process noise bias show increase of error. In 345 

Fig. 4, quaternion estimations of ASaUKF algorithm are given, when having noise biases of δhigh level. As 346 

seen, using adaptive algorithm, the attitude quaternions can be estimated reasonably well for three out 347 

of four components, and overall quaternion estimation error norms. Adaptive factors for each channel 348 

of ASaUKF algorithm under process noise bias applied as  δhigh  are presented in Figure 5. The obtained 349 

results show that the bias type process noise changes can be compensated using the covariance scaling 350 

techniques. 351 

 352 

CONCLUSIONS:  353 
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In this paper, the adaptive SVD-Aided UKF is proposed to estimate a nanosatellite's attitude an attitude 354 

filtering technique is proposed that adapts the process noise uncertainties. The bias and noise 355 

increment type process noise uncertainties are considered.   356 

In this study it is proved that the process noise bias and process noise increment type system changes 357 

will cause a change in the statistical characteristics of the innovation sequence of UKF. Influence of 358 

these type of changes to the innovation of UKF is investigated. For differences between process 359 

channels, the adaptation strategy with multiple scale factors is specifically recommended. The proposed 360 

multiple scale factors-based adaptive SVD-Aided UKF's performance is investigated. It is proved in the 361 

manuscript that the bias type process noise change may be converted to the mean square of innovation 362 

of UKF and such type of changes can be compensated using the covariance scaling techniques.  363 

Various levels of process noise bias and process noise increment type system changes are tested.  364 

Simulations are compared using the adaptive and non-adaptive versions of the nontraditional attitude 365 

filter.  366 

The simulation results show that, in the cases of process noise bias and process noise increment, the 367 

adaptive SVD-aided UKF with multiple fading factors can adapt to changing environments better than 368 

the SaUKF. Unlike the SaUKF, which jumps over that time, the ASaUKF maintains approximately the 369 

same error level and is unaffected by process noise changes. 370 

 371 

APPENDIX A: Proof of Theorem 2 372 

At the first step after the bias occurring at iteration τ=k  we have, the extrapolation value  373 

+ = = + +∆ +ˆ ˆ ˆ ˆ( 1 / ) ( ( / ), ) ( 1 / ) ( 1 / )b bk k k k k k k k kx f x x x                                                    (A.1) 374 

where ∆ +ˆ( 1 / )k kx  is the bias in the extrapolation value, b  in the index shows that the value is biased.                                              375 
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Estimation value 376 

( ) [ ]
[ ]

+ + = + +∆ + + + × + + + − + − ∆ +

= + + + + − + +∆ + + + + − + × ∆ +

= + + +∆ + +

ˆ ˆ ˆ ˆ ˆ1 1 ( 1 / ) ( 1 / ) ( 1) ( 1) ( 1) ( 1 / ) ( 1 / )

ˆ ˆ ˆ ˆ( 1 / ) ( 1) ( 1) ( 1 / ) ( 1 / ) ( 1) ( 1) ( 1) ( 1 / )
ˆ ˆ( 1 / 1) ( 1 / 1)

b k k k k k k k k k k k k k

k k k k k k k k k k k k k

k k k k

x x x K y Hδ Hx H x

x K y Hx x K Hδ K H x

x x
     377 

                            (A.2)                                                         378 

where   379 

[ ]
∆ + + = ∆ + + + + − + ∆ +

= − + + ×∆ + + + +

ˆ ˆ ˆ( 1 / 1) ( 1 / ) ( 1) ( 1) ( 1) ( 1 / )
ˆ( 1) ( 1) ( 1 / ) ( 1) ( 1)

k k k k k k k k k

k k k k k k

x x K Hδ K H x

I K H x K Hδ
                                 (A.3)                 380 

is the bias in the estimation value.  381 

Innovation 382 

+ = + − +
= + + + − + − ∆ +
= + + + − ∆ +
= + + +

ˆ( 1) ( 1) ( 1 / )
ˆ ˆ( 1) ( 1) ( 1 / ) ( 1 / )

ˆ( 1) ( 1) ( 1 / )
( 1) ( 1)

b b bk k k k
k k k k k k
k k k k
k k

ν y Hx
y Hδ Hx H x
ν Hδ H x
ν μ

                                (A.4)                                      383 

where                                                        384 

[ ]
+ = + − ∆ +

= + −∆ +

ˆ( 1) ( 1) ( 1 / )
ˆ( 1) ( 1 / )

k k k k

k k k

μ Hδ H x

H δ x
                                                              (A.5)                                                 385 

is the innovation bias. 386 

     As seen from expression (A.5), the innovation bias is equal to the observed difference between the 387 

process bias and prediction bias. This circumstance is true for the all  τ>k  steps. Thus, the Theorem 2 is 388 

proved. 389 

 390 
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FIGURE CAPTION LIST:  497 

 498 

Fig. 1. ASaUKF quaternion estimation errors in the case of process noise increment ηhigh  499 
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 500 

Fig. 2. ASaUKF adaptive factors in the case of process noise increment ηhigh  501 
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 502 

Fig. 3. SaUKF and ASaUKF RMS errors in the case of various process noise increments.  503 
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 504 

