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Attitude and Gyro Bias Estimation by SVD-Aided EKF

Abstract
This study aims to estimate both angular state and rate gyro biases for a small satellite having
multiple attitude sensors. Singular value decomposition (SVD) aided Extended Kalman filter
(EKF) is presented for attitude, angular rate, and gyro bias estimation. Pre-processing the
measurements of sun and magnetic field sensors in SVD method precomputes Euler angles for
EKF. The rotational motion parameters of the satellite and biases of rate gyro are estimated during
the EKF application of the method. In comparison with traditional approaches, pre-processing
before EKF makes the filter less complex by having the measurements linear and inherently
adaptive. Rate gyro biases are estimated in addition to rotational motion parameters in the presented
filter with a high accuracy using an inherent adaptation rule of the pre-processing step. Unscented
Kalman Filter in addition to traditional and adaptive versions of EKF are tested under the same
conditions for their behavior in unfavorable situations.
Keywords: small satellite, estimation, attitude determination, gyro bias, SVD, EKF.

1. Introduction

Sensor fusion techniques using the magnetometer, sun sensor, and rate gyro measurements are
commonly used in order to determine the attitude and rate. For this purpose, Kalman filter
extensions can be used for precise attitude parameter estimation. However, in case of any
malfunction or bias type of fault, an adaptivity rule should be defined in conventional filters.
Another difficulty arising in the conventional filters is the usage of the arbitrarily chosen initial
values, which might cause divergence in the filter. On the other hand, single-frame attitude
determination methods are depending on the vector observations at instant times [1]. They do not
use satellite dynamics or any initial conditions. As the attitude and rate estimation methods
considering the dynamics have a better attitude estimation accuracy, an integration of Kalman
filtering is very useful in these applications. The estimation problem of the satellite’s rotational
motion is nonlinear in the sense of both system and measurement functions. However, in this paper,
the measurements are fused using one of the single-frame methods, which makes the filter design
less complex as it uses linear measurements provided from the integration stage. Therefore, the
literature is reviewed in the context of the Kalman filters in two different categories nonlinear
measurements based Kalman filters, and linear measurements based Kalman filters [2]. In the first
approach, the observations are based on the nonlinear models. The states and measurements have
a nonlinear relation. On the other hand, in the second approach, the measurements are linear with
respect to the states as they are obtained from one of the single-frame methods directly with their
covariance.

1.1.  Background

The nonlinear measurements are used in the traditional approach of the Kalman filter for attitude
and rate estimates in [3—7]. One method is to employ accelerometers, magnetometers, and
gyroscopes to estimate attitude. In [8], attitude is derived from gyroscopes via a rate integration
step and from the fusion of accelerometers and magnetometers via vector matching with a gyro
bias estimation assist. In [9], gyros are used with vector data to estimate attitude via a kinematics-
aided adaptive filter. [10] presents another gyro-aided attitude estimation. During low sampling
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rates, the performance tests of [10] based on attitude estimation using inertial and magnetic
measuring devices reveal that EKF is more stable than frequently employed complementing filters.
The integration of the single-frame satellite attitude determination method with Kalman filters is
presented in [11,12], where an EKF and algebraic method are integrated for attitude and rate
estimation. The algebraic method uses 2 vectors to determine the coarse attitude [13]. The study in
[14] presents a filtering scheme based on tri-axial attitude determination (TRIAD) and unscented
Kalman filter (UKF) algorithms for accurate attitude satellite estimations and real-time
magnetometer calibration.

The Kalman filter technique to state estimation is extremely sensitive to uncertainties and faults.
If the situation of the real system does not match the models used in the filter's synthesis, then these
discrepancies, which might cause sensor and actuator failures or other uncertainties in the models,
drastically reduce the performance. In such instances, the KF can be modified and Adaptive or
Robust Kalman Filters can be used to adjust for uncertainty and recover potential faults.

One of the challenges for attitude filters is adjusting the filter in terms of system noise
covariance. Changes in the filter's system noise covariance are induced by variations in disturbance
torques such as residual magnetic torque, noise on the dynamics, and actuator failures. As a result,
a Robust EKF (REKF) method that scales the filter's system noise covariance can be used. Different
approaches can be used to compute scaling parameters [15-17]. A variational Bayesian-based
Adaptive EKF algorithm is presented in [18] for cooperative navigation of master-slave
autonomous underwater vehicles. The projected error covariance and measurement noise
covariance matrices, also known as Inverse Wishart priors, are generated alongside the system
states using variational Bayesian approximation. Using the predicted error covariance matrix
instead of process noise parameters allows the state estimate to account for both noise change and
anticipated covariance changes. As a result, the proposed filter enhances the robustness against
unknown or time-varying disturbances. The work [19] provides a robust adaptive UKF to improve
the accuracy and robustness of state estimation when the noise covariance is uncertain. An online
fault-detection technique is utilized to decide whether or not to update the current noise covariance.
If necessary, the estimations of current noise covariance of process and measurement are
determined using the innovation-based methodology and the residual-based method, respectively.
The filter uses a weighting factor to combine the old noise covariance matrices with the estimations
for the new noise covariance matrices. The authors propose a robust UKF approach for calculating
pico-satellite attitude in [20]. The approach is based on a covariance matching method that modifies
the UKF's measurement noise covariance matrix with a set of scale factors. The fault in the
measurements is detected first with a certain statistical function, and the filter then becomes robust
with the resulting scale factors. This method is also tested for an EKF, and the results are compared
to the UKF.

