HOMEWORK # 5

1. Use seven iterations of the power method to compute the largest eigenvalue and the corresponding
eigenvector of the matrix

1 2 0
A=| -2 1 2 (1)
1 3 1
Use 2o = (1,1,1)T as the initial approximation.
The power method is described by the iteration
Az,
Tntl = T (2)
|| Az |

If x is an eigenvector, then its corresponding eigenvalue is given by

_A:c~x

A

T -T

This quotient is called the Rayleigh quotient.

INITIAL VECTIOR

X-VECIOR = 0.577350 0.577350 0.577350
ITERATION NUMBER = 1

LAM = 3.000000

X-VECIOR = 0.507093 0.169031 0.845154
ITERATION NUMBER = 2

LAM = 2.142857

X-VECIOR = 0.382360 0.382360 0.841191
ITERATION NUMBER = 3

LAM = 2.929825

X—VECIOR = 0.390567 0.442642 0.807171
ITERATION NUMBER = 4

LAM = 3.101695

X—VECIOR = 0.411040 0.411040 0.813691
ITERATION NUMBER = )

LAM = 3.006755

X-VECIOR = 0.410104 0.404525 0.817419
ITERATION NUMBER = 6

LAM = 2.988559

X-VECIOR = 0.407937 0.407937 0.816808
ITERATION NUMBER = 7

LAM = 2.999237

X—VECIOR = 0.408041 0.408663 0.816393



ITERATION NUMBER = 8

LAM = 3.001270
X—VECIOR = 0.408283
ITERATION NUMBER = 9
LAM = 3.000085
X-VECIOR = 0.408271
ITERATION NUMBER = 10
LAM = 2.999859
X-VECIOR = 0.408244
ITERATION NUMBER = 11
LAM = 2.999991
X—VECIOR = 0.408246
ITERATION NUMBER = 12
LAM = 3.000016
X-VECIOR = 0.408249

ITERATION NUMBER = 13

LAM = 3.000001
X-VECIOR = 0.408249
ITERATION NUMBER = 14
LAM = 2.999998
X-VECIOR = 0.408248
ITERATION NUMBER = 15
LAM = 3.000000
X—VECIOR = 0.408248

ITERATION NUMBER = 16

LAM = 3.000000
X-VECIOR = 0.408248
ITERATION NUMBER = 17
LAM = 3.000000
X-VECIOR = 0.408248

See exbH1f.f code.
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2. The Lorenz equations are the following system of differential equations

dx

= _10(z —

o 0(x —y)

d

ditJ = —xz+28x—y
d

d—i = xzy—8z/3

Use the fourth-order Runge-Kutta method with x¢ = 0.0, yo = 20.0, zp = 25.0 and dt = 0.001 to

solve the above equations. Plot the solution in # — y and = — 2 plane.

The fourth-order Runge-Kutta method given by

h
l‘nJrl = .Z‘n =+ g(kl’l + 2]6172 + 2]43173 + k174)
h
y" Tt = oyt g(kZ,l +2ko o + 2ka 3 + ko a)
h
ZnJrl = Zn + 6(143371 =+ 2[6'372 =+ 2]{5373 =+ k374)
where
kl,l = m(t7$naxnﬁzn)
k?,l = y(tvxn7x"7zn)
k31 = z(t,z", 2", 2")
kl,g = I(t+At/2,$n+k171At/2,yn+]€271At/2,2n+k3,1At/2)
k‘2’2 = y(t+At/2,x" +k‘1’1At/2,yn+k/’271At/2,2n +k‘3’1At/2)
k3’2 = Z(t+At/271'n +I€171At/2,yn +k2’1At/2,ZTL +/€371At/2)
]411,3 = x(t+At/2,x" —|—k172At/2,yn —‘rk‘ggAt/Q,Zn +k3,2At/2)
k2’3 = y(t + At/2, " + k‘l’gAt/Z yn + 1{3272At/2, z" + k‘3’2At/2)
k313 = Z(t —+ At/27 l’n + kl)gAt/Q, yn —+ kQ’QAt/Q, Zn + kgygAt/Z)
]61,4 = x(t + At, 2" + k‘LgAt, yn + k‘273At, 2"+ k‘373At)
k2’4 = y(t + At, "+ k1’3At7 yn + k273At, 2"+ k3’3At)
k314 = Z(t —+ At, .’ﬂn —+ kl_’gAt, yn + ]{7273At, Zn —+ kgﬁgAt)
ITERATION NUMBER= 1
X= 0.198905 Y= 19.980313 7= 24.935412
ITERATION NUMBER= 2
X= 0.395638 Y= 19.961264 7= 24.874939
ITERATION NUMBER= 3
X= 0.590227 Y= 19.942868 7= 24.818520
ITERATION NUMBER= 4
X= 0.782700 Y= 19.925138 7= 24.766095
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ITERATION NUMBER=
X= 0.973085 Y=
ITERATION NUMBER=
X= 1.161409 Y=
ITERATION NUMBER=
X= 1.347700 Y=
ITERATION NUMBER=
X= 1.531984 Y=
ITERATION NUMBER=
X= 1.714290 Y=
ITERATION NUMBER=
X= 1.894642 Y=

