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Maximum Power Transfer

Maximum amount of power from the source to the load.

We must determine the load impedance Z; = R; + X;j that results in the
delivery of maximum average power to its terminal.

1
—PL = Ps + Pg = 7 |Esl|ls| cos(0s) + Pg
Is = —Ip = |I,|&/®F™) and Zg = Rg + Xgj
1 1
—~Pp = Ps + Pg = = |Es||lL| cos(0L + 7) + = Re|l|e’ |l |e
2 2 e

Vre
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Maximum Power Transfer

1 1
—P, = Z|Es||lL| cos(8, + ) + = Rg|l|e® |1 |e~b
2 2
VRe
1 1 2
= —E‘ESH/L’COS(QL) + ERG“L’
1 1
PL= 5 Eg|li|cos(6) - ERG“LF

When P, is maximum ?
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First let cos(f;) = 1 to maximize P;. Meaning 6, =0y —6; =0!

1 1
P, = ZEs|l| — ZRg|IL|?
L 25\L| 26!L|

P
Then we must find the values of Z; where :]j|lL| =0.
L
dP; 1
— = —FEs — Rg|!
di] = 2Fs ~ Rell
then
T
" 2Rg
For the maximum power transfer we must meet the conditions :
@ cos(f;)=1
o || = 2ETSG
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cos(f;) =1 meaning 6, = 0. From circuit

__Es
N Z + Z¢g
Hence Z;, + Zg must be resistive. Therefore X; = —Xg.

IL = \IL]ee’—j = ]IL\eoj = |IL’

_E  Es
_ZL—I—ZG_RL—I—RG

L]

Use the second condition
Es Es Es
Ll =

Z.+Zc R.+Rc 2Re

then
R, = Rg

For maximum average power transfer
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Find the load impedance that transfers maximum power to the load and
determine the maximum power delivered to the load for the circuit
including serial connected Zg = (5 — 6/)Q and Vs = 10£0°.

Z = (5+6))Q

10£0°
5+5
the average power transferred to the load is

=1/0°A

I =

||2

P = R =25W

Prof. Dr. Mistak E. Yalgin (iTU) Circuit and System Analysis Spring, 2023



Average Power Due to Several Sinusoidal Inputs

[o}

We drive a linear time-invariant one-port by a voltage source given by
v(t) = Vicos(wit + 6y1) + Vacos (wat + 6,2)
and the port current
i(t) = h cos(wit + 0i1) + hcos (wat + 60)2)

Using standard formulas, The (instantaneous) power delivered by the
voltage source to the one-port
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1
==V /1{COS(9V1 — 9,‘1) + 5 V2/2{COS(9V2 — 9,‘2)

=N

1
+ 5 Vih COS(2Wt + 60,1+ 9,‘1)} + 5 Vo iy COS(2Wt + 6y + 9,’2)}
1 1 ‘
+ 5 Vib COS((W1 + W2)t +60,1+ 9,’2)} + 5 Vol COS((Wl + Wz)t +02+0i1
1 1 ,
+ §V1/2 COS((W1 — Wg)t +60,1 — 9,’2)} + §V2/1 COS((Wl — W2)t +6i1 — 9\,2‘

The average power over Tc =nT1 =na 1o

1 [T
Port = TC/O P(t)dt

1 1
= 5 Vi /1{COS(9V1 — 9,‘1) + 5 Vz/g{cos(evg — 9,‘2)
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The superposition of average power

The average power delivered to a circuit by several sinusoidal sources,
acting together, is equal to the sum of the average power delivered to the
circuit by each source acting alone, if, and only if, no two of the sources
have the same frequency.

I if wi = wo, it does not hold !

If two or more sources are operating at the same frequency, the principle of
power superposition is not valid, but the principle of superposition remains
valid.
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Mesh-Current Method in Frequency Domain

The number of equations to be solved are equal to the number of
independent loops (ne — ng + 1). There exists a tree such that the meshes
are Fundamental loops*.