1.2. Related Works

Vector observations and gyro measurements based Kalman filtering algorithm is presented in
[21] for spacecraft attitude and gyro drift bias estimation by combining a matrix Kalman filter and
cubature Kalman filter. An attitude estimation method based on a non-traditional approach,
SVD/EKEF is presented in [22] that uses magnetometer and sun sensor measurements onboard
without any gyros considered. In that study, it is concluded that the SVD/EKF based on the linear
measurements has a better accuracy performance most of the time than the traditional approach.
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The approach considered in that study is not to use gyros for possible faults on the gyro
measurements whereas, in this study, we estimate the biases on the gyros so as to eliminate the
faults by removing them from the measurements. Therefore, the fundamental difference is in the
design of the filter based on the measurements considered. But also, another approach based on a
robust filter is introduced in this paper. The paper in [23] presents an SVD/UKF method where the
SVD method determines the quaternions with their covariance and sends them to the UKF as linear
measurements. Additionally, gyroscopes can be added to the filtering stage after processing the
single-frame method. SVD method utilizes two sensors, the sun sensor, and magnetometer, which
compute the attitude angles of the satellite for EKF in addition to the angular rate of the satellite
from the third attitude sensor rate gyros [24]. A magnetometer calibration method aided by gyros
1s proposed in [25]. As the gyro measurement bias accumulates over time, the proposed method is
designed so that the algorithm is robust against gyro biases by using the relative attitude
information. [26] presents an estimation scheme for the attitude and the gyro bias with a series of
two-dimensional measurements of the Earth's magnetic field coupled with the attitude kinematics.
A Kalman-type filter based on magnetometer and gyro sensor fusion is proposed in [27] for a gyro
saturation scenario in an attitude estimation problem of a spinning spacecraft. An attitude
estimation algorithm that is robust against external acceleration and magnetic anomalies by online
detection is proposed in [28] based on magnetic, angular rate, and gravity sensors. Another robust
estimation filter is proposed in [29] by using an inertial measurement unit. It is suggested to use
multiple tuning factors for each measurement axis over a single factor.

1.3.  Contributions of this Study

In this study, SVD, which is one of the single-frame method, and EKF are integrated in order to
estimate the satellite’s attitude and rates. Besides, the biases on the rate gyros are also estimated in
the augmented states. The attitude measurements by SVD are processed with their covariance in
EKF for improving the attitude estimation accuracy. The most important advantage of the presented
algorithm is that it gives a measurement variance updated at each step which makes the filter
adaptive in addition to having linear measurements. The filtering algorithm is also tested for
different cases of gyro biases. Even though UKF is superior in most cases, EKF is still in use,
especially on spacecraft missions. We therefore implement a filter extension (R-adaptive EKF) that
is adaptive in case of measurement faults by also conserving the base filter as EKF for a fair
comparison to SVD-Aided EKF and UKF.

This paper is built upon the foundations of trying to solve several issues with the conventional
filters and related works that can be listed as,

o Making the design of the filtering stage less complex by using linear measurements,

o Inherent adaptation rule integrated into the filter for malfunction or faulty cases in

measurements instead of using an external adaptivity rule,

o Removing the divergence effect caused by the arbitrarily chosen initial values that might

be grossly different from the correct values,

o Reconfigurable filtering design that is not affected by the sensor type or the sequence of the

attitude measurements,

o Augmented state definition for the rate gyro bias estimation in integrated filters.

The aim of the paper is to estimate angular state and rate gyro bias simultaneously using an
inherently adaptive filter and adaptive filter with an external rule, and to use SVD-Aided EKF with
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prominent features over the traditional approach and related works presented in this paper. As Euler
angles are in use for aerospace operations [30-33], the problems arose from the singularities need
to be further investigated. We, therefore, utilize the Euler angles for attitude representation

The rest of the paper is organized as follows. In section 2, the satellite’s rotational motion is
given (kinematic and dynamic model) first. In section 3, the measurement models including sun
sensor, magnetometer, and rate gyro are given. The estimation algorithm including the SVD
method and EKF based on linear measurements is given in the next section, which also includes a
block schema on how the measurements are fused into the SVD and used in the filtering stage.
Results of the numerical simulations are discussed in section 5 and a performance evaluation of the
proposed filter is presented in section 6. Conclusion remarks are presented in section 7.

