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Maximum Power Transfer

Maximum amount of power from the source to the load.

+

-

ZVL L

i
L

We must determine the load impedance ZL = RL + XLj that results in the
delivery of maximum average power to its terminal.

−PL = PS + PG =
1

2
|ES ||IS | cos(θS) + PG

IS = −IL = |IL|e j(θL+π) and ZG = RG + XG j

−PL = PS + PG =
1

2
|ES ||IL| cos(θL + π) +

1

2
RG |IL|eθL︸ ︷︷ ︸

VRG

|IL|e−θL
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Maximum Power Transfer

+

-

ZVL L

i
L

−PL =
1

2
|ES ||IL| cos(θL + π) +

1

2
RG |IL|eθL︸ ︷︷ ︸

VRG

|IL|e−θL

= −1

2
|ES ||IL| cos(θL) +

1

2
RG |IL|2

PL =
1

2
EG |IL| cos(θL)−

1

2
RG |IL|2

When PL is maximum ?
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First let cos(θL) = 1 to maximize PL. Meaning θL = θV − θi = 0 !

PL =
1

2
ES |IL| −

1

2
RG |IL|2

Then we must find the values of ZL where
dPL

d |IL|
= 0.

dPL

d |IL|
=

1

2
ES − RG |IL|

then

|IL| =
ES

2RG

For the maximum power transfer we must meet the conditions :

cos(θL) = 1

|IL| = ES
2RG

.
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cos(θL) = 1 meaning θL = 0. From circuit

IL =
ES

ZL + ZG
= |IL|eθLj = |IL|e0j = |IL|

Hence ZL + ZG must be resistive. Therefore XL = −XG .

|IL| =
ES

ZL + ZG
=

ES

RL + RG

Use the second condition

|IL| =
ES

ZL + ZG
=

ES

RL + RG
=

ES

2RG

then
RL = RG

For maximum average power transfer

ZL = Z̄G
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Find the load impedance that transfers maximum power to the load and
determine the maximum power delivered to the load for the circuit
including serial connected ZG = (5− 6j)Ω and VS = 10∠0◦.

ZL = (5 + 6j)Ω

IL =
10∠0◦

5 + 5
= 1∠0◦A

the average power transferred to the load is

PL =
|I |2

2
RL = 2.5W
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Average Power Due to Several Sinusoidal Inputs

v

i

+

-

We drive a linear time-invariant one-port by a voltage source given by

v(t) = V1 cos (w1t + θv1) + V2 cos (w2t + θv2)

and the port current

i(t) = I1 cos (w1t + θi1) + I2 cos (w2t + θi2)

Using standard formulas, The (instantaneous) power delivered by the
voltage source to the one-port
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P = v(t)i(t)

=
1

2
V1I1{cos(θv1 − θi1) +

1

2
V2I2{cos(θv2 − θi2)

+
1

2
V1I1 cos(2wt + θv1 + θi1)}+

1

2
V2I2 cos(2wt + θv2 + θi2)}

+
1

2
V1I2 cos((w1 + w2)t + θv1 + θi2)}+

1

2
V2I1 cos((w1 + w2)t + θv2 + θi1)}

+
1

2
V1I2 cos((w1 − w2)t + θv1 − θi2)}+

1

2
V2I1 cos((w1 − w2)t + θi1 − θv2)}

The average power over Tc = n1T1 = n2T2

Port =
1

Tc

∫ Tc

0
P(t)dt

=
1

2
V1I1{cos(θv1 − θi1) +

1

2
V2I2{cos(θv2 − θi2)

Prof. Dr. Müştak E. Yalçın (İTÜ) Circuit and System Analysis Spring, 2023 9 / 35



The superposition of average power

The average power delivered to a circuit by several sinusoidal sources,
acting together, is equal to the sum of the average power delivered to the
circuit by each source acting alone, if, and only if, no two of the sources
have the same frequency.

! if w1 = w2, it does not hold !

If two or more sources are operating at the same frequency, the principle of
power superposition is not valid, but the principle of superposition remains
valid.
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Mesh-Current Method in Frequency Domain

The number of equations to be solved are equal to the number of
independent loops (ne − nd + 1). There exists a tree such that the meshes
are Fundamental loops*.

B1RB
T
1 ic + B2vk = 0

where vk and vR voltages of independent voltage sources and resistors.
Instead of Ve = RIe using

Ve = ZIe

we have
B1ZB

T
1 Ic + B2Vk = 0

where B1ZBT
1 mesh impedance matrix.