BiRB) ic + Byv =0

where v, and vg voltages of independent voltage sources and resistors.
Instead of V. = R/ using
Ve =21,

we have
B1ZB/[ I, + BV, =0

where B1ZB; mesh impedance matrix.
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https://web.itu.edu.tr/yalcinmust/EHB211/ders_13.pdf

ML Lsjwler + (o + R)(ler — fe2) — VG =0
M2 L4JWI2+R2/2+(CJW+R)(/C2 ):0

In matrix form

1 .
—Cgw Ri L4JW + R2 + R + C5_]W leo 0
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1 1
. __1 Ry Vv

vG(t) = 4cos(2m60t + 3), L3 = Ly = 3mH, C = 4uF, Ry = R, = 2kQ

106 -1 o
: — I — 2k J
Vi, = 31073j2760[1 0] ] 2j2760 4e>
’ — o — 2k 0
42760
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O\
R, Vo
Co 1~
LG
le1 Vg
Z| lo | = 0
le3 Vo
where
/ =
o + R+ Lojw —Ry — Lzjw 0
—R — Lzjw R1+(L7—|—L6)jw—|— C41jw + Ry —Ry — Lgjw
0 —Ry — Lgjw Ra + Lejw +

1
Csjw
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Iy = 2V

R
—> \NAN——
I,=2\, %
Y \ 1
" R ™~ C Le ( j Vo (‘)
§: R 0 0 0 le1 -Vi
_R2 R2 + C51jw _%jw 0 0 /c2 0
0 N Csljw Csljw + Lejw 0 —Lejw la | =| =W
0 0 0 Rs 0 lea Va
0 0 0 —Lejw  Lgiw | L les _v,
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with above equ.s

[ R —R>
—R R C51jW
0 - C51jw
0 0
0 0
1 0
| 0 0
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h =11
Iy =2V,
Ic3 - Ic4 = _2‘/1

0 0 0
1 w00
G Lejw 0 —Lgjw
0 R3
—Lgjw 0 Lgjw
0 0 0
1 -1 0
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Node-voltage Method

The fundamental cut-set equations for the nodes(which do not correspond
to node of a voltage sources)

Ai=0
current sources i, and currents of one ports /e
Atie + A2i =0
in Sinusoidal steady-state . = YV,
A1YVe + Aslk =0
using Ve = A{ V; we have
ALYA] Vg + Asi =0

where V is phasor of the node voltage.
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https://web.itu.edu.tr/yalcinmust/EHB211/ders_12.pdf

G1 + Ggjw + ﬁ —Gjw — L3_1iw
—Gjw -t G+ Gw+ 2

v l=l6]
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R;

— > W\——y

0 @

1,=2V, ¢

|
=
<
@
NS

R, C.
Go + G3 + Gsjw —G3 Var | | h—1l
—G; Gs + i Vio | | la— 1k
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Vi = Vg
Is = 2Vo = 2V,

G+ G+ Gjw -Gz 0 Va1 h
1

G Gty || Ve |=]|0

1 0 0 Iz V7

v7(t) = 2cos(2m60t + &), i1 (t) = 3cos(2m60t + ), L = 2H, C = 2F,
R, = Rs = 10

14 1+ 22760 ~1 0 Vi 3e7J
~1 1+ 350 1 Vo | =| 0
1 0 0 Iz 2e%
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Network functions

Network functions :
(a) Voltage transfer functions % (b) Transfer admittances IVO, (c)

Current transfer function {2, (d) Transfer impedance Y V°

Consider a general linear time-invariant circuit N. Assume that N is driven
by one independent source, say, the sinusoidal current source /;
represented by the phasor.

Suppose we want to calculate the node voltage E, and consider the
dependence of the phasor E on w.

is a function of jw which depends only on the circuit N and not on /;. it is
called the transfer impedance from /;, to E.
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Find voltage transfer functions from V; to V.

R2
AN———
R1
AN
L
—~ 0000000 — : |7
+
+
M |(
<> AN Vo
! C R3

Example : Chua's book, Page 526, Examples 2 and 3.
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Network functions and Sinusoidal Waveforms

A linear time-invariant circuit N in the sinusoidal steady state of frequency
w. H(jw) = |H(jw)|e/“H0") is the voltage transfer function from
Ve = | Vs|e/“Ys to Vi = | Vi|el“ Ve
Vie = ViV = [H(jun) M0 |
= [H(jw)|| V5| “HTT2Vs)
vk(t) = |[H(jw)|| Vs| cos(wt + LH(jw) + £ Vs)

1 T T T T T T Linear Simulation Results
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Example: Low Pass Filter

C
[
R, | & Ml
T
Verify
. Vo w2
H = — = —0
V) Vi w@—w+2ajw
2 _ 1 _ (Ri+R) 1 _
where w; = e and 20 = gy e (Note that Q = 53)
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https://youtu.be/RQQjelF6X0Q

Example: Low Pass Filter

wozland2a:ﬂ

Wil

11 s
HUL) = 75 = 58 _
[H(jw)! lin decibels = 20log(|H(jw)])

|H(j0)| = 0dB,|H(j1)| = % = —3dB

S

2
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Second Order Low Pass Filter