2. Satellite’s Rotational Motion

The attitude of the satellite can be represented using Euler angles. Then, the state vector can be
composed of roll (¢ ), pitch (@), yaw (y ) angles, and angular rates on x, y, z axes,

— T
X= [(p 0 v o o a)Z] (1)
The angular rates of body frame with respect to inertial frame,
— T
®p = [a)x a)y a)z] , (2)

The rotational dynamics of the satellite can be derived by using the angular momentum
conservation law;

J. d;t’x =N, +(J, - J. ) o0, (3a)
dow

J, dty =N, +(J.-J,)o.o, (3b)
d

J. “t’ =N.+(J,~J,) o0, (3¢)

Here, J , J and J_ are the elements of the principal moments of inertiaand N , ;y and N
X y z p p X ¥y z

are external moment elements.
The satellite’s kinematic equations of motion can be given using 3-2-1 Euler angle representation
as,

o |1 s(e)i(0) c(e)i(0) (P
01=|0 (o) -s(p) ql. 4)
7 0 S((/))/C(H) c(go)/c(@) r
The reason for using Euler angle representation is to particularly evaluate the singularity effect of
the Euler angles. Here, c(.), S(.)and t(.)are the cosine, sine, and tangent functions and p, ¢

and 7 are the components of @, that is the angular velocity of the body frame with respect to

the reference frame. @, and ¢ . have a relation as
BI BR ?

By =0, ~A[0 ~0, 0], (5)

where Ais the transformation matrix from orbit to body coordinate system, ¢ is the angular
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velocity of the orbit.

3. Attitude and Rate Measurement Models

In this study, the sun sensor and magnetometer are used as attitude sensors whereas rate gyro
measurements are used in angular rate estimation procedures.

3.1. Sun Sensor Measurement Model

The reference sun direction can be calculated in the inertial frame at a specified time [34] which
can then be transformed into orbit coordinates. The sun sensor measurements can be modeled by
the transformed reference sun direction from orbit to body coordinates using the attitude
transformation matrix A as,

S, (k)= A(K)S, (k) +g () ©)
where S is the sun sensor measurement vector, § is the reference sun direction vector in orbit
coordinates, and v s 1s the zero-mean Gaussian noise of the sun sensor measurements. The sun

sensor gives zero-output during the eclipse. Therefore, S =0 in the dark side of the planet.

3.2. Magnetometer Measurement Model

As the magnetic field reference direction, International Geomagnetic Reference Field (IGRF) is
used [35]. The position of the near-Earth spacecraft and the time information are necessary for
calculating the reference magnetic field vector B, in orbit coordinates. The magnetometer

measurements can be modeled by the transformed reference magnetic field using the attitude
transformation matrix A as,

B, (k)=A(k)B, (k)+v, (k) (7)
where B is the magnetometer measurement vector and v, is the zero-mean Gaussian noise of
the magnetometer measurements.

3.3. Rate Gyro Measurement Model

Gyroscopes are used for the angular rate measurements on each axis. They can be modeled using
the following formula,

Oy, =0 +t_)g +mn, (8)
where @, represents the body frame angular rates with respect to inertial frame, Bg denotes

_ T
the gyro biases as bg = [bg bg bgl and x 1s zero mean Gaussian noise with characteristics
of
T 2
E[Uknj ] = I3x30-g6kj' )
where G, is the standard deviation of rate gyro, 5, is the Kronecker’s delta symbol. Nevertheless,

characteristics of gyro bias are given as,

db

g

. 10
a e (19)

where 1, is also the zero mean Gaussian noise with characteristics of
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E[%k%j] =1,,,0,,0,. (11)

Here, o, is the standard deviation of gyro biases.

4. Satellite Attitude Estimation using EKF Based on Linear Measurements
4.1. SVD Method

The loss function defined by Wahba can be minimized using single-frame methods [36]. As it
can be seen in (12), the difference between the unit vectors of the reference directions and the
measurements expresses the loss,

L&) =5 Y lb-Ar (12)

Here, a, is the non-negative weight set, b, is the unit vector of the measurements in the body
frame, r, is the unit vector of the models in the reference frame, A is the attitude transformation

matrix. We can now define a matrix B,

B=X>abr’, (13)
By the definition of the matrix B, the loss function can be formed as,
L(A)=24,~tr(AB") (14)
where A, = Y. a;. In order to minimize the loss function, the SVD method is used [32,33].
B=USV’ =Udiag|S,, S,, S,,|V’, (15)
A, =Udiag[l 1 det(U)det(V)]V". (16)

where U and v are orthogonal matrices. The attitude can be obtained from the optimal attitude
matrix A, The determined attitude values can be used as the initial values in the filtering stage