See :EHB211 E
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Example

L

R

C

I

R
L

R
C1

3 4

1

5

2
II

C2
 

M1 L3jwIc1 + ( 1
C5jw

+ R)(Ic1 − Ic2)− VG = 0

M2 L4jwIc2 + R2Ic2 + ( 1
C5jw

+ R)(Ic2 − Ic1) = 0

In matrix form[
R1 +

1
C5jw

+ L3jw − 1
C5jw

− R1

− 1
C5jw

− R1 L4jw + R2 + R1 +
1

C5jw

] [
Ic1
Ic2

]
=

[
VG

0

]

Prof. Dr. Müştak E. Yalçın (İTÜ) Circuit and System Analysis Spring, 2023 12 / 35



VL3 = L3jw [1 0]

[
· − 1

Cjw − R1

− 1
Cjw − R1 ·

]−1 [
VG

0

]
vG (t) = 4 cos(2π60t + π

3 ), L3 = L4 = 3mH, C = 4µF , R1 = R2 = 2kΩ

VL3 = 310−3j2π60[1 0]

[
· − 106

4j2π60 − 2k

− 106

4j2π60 − 2k ·

]−1 [
4e

π
3
j

0

]
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L

R
C

R

L

R3

6

1

7

2

 

 

2

C

C

V

4

5

9

8
 

V

Z

 Ic1
Ic2
Ic3

 =

 V8

0
V9


where

Z =
1

C3jw
+ R1 + L7jw −R1 − L7jw 0

−R1 − L7jw R1 + (L7 + L6)jw + 1
C4jw

+ R2 −R2 − L6jw

0 −R2 − L6jw R2 + L6jw + 1
C5jw
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I4 = 2V2

L

R C

R

6

2

 

 

3

I

5

71
 V

I =2V
4

 

2


R2 −R2 0 0 0
−R2 R2 +

1
C5jw

− 1
C5jw

0 0

0 − 1
C5jw

1
C5jw

+ L6jw 0 −L6jw

0 0 0 R3 0
0 0 0 −L6jw L6jw




Ic1
Ic2
Ic3
Ic4
Ic5

 =


−V1

0
−V4

V4

−V7
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I1 = Ic1
I4 = 2V2

Ic3 − Ic4 = −2V1

with above equ.s

R2 −R2 0 0 0 1 0
−R2 R2 +

1
C5jw

− 1
C5jw

0 0 0 0

0 − 1
C5jw

1
C5jw

+ L6jw 0 −L6jw 0 1

0 0 0 R3 0 0 −1
0 0 −L6jw 0 L6jw 0 0
1 0 0 0 0 0 0
0 0 1 −1 0 2 0





Ic1
Ic2
Ic3
Ic4
Ic5
V1

V4


=



0
0
0
0

−V7

I1
0
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Node-voltage Method

The fundamental cut-set equations for the nodes(which do not correspond
to node of a voltage sources)

Ai = 0

current sources ik and currents of one ports ie

A1ie + A2ik = 0

in Sinusoidal steady-state Ie = YVe

A1YVe + A2Ik = 0

using Ve = AT
1 Vd we have

A1YA
T
1 Vd + A2ik = 0

where Vd is phasor of the node voltage.
See :EHB211 E
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Example

R

L

R
3

1

2C

4

I
55

R

1 2

[
G1 + C3jw + 1

L3jw
−C3jw − 1

L3jw

−C3jw − 1
L3jw

G2 + C3jw + 1
L3jw

] [
Vd1

Vd2

]
=

[
I1
0

]
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Example

L

R C

R

6

2

 

 

3

I

5

71
 V

I =2V
4

 

2

1 2

[
G2 + G3 + C5jw −G3

−G3 G3 +
1

L6jw

] [
Vd1

Vd2

]
=

[
I1 − I4
I4 − I7

]
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Example

V7 = Vd1

I4 = 2V2 = 2Vd1 G2 + G3 + C5jw −G3 0
−G3 G3 +

1
L6jw

1

1 0 0

 Vd1

Vd2

I7

 =

 I1
0
V7


v7(t) = 2 cos(2π60t + 2π

3 ), i1(t) = 3 cos(2π60t + 7π
3 ), L6 = 2H, C = 2F ,

R2 = R3 = 1Ω 1 + 1 + 2j2π60 −1 0
−1 1 + 1

2j2π60 1

1 0 0

 Vd1

Vd2

I7

 =

 3e
7π
3
j

0

2e
2π
3
j
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Network functions

Network functions :

(a) Voltage transfer functions Vo
Vi
, (b) Transfer admittances Io

Vi
, (c)

Current transfer function Io
Vi
, (d) Transfer impedance Vo

Ii
.

Consider a general linear time-invariant circuit N. Assume that N is driven
by one independent source, say, the sinusoidal current source Ii
represented by the phasor.
Suppose we want to calculate the node voltage E , and consider the
dependence of the phasor E on w .