See exbH2f.f code.
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Figure 1: Solution of the Lorenz equations with the fourth-order Runge-Kutta method.
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3. Solve the Laplace equation in a square enclosure with the boundary condition given in the figure

below. The Laplace equation is given:

o°T 4 0*T 0
0x2 = Oy?
Assume that Az = Ay.
T=0
T]3 TJ4 T15 T16
T9 TlU Tli T12
T=0 T=0
TS TE T7 TE
T] TZ TZ T4
T=100

Figure 2: The computational domain with the Dirichlet boundary conditions.

The discrete equations resulting from the second-order central difference approximation

ATy +To+T5 = —100
T, — 4T, +T5+ Ty = —100
Ty — 4T3+ Ty + Ty = —100

Ty — ATy +Ts = —100

—ATs +Ts+Th +Ty =
Ts =4l +Tr + 1o + T =
Te —4T7 + T+ T3 +T11 =
Ty — 4Ty + Ty + T =

o O o O

—4Ty +T1o + T5 + T13

Ty —4Tvo + T +T6 +Tia
Tio — 4T + T2 +T7 + T1s
Ty, — 4T +Ts +Ti6 =

o O o O

4T3 +Tu+Ty =
T3 — 4Ty +T1s + Tho
Ty — 4Ty5 + Tie + 111
Tis — 4T +T12 =

I
o o o o

(22)
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SOLUTION . . .

1

G
0 ~J O U= Wi

9
T10
T11
T12
T13
T14
T15
T16

45.
59.
59.
45.
22.
32.
32.
22.
10.
17.
17.
10.

4.

7.
7.
4.

454545
469697
469697
454545
348485
954545
954545
348485
984848
045455
045455
984848
545455
196970
196970
5945455

See exbH2f.f code.



4. Use the shooting method to solve the ordinary differential equation
y' +3xy + Ty = cos(2z) (39)
with y(0) =1 and y(7) = 0.

First reduce the ordinary differential equation to the first-order

z = —3wz—Ty+ cos(2x) (40)

y = =z (41)
The initial values are set to y(0) = 1 and z(0) = 0. Then we will use the fourth-order Runge-Kutta
method (given in question 2) to find the solution. However, y(7) = 0 condition will not be satisfied.
Then, we will update the new value of z(0) based on the computed value of y(7) value. For this
purpose, the modified Secant method can be used to find z(0) value that will give y(7) = 0.

IF(2(0)")

A0 =20 B ) - PG

(42)

where F' = y(m) computed from the fourth-order Runge-Kutta method.
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Figure 3: The solution obtained by the use of the shooting method.

X= 3.141593 Y= —0.029416 Z= 0.140328

X= 3.141593 Y= —0.029416 Z= 0.140328
ROOT Z0= —5.4712212607372610

X= 3.141593 Y= —0.000000 Z= 0.114973

X= 3.141593 Y= —0.000000 Z= 0.114973
ROOT Z0= —5.4712212674463832

X= 3.141593 Y= 0.000000 Z= 0.114973

X= 3.141593 Y= —0.000000 Z= 0.114973

ROOT Z0= —5.4712212674463538
(See ex54f.F code)