This usage is expected to remove the divergence effect because of the arbitrarily chosen initial
conditions that might be grossly different from the correct value. Primary and secondary singular

values can be defined as (sm S, 533) and (Sn> Srs 333) respectively. The secondary singular

values are calculated as 5 =5 .5, =5, s =det(U)det(V)S,;- The covariance matrix of

determined attitude angles ( P, ),

P, = Udiag[(s,+s,)" (5,+s)" (5,+s,)"' U’ (17)

which is used as the attitude measurement error covariance matrix in the filtering stage. The details
on obtaining the covariance as a statistical measure can be found in [39].
In this study, magnetic field and sun directions are used as the reference directions. IGRF is used
for the geomagnetic field model [35] with the inputs of the spacecraft’s position and time. The orbit
is propagated using the model presented in [40]. The magnetic field vector is normalized afterward.
Using the same inputs sun direction can be obtained as a unit vector [34]. Using these two reference
directions and the measurements, the satellite’s attitude angles can be determined.

4.2. EKF Design for Linear Measurements

When designing EKF based on linear measurements, attitude angle measurements that
characterize the satellite’s attitude, are determined using the SVD method [24],

Z, =@ +V,2Z, =0 +V,z, =y, +V,, (13)
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where Vi) is the attitude measurement noise of SVD. The mathematical expectations and variances

i

are E[v]:O,E[VWV%]:D%é;j, E[Vgl_,v@j]:D@é)‘g and E[V%,V%}ZDW’_@],-

The equation (18) reflects the determined attitude by the SVD method, which is used as attitude
measurements in the filter. The measurement error covariance R is also obtained from the SVD
method and updated every time step. The measurement error covariance is not an arbitrarily chosen
value but follows Wahba’s problem-based SVD method rule defined in (17). Here, it should be
noted that the roll-pitch-yaw correlates in reality; however, as the Kalman filter uses diagonal
covariance matrix inherently, a sub-decomposition stage e.g. UD-decomposition is necessary to
compose a new measurement matrix and corresponding covariance [41]. In the paper, this stage is
assumed to be negligible.

The angular velocities 0, 0,0, of the satellite are measured using the rate gyroscopes. The

augmented output vector can be built as,

_ T
U=|p 0 v o, o, ob b b], (19)
then, the mathematical model can be linearized as,
U,=/(0..@, )+F, (U, -0.)+F (3, -o), (20)

where 6, w, ¢ - are pitch, yaw, and roll angles respectively; » , ®, s o_-are angular rates;
X Vi i

~ T
f (Ui_l,cT)o_ ):[ fo fo Sy fo S Su So S T } is the mathematical model of

the spacecraft’s rotational motion based on estimations, & is the orbital velocity, @™ is the
0j-1 0;

i-1

computational value of the orbital velocity; F is system input’s coefficient matrix,
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Here At is the sample time.
The optimum criterion can be selected from the minimum standard deviation, and the satellite’s
attitude estimation algorithm can be shaped using Bayes’ method. The conditional probability

density function of p(U./Z.,@ ) should be evaluated and can be written to the Bayes formula as
y p i i o,

[[24],
p(U,/Z27.3,)p(2/0, 27, 0,)

r\U, Zi’a_)o. =p(U; ZH»Zi’(T)o. - i = (22)
( / z) ( / 1) P(Zl/Z 1)

where zl,T :[ 072652y, %0,> %0, Zw:,] is the measurement vector; 7 z{zl z, .. Z,-}’
Z7'={z, z, .. z_}

By taking the minimum standard deviation as the optimum criterion, and P(Ui / Zi,a_)o), as a

Gauss distribution into account, the recursive scheme for attitude estimation is found as,
U,=/(0..8, )+K |2z -1/(0,..3, )|, (23)

A =2,-Hf (0,3, ), (24)
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P =[I-KH]|P, (25)
K =P H'[HPH +R, ], (26)
P =F,P F +FD, F/ +GQG’, 27)

where P~ is the prediction error covariance matrix, P’ is the estimation error covariance matrix,

K, is the Kalman gain matrix, p_ is uncertainty variance for the calculated orbital velocity of

the satellite, A, is the innovation sequence, R, is the measurement noise covariance matrix, Q is

the system noise covariance matrix, G is the system noise transition matrix and I is the identity
matrix. The EKF design can be seen from the equations (23) to (27) for the recursive estimation.

The structural design of the SVD-aided EKF is given in Fig. 1. The attitude measurement vectors
and the vectors based on theoretical models are processed under the SVD method in the SVD-aided
EKF algorithm, whereas they are directly used in the traditional EKF without any additional
process. As the measurements are processed in SVD, it also provides measurement error covariance
directly to the SVD-aided EKF, while traditional EKF does not have any adaptation procedure
inherently.