E (jw)

Ii

is a function of jw which depends only on the circuit N and not on Ii . it is
called the transfer impedance from Ii , to E .
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Find voltage transfer functions from Vi to V0.

V

R

L

C R

R

+

-

V
i

1

2

3

-

+

o

Example : Chua’s book, Page 526, Examples 2 and 3.

Prof. Dr. Müştak E. Yalçın (İTÜ) Circuit and System Analysis Spring, 2023 22 / 35



Network functions and Sinusoidal Waveforms

A linear time-invariant circuit N in the sinusoidal steady state of frequency
w . H(jw) = |H(jw)|e j∠H(jw) is the voltage transfer function from
Vs = |Vs |e j∠Vs to Vk = |Vk |e j∠Vk .

Vk = |Vk |e j∠Vk = |H(jw)|e j∠H(jw)|Vs |e j∠Vs

= |H(jw)||Vs |e j(∠H(jw)+∠Vs)

vk(t) = |H(jw)||Vs | cos(wt + ∠H(jw) + ∠Vs)

0 0.5 1 1.5 2 2.5 3 3.5
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

w

|H
(j
w

)|

X: 1
Y: 0.7071

Linear Simulation Results

Time (sec)

A
m

p
lit

u
d

e

0 5 10 15 20 25 30
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

System: sys
Time (sec): 15.7
Amplitude: 0.707
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Example: Low Pass Filter

YouTube Video: RC Filter

Verify

H(jω) =
Vo

Vi
=

ω2
0

ω2
0 − ω + 2αjω

where ω2
o = 1√

R1R2C1C2
and 2α = (R1+R2)

(R1R2)
1
C1

(Note that Q = ω0
2α)
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Example: Low Pass Filter

ωo = 1 and 2α =
√
2

0 1 2 3 4 5 6
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

w

|H
(j
w

)|

0 1 2 3 4 5 6 7
−3

−2.5

−2

−1.5

−1

−0.5

0

w

∠
 H

(j
w

)

H(j1) = 1√
2j

= 1√
2
e−

π
2

|H(jω)| |in decibels = 20log(|H(jω)|)
|H(j0)| = 0dB,|H(j1)| = 1√

2
= −3dB

Prof. Dr. Müştak E. Yalçın (İTÜ) Circuit and System Analysis Spring, 2023 25 / 35
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Superposition of Sinusoidal Steady States

Let N be a linear time-invariant circuit which is driven by two sinusoidal
independent sources operating at two different frequencies.

Voltage source is specified by phasor E , and operates at frequency w1.
The current source is specified by phasor I , and operates at frequency w2.

H1(jw) be the voltage transfer function of from E to Vk and H2(jw) be
the transfer impedance from I to Vk .

By the superposition theorem, the resulting steady state is the
superposition of two sinusoids

vk(t) = |H1(jw)||E |cos(w1t + ∠H1(jw) + ∠E ) + |H2(jw)||I | cosw2t + ...

w1 = rw2 if r is a rational number then periodic if r is a irrational number
then almost periodic
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Thevenin - Norton Equivalent Circuits

Z
th

V
th

I

V V

I

Y
N I

N

V

I

+

The techniques for finding the Thevenin equivalent voltage (Vth) and
impedance (Zth(jw)) are identical to those used for resistive circuits,
except that the frequency domain equivalent circuit involves the
manipulation of complex quantities.

More detail EHB211 E: Slayt 192
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Thevenin - Norton Equivalent Circuits

Driving-point characteristic of Thevenin equivalent circuit is defined by

V = Zth(jw)I + Vth

and

V = Vth|I=0 and Zth =
V

I

∣∣∣∣
Vth=0

.

Driving-point characteristic of Norton equivalent circuit is defined by

I = YN(jw)V + IN

and

I = IN|V=0 and YN =
I

V

∣∣∣∣
IN=0

.
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Example

+
- V

11 3j

9

-3j

0.2 0.6j

10

-19j

+
- V

11 3j

9

-3j

0.2 0.6j

10

-19j

Z

Z

Z

Z

1

2

3

4

Zth = (((Z1//Z2) + Z3)//Z4)

V1 =
(Z3 + Z4)//Z2

(Z3 + Z4)//Z2 + Z1
V , Vth =

Z4

Z3 + Z4
V1
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Example

i =i3 2

v =0
2+ +

i2 i3

L

R

i
k
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Example

Y = j , i1 = 2v2 and i2 = −2v1 In steady state Ic1 = 1− j . Find complex
power of two-port.

+

-

+

-

i

V

I

Y

2V
VV

1 2

21

c1

k

2V

+

i
a

b

Figure: (i1 = 2v2, i2 = −2v1 ve Y = j and Ic1 = 1− j ).
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