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Abstract—The capacity analysis of the spatial modulation
(SM) scheme is different than that of the multiple-input multiple-
output (MIMO) systems. Since the information is conveyed not
only through the M-ary constellation domain but also through
the antenna domain, the capacity of SM is expressed as the sum
of the capacities of these two domains. Due to this summation, the
outage probability of SM differs from the conventional systems.
A detailed analysis of the outage probability of SM has not been
given in the literature yet. In this work, first, we derive the
outage probability performance of the classical SM system and
second, we extend the results to the cooperative scenarios under
fixed, selective and incremental relaying techniques. It is shown
that SM and cooperative SM systems provide better performance
compared to conventional modulation systems in terms of outage
probability.

I. INTRODUCTION

The demand for higher data rates and improved error per-
formance lead the researchers to seek new and efficient trans-
mission techniques. Multiple-input multiple-output (MIMO)
transmission technologies cover this demand in the sense of
increased channel capacity and/or improved error performance.
Spatial modulation (SM) is a new and promising approach for
MIMO systems where the information bits are carried through
both the antenna indices and the conventional two dimensional
signal constellations [1]. An SM symbol carries log, (N; M)
information bits where V; is the number of transmit antennas
and M is the constellation size for the conventional ampli-
tude/phase modulations (APM). The first log,(V;) bits are
mapped into the transmit antenna index while the remaning
bits are mapped into APM. Since a single antenna is acti-
vated during the transmission, interchannel interference (ICI)
is completely eliminated in SM systems. A special case of
SM, called space shift keying (SSK), carries information by
only antenna indexes by eliminating APM [2]. Although the
transceiver of SSK is simple and has less decoding complexity,
its spectral efficiency is considerably lower compared to SM
for the same number of transmit antennas.

Since SM scheme exploits the spatial domain for data
transmission, its capacity calculation is different than the
classical systems. The first study for the evaluation of the SM
capacity is given in [3]. In this study, the mutual information
of the space and the APM domains are calculated separately to
obtain the total capacity for the SM scheme. In [4], this work
is extended to SM with finite alphabet inputs for multiple input
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single output (MISO) channels. A comprehensive analysis
is given in [5] where the mutual information of the maxi-
mum likelihood (ML) transmit antenna detector for the space
domain is analyzed and SM-MISO capacities are given for
complex Gaussian, real Gaussian and constant modulus APM
distributions. Additionally, a lower bound is computed for SM-
MIMO capacity for the complex Gaussian APM distribution.

When the signal power drops below a certain threshold
(i.e., an outage event occurs), it is highly likely to have
decoding failure. In that sense, the outage probability is an
important performance measure for communication systems
operating over fading channels. In this work, we investigate
the outage probability of an SM system. To the best of our
knowledge, a closed form expression for the outage probability
of an SM system has not given in the literature yet. An outage
probability analysis for the SM system based on transmit
antenna selection can be found in [6]. However, the capacity
of the SM system is assumed the same as conventional SIMO
capacity. In [7], the outage probability of SM is given for
the transmit antenna selection only and considering high SNR
values. After carrying out an outage analysis of an SM system,
we extend it to cooperative SM systems with different kind of
diversity protocols which has not been studied before.

Cooperative communication has attracted numerous re-
searchers over the past decade. In a cooperative senario, a
source (S) transmits its data to the relay (R) and the destination
(D) in the first phase and the relay forwards the source’s
information either decoding the received signal (decode-and-
forward, DF) or amplifying it (amplify-and-forward, AF) in
the second phase. This forwarding concept forms a virtual
MIMO system to combat fading and it is very effective to gain
a larger coverage. Besides the relay processing techniques,
different kind of diversity protocols can be employed for a
cooperative senario [8]. In selection relaying (SR), S sends
its information to R and D in the first phase. In the second
phase, if the instantaneous SNR between S and R falls below
a certain threshold, S continues to transmit to D, if it is above
the threshold, R forwards what it received using either DF
or AF techniques. The spectral efficiency for fixed AF/DF
relaying and SR is halved since the transmission takes two
time slots. This is improved by incremental relaying (IR). In
IR, if the S-D link SNR is not high enough for the appropriate
communication, the relay participates the communication and
transmits the received signal. Otherwise, R remains silent.