The observability analysis of the states can be applied based on Popov—Bevelic—Hautus (PBH)
criterion [42]. According to this criterion, the system defined by the system matrix as F,, and

measurement matrix as H 1s considered state observable if and only if,

AL-F,
= ! v 28
0 { } (28)

has the full rank for each eigenvalue 4 of the matrix F, [42,43].
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Fig. 1. Sun sensor, magnetometer, and rate gyro measurements based SVD-aided EKF
algorithm’s block schema.
The degree of observability (DoO) can also be defined for examining better observability [44,45].
The normalization of the error covariance matrix P can be performed as follows,

—1 -1
Pi’:(‘\/PO) Pi+ (\/Po ) (29a)
where P, is the initial error covariance matrix, P’ is the estimation error covariance matrix, and

P/ is the normalized error covariance matrix. The matrix can be rewritten to show element-by-
element form as,
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+ + +
11 i 4
01, 0,7 0x; 0,70
+ + +
23 iy . PiZn (29b)
’ _
l)i - Pozz l)011 P022 P022 PO;U:
P[+ Pi+ P[+

nl n2 . nn

L \/Ponn POH \/Ponn POzz POm:

where P’ is the element of the k™ row and 1" column of the error covariance matrix whereas P,
kil kl

represents the initial error covariance matrix elements. The sum of all of the eigenvalues of a matrix
equals to the trace of the matrix, the normalized error covariance matrix therefore is,
P'=—— P (30)
i tr ( P]’) 12
The eigenvalues of P” are bounded between 0 < Ai <n, such that the DoO is getting smaller with
the decreasing error.

5. SVD-Aided Robust EKF

The essence of the measurement error adaptation technique is to compare the real and theoretical
values of the innovation covariance matrix. When a sensor fails in the system, the real error exceeds
the theoretical error. In this situation, we may assure the filter's robustness against sensor failure
by modifying the R matrix, which is a diagonal matrix composed of measurement noise
covariances. The adaptation technique essentially seeks an appropriate multiplier matrix for R such
that the real and theoretical values of the innovation covariance coincide. By matching these two
values, we essentially raise the R matrix's required term(s) (the term(s) corresponding to the
sensor(s) with the incorrect measurement). We can incorporate a matrix composed of different

scale factors, S( k), into the algorithm to modify the measurement noise covariance matrix and

match the real and theoretical innovation covariances,

1 > ee =HP H"+SR. 31)
J=i—&+1
The scale matrix is then defined as follows,
S, :{l D eel —HRHT}R,.I. (32)
J=i—&+1

Aside from the fact that the measurement noise covariance matrix must be positive definite
(which is why the multiplier matrix cannot have negative terms), any term of this matrix cannot
decrease in time for this specific problem because there is no way to improve the performance of
the onboard sensor (that is why the multiplier S, matrix cannot have terms less than one). To

prevent such scenarios, the following rule [12] is recommended for composing the scale matrix,
S"zdiag(sf,s;...,SZ) (33)
s; =max {L,S,} [=1k. (34)
Here, S, represents the i diagonal element of the matrix S..
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The scale matrix is then corrected and diagonalized using Equations (32, 33). Finally, the
Kalman gain is adjusted as follows,

K,=PH'[HPH +SR] (35)

In the event of a malfunction, the element(s) of the scale matrix corresponding to the faulty
component(s) of the innovation vector rise, causing the terms in the relevant column(s) of the
Kalman gain to drop. As a result, the impact of the faulty innovation channel on the state update
process is reduced, and reliable estimation results can be produced even when measurement
malfunctions occur.

6. Simulation Results
For the analysis, simulations were run with 1-Hz frequency or 7, =1sec. A nanosatellite structure

1s used for the simulations at the altitude of » = 5504m . The principal moments of inertia matrix
are J = diag[Z.lx 10° 2.0x107° 1.9x 1073] kgm’. Sun sensors and magnetometers have 1-Hz

frequency too. The standard deviation for magnetometers is o, =0.008 and o, =0.002 for sun

sensors. The time interval from 2000 to 4000 s corresponds to the eclipse; therefore, the sun sensor
has zero-output in this period. Since the gyroscope selected in this study is for implementation on
a nanosatellite, high accuracy is not considered required. Therefore, a gyro with 0.005 deg/s
standard deviation is utilized. The true attitude angles are given in Fig. 2.

