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1 FEM-HOMEWORK - 5

1.) The (z,y) coordinates of each-node are given for a four-node quadrilat-
eral as shown. Obtain the isoparametric element in (£,7) coordinates.

Solution:

From the figure we could determine the coordinates of the boundary nodes.
ri=Ly=1,z2=58pp=1

23 =06,y3=6,24=1,y1=4

The x could be written in terms of the nodal x values and the shape func-
tions.

z(§,m) = N1(& n)w1 + No(§, m)z2 + N3(€, w3 + Na(€, n)2a
And the shape functions for a quadrilateral element is
Ni(&,m) = 31 - €)1 —n) , Ny(-1,-1) =0

No(€,m) = 1(1+ (1~ 1), Nao(1,-1) =0

N3(&n) = 1(1+61+m) , N3(1,1) =0

Ny(&n) = 11 =EA+m) , Ny(-1,1) =0

The serendipity family of functions for boundary nodes

{ @ }:__{ M1-9)1-n) 0 L1+ -n) 0
0 H1-9)-n) 0 L1+€)1-n)

With the nodal values matrix becomes

{m}zl{(1—~£)(l—-n) 0 (1+8&)(1—n) 0
Y 4 0 (1~ -n) 0 (1+&1~n)
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(L+61+mn) 0 (1-81+m) 0 }<
0 1L+ +n) 0 (1-€&)(1+n)
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We could get the x,y after the operation

{x}_{ T3+ n+ 9 +£&n) }
y | | 3+2n+0.56+0.56n

3.) Calculate the value of
J Es fzs fol (2Pyz + y2* + 2zyz)dzdydz

by using Gauss integration.

Solution:
First of all in order to compare the results try an analytical solution.

Analytical Solution

1%, 12 [N (z2yz +yz® + 2myz)dedydz = ff?' f; Laobyz + y2ta + yae®)|jdydz

= ff3 f;(%yz +y2? +yz)dydz

= [%,(3Pe + 39727 + 3y°2) 3de

= f§3(%1-z + %122 + Z2)dz

= A2+ UB8 1+ 225,

= 262 4+ 2% + 262 — (-3)? — F(-3)° ~ F(-3)°
— 63+ 756 4 189 — 63/4 + 189/2 — 189/4

= 1039.5

Gauss Integration
15, 12 Jo (aPyz + y2® + 2zy2)dadydz

The coordinate transformation




z=1(1+¢) and dr = 3d¢
1(7+ 3n) and dy = 3dn
z=3(143¢) and dz = §d¢
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Now write the integral with new coordinates

S8 I8 [ (aPyzty 22+ 2ayz)dadydz = $35 1) [1 [2) F@(€), y(n), 2(¢))dEdndC

Thus the new function

FEm Q) = Z{3A+OP5(T+3n)31+30]+[5(7+3mFAL+3¢)% + (1 +
EL(7+3m3(7+3n)}

and the integral is
Jh 4 20 &, Q)dédndg

Applying the Gauss Integration
Selecting one point approximation

The points: £0.57750269 and weight: 1

TY A S fE O dédndC = £(0.57750269, 057750269, 0.57750260)

+£(0.57750269, 0.57750269, —0.57750269)+ f(0.57750269, —0.57750269, 0.57750269)
+£(0.57750269, —0.57750269, —0.57750269)-- f (—0.57750269, 0.57750269, 0.57750269)
+f(—0.57750269, 0.57750269, —0.57750269)+ f (—0.57750269, —0.57750269, 0.57750269)

+f(—~0.57750269, —0.57750269, 0.57750269)

The result is

T A Y FE 0, C)dedndC = 1039.5




2 The solution: K stiffness Matrix

Xq = wwunm xw“ub xaunw
%w = %N =3 u\w =17 %h. =
U R (R B (R R
.ZANJ‘JV“H 1
0 +-0-9-(-n) 0

x(g,n) =N, n) - xy

x(g,n) simplify —
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In order to simplify the operations we assume the G constant and give E, v numerical values

ﬂ E E-v
— =Y 0
2 2
I-v 1-v
219.78 65934 0
E:=200v:=03 G- Ev. _E G=| 65934 21978 0
1-v' 12 0 0 125
E
0 0
1+2-v J
Stiffness Matrix:
1 1
k=h- | [ e o)’ 6 b Mem)- e ) aen
-1vY-1
r— a .W ‘H -
mdl 24 N.S 0
.u daf-s_3 .\
D(&,n): 0 &l 26
af=5 3 Y af, 1 Y
-%uaam %fws |
i (1+7) 1 (-1+7) (+n)
.l. -1+ 8). o)y 0 m.c+@.A v 0 Q+mv ;
1 447 (4+7)
(-1+m) (-1+1)
DN(E,n) := 0 3-(-1+8)- 0 3-(1+¢. 0
NG) (5+3-¢) (5+3-8°
3:(1+9). AM;T;VN g L) Ly, Cien) (IR EL) R ciﬁ
i +3-8) (4+n) (5+3-¢) (4+n) (5+3-¢

(1+n)
(5+3.8)°

3-(1+2)-

g g, Gen)

(4+n)*

(-1+9)- (+m)

i
2 (4+0)

1
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[ - .. ~+m..v At~+:v 0 w.AL+mv. AL+JV ]
(“4+n) (5+3.¢)
0 3.(~1+8). (-1+n) -1 1+ 8). (1+m)
(5+3.9° 2 (44 )’
|~.:+@.f+i 0 3-(1+8)- 1+ )
2 (4+n) (5+3-¢f
0 3-(1+9). TSVN W.A:m.flw
NE )" Dlg,n)" simplify - A (5+3-9) (4+n)
?+mv L+n) 0 3-(1+8). (1+x)
wrny oy
0 3.(1+8)- (1+n) H.w.T+mv. (1+n)
(5+3-¢) 2 (44 )
wa (1+n) 0 3-(-1+8). (L+ n)
~b+ Jvm Am+ w.mvw
0 lw.Al:‘mv. T+sv M.A|H+mv. T+:v
- Am+w.@m 2 (4+ zvm

K=h-] | £(€,n) de dn fen) = (NEm)" - 0(e.n)" - 6-Dle,n) - N ) - 3, m)]

ﬂw,ﬁ.qu ~60.859 84.059 -22.167 38553 -855 127394 —23.359
—60.859 469.446 —22.167 139.073 -8.55 64.851 -23.359 219.444
84.059 -22.167 61.198 -27.727 26.679 —-10.812 38553 -8.55
K= £(0.577,0.57) + £(-0.577 0.57) + §(0.577,-0.57) + F(-0.577,-0.57) K= ~22.167 139.073 -27.727 86342 —10.812 39.726 —855 64851

' 38.553 -8.55 26.679 -10.812 45423 -15.482 70.014 -12.004
-8.55 64.851 -10.812 39.726 -15.482 72.419 ~12.004 120.096
127.394 —23.359 38553 -855 70014 -12.004 234379 —32.491
~23.359 219.444 -855 64.851 -12.004 120.096 -32.491 Aoﬂmwg