Since the information is conveyed by both antenna and
APM domains, the capacity of an SM system will be the
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sum of the capacities of these two domains. Hence, the
outage probability analysis of the SM scheme will not be the
same as the conventional systems. In this work, the outage
probability analysis of an SM system, which is not given in
the literature, is investigated. The above analysis is extended
to a cooperative system under different relaying techniques
and different diversity protocols. It is shown that, the outage
probability of the SM (cooperative SM) scheme provides better
performance than conventional modulation techniques.

The rest of the paper is organized as follows. In Section
II, the system model and the capacity bounds are given. The
outage probability analysis for the SM system and extension
to the cooperative scenario are investigated in two subsections.
The numerical results and computer simulations are presented
in Section III. Section IV concludes the paper.

Notation: A scalar, a vector and a matrix is denoted by
a lower/upper-case italic, a lower-case boldface and an upper-
case boldface letter, respectively. (), () and ||-|| represents
transpose, Hermitian transpose and Euclidean/Frobenius norm
of a vector/matrix, respectively. We use C"™*" to represent
the dimensions of a complex valued matrix. Pr{-} denotes
the probability of an event, I(X;Y) represents the mutual
information between X and Y and H(-) is used for the
entropy function. The probability density function (pdf) and
the cumulative distribution function (cdf) of a random variable
are given as fx(z), Fx(x), respectively. CA/(0,0%) denotes
the circularly symmetrical zero-mean complex Gaussian dis-
tribution with variance o2 and I,,, is the m xm identity matrix.

II. SYSTEM MODEL

Consider a MIMO system consisting of N,
transmit and [N, receive antennas. A unit energy,
Elxflx] = 1, SM symbol can be regarded as
x = [0, 0, ..., 0, mg, 0, ..., 0]7, where [

-1 Ny—l1

is the active antenna index and x4 is the APM constellation
symbol. The received signal is given as

y=hz,+n (D)

where h; € CVr x 1 vector is the [*" column of the MIMO
channel matrix, H=[ h; hy hy, |, with each ele-
ment being independent and identically distributed (i.i.d) with
CN(0,1) and n is the N, x 1 additive white Gaussian vector
whose entries are modeled as CN'(0, Ny) with noise spectral
density Ny /2 per dimension. The detector having ideal channel
state information (CSI) estimates antenna index, [, and the
APM signal, z,, with the ML decision rule as follows:

[, ] = arg min [ly - byl 2)
sq

A. SM Capacity and Outage Probability

Since the information is conveyed not only by classical
APM symbols, but also by the space domain in SM systems,
the SM capacity is computed as the capacity of conventional
modulation plus the capacity of the space domain [3],

I(anXch;Y) = I(XC}L;Y) +I(Xq7Y ‘ X(:h) (3)

where X, and X, represents APM and antenna domain
symbol spaces, respectively and Y is the output symbol space.
If the space domain symbols are considered equiprobable for
flat fading channel, the mutual information between APM
symbol X, and the output symbol Y conditioned on the
antenna domain symbol X, is given as,

I(Xq;Y | Xen) = H(Y | Xen) — H(Y | XQaXch)
1
= — N log, (1 hy||? 4
Nt;o&( +p ) @)

where p is the average signal to noise ratio (SNR) and the input
symbols are considered as i.i.d. complex Gaussian ensembles.
The first term in the right hand side of (3) can be calculated
with the well-known differential entropy equation as,

I(X(!}L;Y) = H(Y) - H(Y ‘ Xch)~ (5)

Generally, a closed form expression for (5) is difficult to obtain
and solution can be calculated numerically. However, when
no antenna index error occurs at the receiver, the information
carried by space domain is transferred fully and (5) becomes
I(Xcn;Y) = logy(Ny). Hence, the SM capacity can be
bounded as [7]

Nt

1
A ; logs (1+ p[u]|?*) < Csnmr

Ny
1
< ﬁr ZIng (1 +p thHQ) + log, (Nt) . (6)
“ =1

In (6), the right hand side is the full SM capacity with no
antenna index error.

SM capacity in (3) averages the mutual information of
each link from all transmit antennas. However, since only
one antenna is active for a given time interval, the outage
event occurs over the activated link. Hence, the instantaneous
capacity have to be found for the outage probability analysis.