Figures from 3 to 5 give the SVD-aided EKF simulation results. Attitude angle errors for SVD
and SVD-aided EKF used together are presented in Fig. 3. The errors presented in the figures are
the absolute errors calculated by extracting the actual (correct) values from the estimations. The
actual values are computed using the kinematic and dynamic model of the satellite’s rotational
motion introduced in Section II. As seen from the figure, the results from the SVD-aided EKF
attitude estimation method improve the SVD’s outputs. Traditional EKF copes with the eclipse
period better than the SVD-Aided EKF at the beginning. Therefore, it can be said that traditional
filter can be selected especially for short time eclipse periods. However, the filter fails with ongoing
eclipse case. Even after the eclipse ends, it converges slower than SVD-Aided EKF. The
measurements and all the other parameters are used as the same for both filters for a fair
comparison. However, magnetometer-based traditional EKF can be designed so as not to be
affected by the eclipse and a switching algorithm could be implemented for the zero-output failure.
The traditional EKF refers to the conventional EKF applied to the estimation problem of satellite’s
rotational motion. In other words, it uses nonlinear measurements (there is no single-frame method
stage) without any inherent adaptation or an initial value provider. The only difference in the design
is to add a preprocess into the algorithm seen in Fig. 1, which provides several advantages.
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In Fig. 4, there are three panels as the estimated values of bias on the x-axis, the bias estimation

errors, and variances in deg2 / s? in x-axis. In the first panel of these figures, dots indicate the bias

estimation while the black solid line gives the actual bias. It can be stated that the gyro bias is
estimated accurately by looking at the behavior of approaching zero. In the third panel, variance
values also support this output. The results from the y and z axes are similar and not given here for
brevity.

Fig. 5 characterizes the angular rate estimation results on the x-axis. In the first panel of these
figures, dots give the angular rate estimation while the black solid line indicate the actual angular
rate. The estimated and actual values of the angular velocities about the x-axis, the differences
between them, and the estimation error variances are shown in the second and third panels of the
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figure. In the illuminated portion of the orbit, angular velocity estimation results are accurately
estimated. During the eclipse period, the estimations are not completely deteriorated as in the case
of the SVD method results. The results from the y and z axes are similar and not given here for
brevity.

7. Discussion of the Proposed Algorithm’s Properties

The properties of the proposed SVD-aided EKF attitude estimation algorithm are discussed in
this section. Before moving on the discussion, the employed methods to evaluate the properties are
introduced first.

Methods for the Evaluation: Some of the most encountered problems in satellite attitude
estimation are evaluated in this section. One of them is the measurement faults, which might be
seen in the form of zero-output failure (eclipse intervals), noise increment type of faults, etc. On
the other hand, even if there is no physical fault or disturbance in the measurements, vector
observations might be parallel, in which case the system acts as if there is a fault in the observations.
For this reason, the times where the observations are parallel are examined. Another source of error
in the case of using Euler angles might be the pitch angle approaching 90 degrees. For evaluating
the filters, scenarios based on such erroneous sources are considered for analysis. The effects are
handled by different types of adaptations.

The prominent features of the presented algorithm are highlighted and analyzed.

Linearity of the Measurements: In the proposed approach, EKF is designed for linear
measurement equations. Hence, the filter turned into an easier structure. Also, this increases the
estimation accuracy because the errors from the linearization step do not apply here.

Reconfigurability of the Measurements: The proposed algorithm needs multiple measurements
but has the ability to use different measurement configurations in any step, as they are processed
by the SVD first. On the other hand, the conventional EKF has to be re-designed for each
configuration. The process in the SVD provides the initial conditions to the algorithm directly so
it is expected to have a better convergence in the transient region than the traditional version with
arbitrarily chosen initial conditions.

Robustness Against Measurement Faults: The most important advantage of the SVD-aided EKF
algorithm in addition to having linear measurements is that it provides a measurement variance
updated at each estimation step which makes the filter adaptive.
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Fig. 6. Diagonal elements of the SVD-aided EKF measurement noise covariance matrix in case
of zero output sensor fault.
If any fault occurs on the measurement system, the diagonal elements of the covariance matrix of
measurement noise R, that are corresponding to the attitude observations will increase. This

corresponds to the filter’s adaptation process. Consequently, the filter gain matrix K, in (26)

decreases, which will cause a correction in the innovation sequence of the estimation algorithm
and make the estimation value of the augmented vector ¢, to approach to the actual values U, . This

will lead to a decrease in innovation sequence A, in (24), etc. Therefore, an adaptive scheme is

performed to adjust the measurement noise covariance matrix in response to changing sensor
noises. As a result, in the proposed SVD-aided EKF, satellite attitude and rate gyro bias estimation
algorithm, and the changes in the measurement noise covariance are corrected by the system,
without affecting the performance of estimation. Figs. 6 and 7 approve this property. The behavior
of the diagonal elements of the SVD-aided EKF measurement noise covariance matrix is shown in
Fig. 6. As seen, in the eclipse period (time interval from 2000 to 4000 s corresponds to the eclipse),
the output of the Sun sensor is zero (zero output sensor fault occurs). Therefore, the diagonal
elements of the matrix R, increase significantly. As a result, the filter gain matrix K decreases,

which will strengthen the corrective influence on the estimation procedure.
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Fig. 7. Diagonal elements of the SVD-aided EKF measurement noise covariance matrix in case
of noise increment sensor faults.
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Fig. 8. Estimation error of the attitude angles in case of noise increment sensor faults.