Trersfer 7/um:[lb1 : Ve

Vool T

(Df‘ Y214 thg,:\/ﬂo-
G

1
~
]
<
ES
a~
<
3
7
&

Koge 2 T g ! .
I F‘ﬁ Ij Vrs 2nt Rp
Lt RP | R:
@E,_ e @ = k\/,u,
VT Ll @ LiLili-o
| G (Va1 -Yee) #C2(vms-Vis) +Ggj V- 1) zo
S
Osvht = (611G + Cyjuw)Vaa +CoVist Cyju Yoy = O Note  Var= Vi

Vg = Vs =k Vg,
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Vaa:?2

/

62 (Vag-Va) + Vagloyw =0

(Gt Gyw) Vn3 = G1\ue

=3 V= (624 Gj) \py=
G2,

@ &1V - ( 6y+ ‘7_+6“‘)ﬂ-ig_"L’J“) kVag + Co b Vg + Gy Vny 20

=

Vo Vo ¢

)

GiVag + (Gl Tk~ (cug“@\(_‘ucéw .L) Vo, =0

Y

L C1-Cy

—KE1.Cod +(61+61) Ca + Cecl) Y t(CurGaYeG,- G1Giyw — CLk
7 61.Cy
SRR - kG Cutth (61460)0y Jw + G1Gik ™ 64

(4 e

] - CLCakeRa ™ HF1r8a) Gy + 1

B 5 L= 1 f‘! !
KatRA % >1
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5
— CiCp R RawF H(RerRe)Cow L

This port 15 semoved 1/

withot Ll

1

RtRyCiCa

o (ReROC o 4
= RaRe Cq PRt R1RiCCq
w=0 HG\ = 4
1
A Hjo) = iy Cy
B ReCrCr L (AR (T A 7
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Superposition of Sinusoidal Steady States

Let N be a linear time-invariant circuit which is driven by two sinusoidal
independent sources operating at two different frequencies.

Voltage source is specified by phasor E, and operates at frequency wj.
The current source is specified by phasor /, and operates at frequency ws.

Hi(jw) be the voltage transfer function of from E to V) and Hx(jw) be
the transfer impedance from [ to V.

By the superposition theorem, the resulting steady state is the
superposition of two sinusoids

vk(t) = |Hi(jw)||E|cos(wat + ZH1(jw) + ZE) + |H2(jw)||l| cos wat + ...

wy = rws if r is a rational number then periodic if r is a irrational number
then almost periodic
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Thevenin - Norton Equivalent Circuits

The techniques for finding the Thevenin equivalent voltage (V4},) and
impedance (Zy,(jw)) are identical to those used for resistive circuits,
except that the frequency domain equivalent circuit involves the
manipulation of complex quantities.

Prof. Dr. Miistak E. Yalgin (ITU) Circuit and System Analysis Spring, 2023

/ - -
—<——o0 o—> ' H o—> ' !
—Z- i |

i i

"4 "4 ! "4 I

|

Vth E m In }

——o0 o ! o i



https://web.itu.edu.tr/yalcinmust/EHB211/ders_14.pdf

Thevenin - Norton Equivalent Circuits

Driving-point characteristic of Thevenin equivalent circuit is defined by
V = Zth(jW)/ + Vin

and
v
V= Vth|/:o and Zy, = T

Vin=0

Driving-point characteristic of Norton equivalent circuit is defined by
| = YN(jW)V + In

and

/
N‘V:oan N V;

In=0
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hgj
l""‘“— lAl,l,l.l‘l,l

Zn = (&) ) 22) + 23)/ | Za)

(Z3+ 2Z4)/ ]/ 22 Vv _ L v
(Zs+Z))|Z+2zy " 3+ Z

Vi =
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— 00—

i> | iy=i i
>2 3792 <3
| vw=0 1+
=3
O}
o
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Y =j, 1 =2w and ip = —2v; In steady state I.; =1 — . Find complex
power of two-port.

‘ Y
alI 12
| I |
+ +
4 v
Lo £

Figure: (h =2v, h=-2vive Y=jand lqg=1—j).

Prof. Dr. Miistak E. Yalgin (ITU)

Circuit and System Analysis

Spring, 2023



	SinusoidaI Steady-State Analysis
	Maximum Power Transfer
	Average Power Due to Several Sinusoidal Inputs
	Mesh-Current Method in Frequency Domain
	Node-voltage Method in Frequency Domain
	Network functions
	Example: Low Pass Filter
	Superposition of Sinusoidal Steady States
	Thevenin - Norton Equivalent Circuits
	Examples