Ny
Consider the set of N, channel vector norms, {th HQ} ,
=
an outage event occurs when (X, Xcp=min; Y) < R. Here,
R is the pre-determined rate in bits/s/Hz and X p—,i, repre-
sents the space domain symbols when the lowest vector norm,
||hmin\|2, is chosen. In this way, (4) and (5) respectively sim-
. 2
plify to log, (1 + p || Banin| ) and H(Y) — H(Y | Xep—min)-
Therefore, the instantenous mutual information for the | =
min link is

I(Xq7 Xch:min; Y) = 10g2 (1 +p ||hmin||2)
+ H(Y) — H(Y ‘ Xch:min)~ (7

Here, entropies can be written as,

1Y) =~ [ fr(y)log, fy (v)dy ®)
y
H(Y | Xch:min) = - /fY(y | xch:min) (9)
y
X 1Og2 fY (y ‘ xch:min)dy
=log, det (meK i)
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where fy(y) = % PO dct(ﬂKl)eXp( y"K;'y) and
K, = hthO'2 + Noly,. Besides, fy( | xch:min) =
W xp( y Kmmy) and Kuyin = hpinhfl 02 +
Noly, where o2 is the signal power. (8) can be computed
with numerical integration. On the other hand, since (8) and
(10) depend on the space domain symbols which are in fact the
channel gains, H(Y) — H(Y | X¢h=min) have to be averaged.
After computing the H(Y) — H(Y | Xch—min), the exact
outage probability is

PSM —Pr{I(X,, X

out
2
=Pr{||hmin| <

The pdf of the v £ |[hy||* which is the minimum of the
channel vector norms, £ £ h;, [ = 1,..., N;, (Erlang random
variables) can be calculated with the help of order statistics as

fula) = Ny (1= Fy(a))M 7 fo(2) (11)

where the Fy(x) and fy(z) denote the cdf and the pdf of the
channel vector norms, respectively. Hence,

Ne—1 Ne—t N,—1_,—x

xX xr e

Nfe o ST 2 roc

t<€ kZ:O k!) (N, —1)!
(N~ 1)(Ne—1)

N Nte_Nt” Z
(N, —1)! P

where C(k) is the coefficient of z* in the expansion of

ch=min; Y) < R} (10)
9R—H(Y)+H(Y[Xch=min) _ | }

p

fuv()

C(k)z™N =1 (12)

N1\ Vet
( > ”,i,) . Therefore, the outage probability for SM
k=0

systems is given as

pth
—Nix
pSM _ Nte ! C’ A
out - |
0

_ icwwwwk,mpth)
k=0 NtNT+k_1(Nr - 1)! .

oR—H(Y)+H(Y|Xcp=min) _1

13)

In (13), p" = P . () rep-
resents lower incomplete Gamma function and N =
(Nr_l)(Nt_l)'

Furthermore, the lower and upper bounds for outage prob-
ability of SM can be written as

Pr{logy (1+ p Buinl®) < R} = Powe
> Pr{log; (1 -+ p B [*) +logy (V) < R} (14)

B. Outage Probability of Cooperative SM Systems

In a cooperative system, consisting of a source (S), a relay
(R) and a destination (D), S and R have N, S , and NtR transmit
antennas, while R and D have Nfb and NTD receive antennas,
respectively.

Fading coefficients of e%ch liSnk of the MIMO channgls bg—
tween S and R, HE € CN- *N¢ S and D, HSP ¢ CN» xNe |

R and D, HEP € CN7 >N | can be modeled as CN(0,1) and
obey the flat Rayleigh fading channel conditions. In the first
time slot, S transmits an SM symbol to D and R as,

ySD = hlSD:v +n5P (15)
y¥% = bz, + 05", (16)

respectively, where hlSD(SR) denotes the /" column vector of
the channel matrix HSP(S%) | Based on the DF relaying pro-
tocol, R processes the incoming data using the ML detection

and makes a decision according to

[, #,] = arg min HySR—hlSqu 17)
lq
and re-encodes to an SM signal and sends to D as
y52 =hfPz, + nP. (18)

On the other hand, in AF relaying protocol, R just amplifies
the received signal and forwards to D as

where G = is the gain factor which is

1
[ [+ N 2N
chosen to fix the transmitted energy of the relay at unity.

n*P n°% and nf*P are the additive Gaussian noise vectors
whose entries are distributed with CA/(0, Ny). After simple
manipulations, (19) can be written as

yi‘g — GHED (thmq + nSR) + nRP
= GHPh{ Ry, 4+ altP (20)
where nf*P is the effective noise vector with a covariance
matrix as C = G2HFP (HRD) No + Nolyp.