Fig. 4. ASaUKF quaternion estimation errors in the case of process noise bias δhigh  505 
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 506 

Fig. 5. ASaUKF adaptive factors in the case of process noise bias δhigh  507 

 508 
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TABLES: 509 

Table I. Pseudocode for the implementation steps of the proposed adaptive filter. 510 

Initial Conditions: 𝐱𝐱�0∣0,𝐏𝐏0∣0 

for 𝑘𝑘 = 1:𝑁𝑁 

Prediction:  

 𝐱𝐱�𝑘𝑘∣𝑘𝑘−1 = 𝐅𝐅𝑘𝑘𝐱𝐱�𝑘𝑘−1∣𝑘𝑘−1 

𝐏𝐏−𝑘𝑘∣𝑘𝑘−1 = 𝐅𝐅𝑘𝑘𝐏𝐏𝑘𝑘−1∣𝑘𝑘−1𝐅𝐅𝑘𝑘T 

Update:  

 𝐯𝐯𝑘𝑘 = 𝐲𝐲𝑘𝑘 − 𝐇𝐇𝐱𝐱�𝑘𝑘∣𝑘𝑘−1 

if 𝑘𝑘 ≥ 𝜏𝜏 

𝚲𝚲𝑘𝑘 = [𝐇𝐇⊤𝐇𝐇]−1𝐇𝐇⊤ × �
1
𝑀𝑀
∑𝑗𝑗=𝑘𝑘−𝑀𝑀+1𝑘𝑘  𝐯𝐯𝑗𝑗𝐯𝐯𝑗𝑗⊤ − 𝐇𝐇𝐏𝐏𝑘𝑘∣𝑘𝑘−1𝐇𝐇⊤ − 𝐑𝐑𝑘𝑘�

× 𝐇𝐇[𝐐𝐐𝑘𝑘𝐇𝐇⊤𝐇𝐇]−1 

else 

𝚲𝚲𝑘𝑘 = 𝐈𝐈𝑛𝑛 

end 

𝐏𝐏+𝑘𝑘∣𝑘𝑘−1 = 𝐏𝐏−𝑘𝑘∣𝑘𝑘−1 + 𝚲𝚲𝑘𝑘𝐐𝐐𝑘𝑘 

𝐏𝐏𝒗𝒗𝒗𝒗𝑘𝑘∣𝑘𝑘−1 = 𝐇𝐇𝐏𝐏+𝑘𝑘∣𝑘𝑘−1𝐇𝐇⊤ + 𝐑𝐑𝑘𝑘 

𝐊𝐊𝑘𝑘 = 𝐏𝐏+𝑘𝑘∣𝑘𝑘−1𝐇𝐇⊤�𝐏𝐏𝒗𝒗𝒗𝒗𝑘𝑘∣𝑘𝑘−1�
−1 

𝐱𝐱�𝑘𝑘∣𝑘𝑘 = 𝐱𝐱�𝑘𝑘∣𝑘𝑘−1 + 𝐊𝐊𝑘𝑘𝐯𝐯𝑘𝑘 

𝐏𝐏𝑘𝑘∣𝑘𝑘 = (𝐈𝐈𝑛𝑛 − 𝐊𝐊𝑘𝑘𝐇𝐇)𝐏𝐏𝑘𝑘∣𝑘𝑘−1 

end 

Outputs: 𝐱𝐱�𝑘𝑘∣𝑘𝑘 ,𝐏𝐏𝑘𝑘∣𝑘𝑘 

Notes: Process noise increment and/or bias occurs at the iteration step 𝑘𝑘 = 𝜏𝜏. 

𝑀𝑀 is the width of the sliding window. 

 511 

 512 
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Table II. SAUKF and ASAUKF RMS errors in the case of process noise increment (averaged over 50 513 

simulations). 514 

RMS 

Error 

Process Noise Increment 

ηlow  ηmedium  ηhigh  

 SaUKF ASaUKF SaUKF ASaUKF SaUKF ASaUKF 

Δq1 0.00238 0.00275 0.00302 0.00274 0.00328 0.00274 

Δq2 0.00170 0.00161 0.00184 0.00162 0.00188 0.00162 

Δq3 0.00196 0.00188 0.00221 0.00188 0.00242 0.00188 

Δq4 0.00299 0.00296 0.00308 0.00296 0.00321 0.00296 

||Δq|| 0.00461 0.00473 0.00518 0.00473 0.00551 0.00473 

 515 



This is an Author Accepted Manuscript version. 

Table III. SAUKF and ASAUKF RMS errors in the case of process noise bias (averaged over 50 516 

simulations). 517 

RMS 

Error 

Process Noise Bias 

δlow  δmedium  δhigh  

 SaUKF ASaUKF SaUKF ASaUKF SaUKF ASaUKF 

Δq1 0.00187 0.00270 0.00198 0.00273 0.00224 0.00284 

Δq2 0.00317 0.00253 0.00503 0.00429 0.00752 0.00675 

Δq3 0.00193 0.00189 0.00247 0.00227 0.00325 0.00283 

Δq4 0.00585 0.00509 0.00744 0.00660 0.00956 0.00869 

||Δq|| 0.00717 0.00657 0.00952 0.00863 0.01278 0.01171 

 518 
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