For the next scenario, noise increment on the magnetometer measurements is applied.
Magnetometer measurement noises for the x-axis are increased 10 times between 4500-4800 sec.
The diagonal elements of the SVD-aided EKF measurement noise covariance matrix for this case
are presented in Fig. 7. The plots show that when the noise increment fault occurs on the
measurement system, the oscillatory range of the diagonal elements of the covariance matrix of
measurement noise R, increases in this specific time interval. These changes correspond to the

adaptation of the filter. Another adaptive filter that adapts its R-matrix using the innovation
sequence of the filter [46—48] is applied to traditional EKF for fair comparison in this scenario, and
it is called R-Adaptive EKF. As a result, the estimation errors of the attitude angles by SVD-aided
EKF are not affected significantly by the sensor fault and the algorithm continues to give
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sufficiently good estimations whereas the traditional EKF copes with the fault with less accuracy
(see Fig. 8). R-Adaptive EKF gives better results than the traditional EKF as expected and similar
order of errors to the SVD-Aided EKF. The RMS errors for each method are presented in Table 1.
UKF is also tested under the same conditions for presenting another Kalman-type filter yet
behaving better in adverse situations than EKF, and presented in Table 1. Here, it should be kept
in mind that in some cases, EKF is more computationally efficient and more stable than UKF
especially for applications [49]. The noise increment period is called Period A between 4500-4800
sec. For the observability analysis, the PBH criterion is executed for the system based on Equation
(28). The matrix O is obtained for checking if the full column rank rule is satisfied. The rank for
each eigenvalue of the system matrix is found nine for each sample and even during the eclipse
and the measurement fault occurrence; therefore, it can be stated that the system is state observable.

90

80

O 1 1 1 1
0 1000 2000 3000 4000 5000 6000
time(sec)

Fig. 9. The angle between two vector observations.
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Fig. 10. Estimation error of the attitude angles in case of parallel vector observations.

Under the measurement faults, parallel vector observations are also investigated. When the angle
between the vector observations is close to zero, the estimations are expected to deteriorate for
some time. The angle between two measurement vectors is seen in Fig. 9. The vectors are almost
parallel at 796th and 3999th seconds, which are marked with red-filled circles in the figure. As the
second parallelism occurs during the eclipse close to the end, the attitude estimation errors of
traditional and nontraditional EKF are demonstrated for the first parallel case in Fig. 10. The
interval is seen from 600 to 1000 seconds. The estimations deteriorate more when getting closer to
the marked point, where the vector observations are parallel to each other, but SVD-Aided EKF
copes with the parallelism fairly well than the traditional EKF. The estimation accuracy of the
filters sometimes gets very close due to randomized inputs. Therefore, the 5-simulation averaged
RMS errors are calculated for Period B1:650-950 s and Period B2:3850-4150 s intervals as well

(see Table I).
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Fig. 11. The true attitude angles in the case of the pitch angle having 90° values.
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Table 1. RMS errors of the attitude estimations for different periods* (averaged over 5

simulations).

RMS Errors (deg) Period A Period B1 Period B2 Period C1 Period C2
Traditional EKF 0.6986 0.5539 0.8429 0.2000 0.6412
UKF 0.3242 0.4838 0.8400 0.0745 0.0684
R-Adaptive EKF 0.3215 0.5466 0.8381 0.1272 0.1173
SVD-Aided EKF 0.3230 0.4963 0.8334 0.0590 0.0532

* A: Noise increment case (Period A: 4500-4800 s), B: Parallel vectors case (Period B1: 650-950
s, Period B2: 3850-4150 s), C: 90° pitch angle case (Period C1: 1000-1030 s, Period C2: 1210-
1240 s).

For modeling, another error source, the case of having 90-degree values in pitch angle (singularity
case in Euler angle representation) is considered by using a second set of initial conditions. The
actual attitude angle for this case is seen in Fig. 11. The pitch angle is 90° at 1000th and 1221st
seconds, which are marked with red-filled circles in the figure as well. The estimation errors are
seen in Fig. 12 consisting of both points where the pitch angle is 90°. The superiority of the SVD-
Aided EKF is very clear in this case. The associated RMS errors are presented in Table 1 as Period
C1:1000-1030 s and Period C2: 1210-1240 s.
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Fig. 13. Degree of observability for each state: Panel 1 for Euler angles, Panel 2 for angular
velocities, Panel 3 for gyro biases.