The outage probability analysis for classical modulation
techniques and different relay and diversity protocols can be
found in [8]. In this study, we have used the results for these
protocols and applied them to the cooperative SM systems. In
the following, the antenna numbers are assumed to be equal,
ie, N7 =Nt =N, and NF = NP = N,.

1) Fixed-DF Relaying: The mutual information of fixed
DF-SM is given as

Iprg, = min {10g2 (1 +p Hhiﬁln )
=+ H(YSR) - H(Y ‘ Xch:min);
log, (1+ p[[BSE " + [nER]%) @n

+H(ySD+RD) _ H(ySD—i—RD | Xch:nlin)}
and the corresponding outage probability is
<uf+Pr{| L) >}
P {nSRI7 + I < u) @

where H(Y %) and H(YSP+RDP) can be computed as
in (8) with variances a%R = ||hlSR||2cr£ + Ny and
Fprro = (B2 + [BFP() 02 + No. On the
other hand, H(Y® | Xi—min) and H(YSPTED |

P(BtFS]VI PI‘{HhSR

min
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Xch=min) can be computed as in (10) with the above
variances when h; = Th,;,. The threshold value is
Ly = l(22R—H<YSR/SD+RD)+H<YSR/SD+RD|Xch=mm)_1).

As seen from the classical SM systems (see. Fig. 1), H(Y) —
H(Y | Xch=min) equals to logy(N;) for mid to high SNR
values. For cooperative communications, this value converges
to log,(V;) faster than the classical systems. In this work,

H(Y) - HY | Xch=min) is fixed to log,(NV;) thus, the
22R710g2(1\7t) o

threshold value will be p = . In (22), the

P
first term in the right hand side can be calculated from (13).
The second term is the complement of the first term, i.e.,

{HhmmH < M} Finally, the last term can be evaluated
using the pdf of sum of two independent random variables
which is the convolution of their pdfs. If the pdf of each term
is given as in (12), the pdf of their sum is calculated as

z

fz(2) = | fu(z —2z)fu(r)de

0
Nt2€_NtZ N N . 1

x B(N, + k, Ny +n)

where B(.,.) is the Beta function. The outage probability is
then expressed as,
th / fZ

B(N, + k,N, +n)
_1 12 V2N HhFn=2

Pr{|Insh” + ||hmm

min H

(24)

X (2N +k+n, Nt )

2) DF Selection Relaying: The outage probability for DF-
SR is given as

por- SRsm _ PI‘{HhmmH <M}Pr{2|fhmm|| }
+Pr {3 > ) pr {03+ B2 )° < i} @9

3) DF Incremental Relaying: In incremental relaying, if
the S-D link SNR is not high enough for the appropriate
communication, the relay participates in the communication
and transmits the received signal. Otherwise, R remains silent
(i.e., there is no second phase). Since the relay does not
cooperate in every time slot, the spectral efficiency will be
R when relay is silent and R/2 otherwise. Therefore, the
averaged spectral efficiency can be expressed as

R = RPr{HhmmH > } + ];Pr{HhmmH <u } (26)

where p/ = 2fittos2 (o) -1 (26) can be evaluated using (13).
The outage probability of DF-IR is written as,
PRyt = pr{ (SR |* < a} Pr {032 < 7

+Pr{|n3E[° > af P { BRI + niR)°

gR—loga(Ny) _q
P

<} @n

where i =

4) Fixed AF Relaying: The outage probability for fixed AF
relaying can be written as a function of fading coefficients as
(The analysis for AF relaying is only given for N, = 1)

p |hED )SMZ}
(28)

where f(z,y) = - + +1 [8]. In order to find the pdf of the left
hand side of the 1nequahty, we can employ the upper bound
approach as performed in [9]. The expressed function can be
upper bounded as,

Ty
T, R —
fly) = r+y+1

Hence, the outage probability is re-expressed as

P;:Lfsjw ~ Pr{|hmm + min (’hmm |hmm ) < u} 30)

P;?LfSAI = {’hmm + f (p |hmm

< min(z,y). (29)

For N, = 1, each {\hl\ }

Hence 5 = |hmm| is also exponentially distributed with the
pdf f=(¢) = Niye Nt¢ and the cdf F=(¢) = 1 — e Vi€,
Therefore the pdf of w = a 4 min(b,¢) is folw) =
2N, (e*N w2 “"). Finally, the outage probability of AF
relaying SM is given as

is exponentially distributed.
=1

PAL N/ fow)dz =1 —2e™ Nt e72Nek - (3])

5) AF Incremental Relaying: The outage probability of
AF-IR can be written as,

- Pr{yhﬁﬁ + min (| SR |h§f; ) < p}. (32)

The analytical expression for (32) is the same as in (31), but
the only difference is p replaced by ji.

III. PERFORMANCE EVALUATION

In this section, we present computer simulation results for
the outage probabilities of SM and cooperative SM systems.
Monte Carlo simulations are realized for at least 107 channel
uses as a function of received SNR (p) and obtained curves
are compared with the analytical results. On the other hand, all
SM systems are compared with the conventional modulation
techniques on an equal spectral efficiency basis.

A. Results for SM system

SM with R = 3 and R = 4 bits/s/Hz and corresponding M-
PSK systems are compared in Fig. 1. The outage probabilities
of SM systems with N; = 4, BPSK and N; = 4, QPSK are
simulated. The upper and lower bounds are also depicted for
comparison purposes. Additionally, they are compared with
8-PSK and 16-PSK systems. As seen from Fig. 1, the exact
outage probability lies between the upper and lower bounds,
as expected. At low SNR values, it is highly probable that
the receiver makes antenna index error which makes the exact
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0 1(10
= = = SM-Upper Bound
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WV SM-Cplx Gauss (Sim.)
O Conventional Mod. (Sim)

16 éO 50 4‘0 50 1b éO 3‘0 4‘0 50
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Fig. 1: Outage probability performance of NV, = 4, BPSK (left)

and N, = 4, QPSK (right) SM systems compared with SISO
8-PSK and 16-PSK (N, = 1).

o O  SM-DF (Sim.)
SM-DF (Theo.)

V  SM-DFSR (Sim.) x
= = SM-DFSR (Theo.) §
¢ SM-DFIR (Sim.) iy
SM-DFIR (Theo.) R
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SM-AF (Theo.)
A SM-AFIR (Sim.)
1 SM-AFIR (Theo.)

10° N i i
10 15 20 25 30 35

SNR__(dB)

norm

sp&

45 50

Fig. 2: Outage probability performance of N; = 4 QPSK AF
vs. DF Cooperative SM system (N, = 1).

curve closer to upper bound. At high SNR values, it is less
likely to have antenna index error and the outage probability
converges to lower bound. Also note that the analytical curves
obtained from (13) exactly match with the simulation results.
The outage probability performance of SM system gets better
at high SNR values as expected. On the other hand, since we
selected the minimum channel gains for computing the outage
probability, this performance is the worst case senario. Hence,
the better outage probability performance can be expected in
practice.

B. Results for Cooperative SM

The outage probability performance of fixed DF, DF-SR,
DF-IR and fixed AF, AF-IR of an N; = 4, QPSK SM system
is presented in Fig. 2. As seen from Fig. 2, the simulation
results and the analytical curves have exact match. In [8]
and [9], it is stated that the AF relaying is superior to DF
relaying in terms of outage probability. This result is observed
in here as well. The performance of cooperative SM and the
corresponding PSK systems is presented in Fig. 3 for R = 4
bits/s/Hz. As seen from Fig. 3, the cooperative SM system
provides better performance than corresponding conventional
modulated systems for both DF and AF protocols.

IV. CONCLUSION

In this paper, we have evaluated the outage probability
performance of both classical SM and cooperative SM sys-

A
—e—sm-oF ||
—0— SM-DFSR || v
1oL —— SM-DFIR | | 105 —o— sm-AF
Mod-DF & \ —8— SM-AFIR
= = = Mod-DFSR[® { Mod-AF
- = Mod-DFIR - - = Mod-AFIR
10° = i i 10° = .
10 20 30 40 10 20 30 40
SNR___(dB) SNR__(dB)

norm norm

Fig. 3: Outage probability performance of N; = 4 QPSK Co-
operative SM system with respect to SIMO 16-PSK (N, = 2).

tems. Due to the fact that SM conveys information not only
by the modulated symbols, but also by the antenna indices,
the capacity calculation of SM differs from the conventional
systems. The corresponding capacity can be calculated as the
sum of the capacities of APM and the space domains. Related
to the capacity, the outage probability performance of an SM
system, which is not thoroughly examined in the literature, is
deeply affected by the antenna index errors. In this work, we
have derived the outage probability performance of point to
point SM and the cooperative SM systems for the worst case
senario. In both systems, although the minimum channel gains
are selected, a better performance is achieved compared to the
classical systems.
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