The DoO is presented in Fig. 13. The degrees are presented under the panels as Euler angles in
the first, angular velocities in the second, and gyro biases in the third one. The degree is bounded
between 0 and 9 with that being smaller means better observability. We see the uphill and downhill
changes as a jump since we consider a time span as long as the period of the satellite. However,
we can state that the yaw angle is the best observable angle among the other two whereas the
angular velocity and bias terms have better observability with very small differences in the
components. In Table 1, the RMS errors of the estimations are averaged over 5 simulations for 5
different intervals under 3 scenarios. The first scenario (A) is having a noise increment on the
measurements. The next scenario (B) is to have two vector observations becoming parallel. The
last case (C) is having a 90° pitch angle that affects both the measurement and system models. In
each scenario, it is seen that the SVD-Aided EKF copes better with the erroneous measurement
than the traditional EKF. R-Adaptive EKF is slightly better than but very close to SVD-Aided EKF
for the first period examined, unlike the other periods. A summary of the filters containing the
information of mean, maximum, and standard deviations for the whole period is presented in Table
2. UKF is presented as well in Table 2 for evaluating how much a UKF could improve the EKF
results (even they use different ways in approximating the integrals). Given the circumstances of a
failure in the measurements, adaptive filters cope well with the faults during these periods.
However, it seems that the R-Adaptive filter is more oscillatory than the SVD-Aided EKF.

Table 2. Errors for the attitude estimations (averaged over 5 simulations).
Mean (deg) Maximum (deg) Standard Deviation (deg)
Traditional EKF 0.3586 3.7009 0.5052




This is an Author Accepted Manuscript version of the following article: C. Hajiyev, D. Cilden-Guler, Attitude and
gyro bias estimation by SVD-aided EKF. Measurement, 205, 112209, 2022. The final authenticated version is
available online at: https://doi.org/10.1016/j.measurement.2022.112209.

UKF 0.2001 2.5083 0.1018
R-Adaptive EKF 0.1004 1.9002 0.2473
SVD-Aided EKF 0.0927 1.8016 0.1194

8. Experimental Verification of SVD-Aided EKF

A test platform is manufactured to allow experimental verification of a satellite's attitude and
control algorithms with Euler angle representation. The testbed is used to create and execute test
cases that include sensors, actuators, and algorithms. Magnetometers, accelerometers, and
gyroscopes make up the sensor suite, which is used to estimate the state. As the principal attitude
control actuator, three response wheels are employed on each axis. The primary payload-carrying
table, mass balancing blocks, and adapters for equipment installation make up the test setup. To
achieve mass balance, coarse balancing blocks are put on the four corners, while fine balancing
blocks are positioned on each principal axis. For online analysis, the platform includes a wireless
monitoring system and a power distribution unit. In a distributed control mechanism, a computer
is employed to manage attitude determination and control duties.

Figure 14 depicts the equipment assembled on the test table. The equipment employed in the
primary system is represented by the sensors/IMU, reaction wheels, and modem in the current
image. Because the computer is the heaviest piece of equipment, it is positioned in the middle of
the test table to match the mass and rotational center. There is also a battery block on the table's
bottom surface that goes into the power distribution box. They are symmetrically situated for coarse
mass balancing.

Various scenarios for satellite attitude estimation are assessed and studied by applying traditional
and nontraditional Kalman-type filters. On the platform, algorithms created for small satellite
attitude estimation are evaluated.

The theoretical magnetic field model outputs and magnetometer readings are acquired from the
test setup. The test setup magnetometer data and model-based sun sensor vector findings are then
employed in the SVD-aided EKF. The suggested attitude estimation technique ensures that satellite
attitude estimate converges to real attitude values. The estimation results are shown in Fig. 15 as
roll, pitch, and yaw angles along the x, y, and z axes.
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Fig.15. Absolute errors of SVD-aided EKF estimation of the test platform.

9. Conclusion

In this study, the SVD and EKF algorithms are integrated as a two-stage estimation scheme in
order to estimate the attitude, angular velocities, and gyro biases of a satellite. In the pre-process,
the Wahba’s loss function is minimized by SVD using a magnetometer and sun sensors. By using
this stage, the attitude measurements and their covariance are used as inputs in addition to rate gyro
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measurements for the EKF, which shapes the second stage of the algorithm. SVD's covariance
prediction is directly used in the second stage as EKF's measurement noise covariance matrix. The
filter is specifically adjusted this way during the eclipse period. It was shown that the EKF
improved during the attitude determination stage.

The presented filter has linear measurements, which makes the structure of the filter less complex.
Furthermore, the filter is inherently adaptive because the measurement variances are updated every
step. The analyses indicated that attitude angles, angular rates, and gyro biases can be accurately
estimated with the filter presented. The filter is tested under noise increment fault case, parallel
vector observations case, and 90° pitch angle case. From the tests, it is found that the filter copes
with these errors well in the sense of estimation accuracy of the attitude angles. The presented filter
is also more advantageous in reconfigurability based on the measurement inputs and poorly chosen
initial attitude state than the traditional filters, since it uses a preprocessing step. A comparison of
the proposed filter with UKF, EKF and adaptive version of EKF is realized for presenting the
performances of each filter in different situations. On the test platform, algorithms for estimating
the attitude of small satellites are experimentally validated.
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