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ABSTRACT

This paper presents a general and efficient method for
structural modification purposes and also summarizes various
application areas where this method has been used successfully.

The method presented here is based on exact calculation of
the Frequency Response Functions (FRF) of the modified
structure using the FRF matrix of the initial system and the
dynamic stiffness matrix containing the mass, stiffness and
damping matrices as modifications. In addition to being an
exact method, a distinct feature of the method is that the
analysis can be restricted to active co-ordinates only; active co-
ordinates being the forcing co-ordinates, co-ordinates where
modifications are to be made and those co-ordinates where
response levels are needed. This feature makes the method
applicable to realistic models with large degrees-of-freedoms
(DOFs). Another advantage of the method is that it is ideally
suited for the frequency domain analyses of nonlinear
structures with localized nonlinearities.

After a brief description of the theoretical basis of the
method, the formulations for various types of structural
modifications are summarized. These include simple
modifications such as discrete mass, stiffness, dashpot and
tuned absorber elements as well as a more complex matrix
modifications. Various examples are included, which
demonstrate the accuracy and the efficiency of the method.
These examples are chosen from different application areas,
including structural modifications, removing the effect of
transducer mass from measured data, analysis of mistuned
bladed-disc assemblies and optimization of friction dampers.

1 INTRODUCTION

It is necessary, in many situations, to predict the dynamic
properties of structures when some modifications are to be
made or when many ‘what if” scenarios are to be studied before
actual modifications are applied to the structure. Engineers are
often faced with this problem when it is realized that the
dynamic properties of a structure during design stage, or after a
prototype is made, do not meet the design requirements and
some changes in the structure are needed to bring about the
desired changes by modifying the structure.  In these
circumstances, it is very desirable to study the effects of many
modification scenarios using a mathematical model of the
structure so as to avoid costly modification and testing cycles
on actual structure.

The first requirement in a theoretical analysis for the
prediction of the effects of possible modifications is to have a
validated theoretical or experimental model for the unmodified
structure. It is assumed here that such a model is already
available for further analyses. Once this requirement is met,
there are various methods [1] that can be used to predict the
changes in the dynamic properties of structures when some
modifications are made. An obvious method that can be used
for structural modification purposes is to modify the structure
and perform the whole analysis again, and repeat this procedure
for all possible modification scenarios. This is obviously an
expensive method compared to the alternatives, especially when
the initial model is large in terms of size. The alternative
methods are usually classified into two main groups: (i) those
based on modal models and (ii) others based on response
models of the components involved in the modification, or
coupling, process [2]. Whether it is called ‘structural
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modification” or ‘structural coupling’ analysis, another
classification can be made depending on whether the
modifications to the original structure can be accommodated
using the existing Degrees-of-Freedoms (DOFs) in the initial
model or it is necessary to introduce new DOFs in the analysis,
the latter of which could perhaps be a more precise definition of
structural coupling analysis. Irrespective of whether modal or
response modals are used to describe the components and
whether the ‘modifications’ introduces additional DOFs, almost
all the methods available for structural modification/coupling
analyses require either the inversion of one or more matrices or
a solution of a new eigen value problem to determine the
dynamic behaviour of the modified structure [2].

This paper presents an exact method, based on Woodbury-
Sherman-Morrison formula [3-4] for the analyses of certain
types of modified structures where the modifications could be
described without the need for introducing additional DOFs.
However, the method brings a distinct advantage in the sense
that the Frequency Response Functions (FRFs), hence the
response, of the modified structures can be calculated very
efficiently, without the need for any matrix inversion or a
solution of a new eigenvalue problem [5]. A more detailed
coverage of this approach and some numerical aspects are
discussed in [6,7]. This paper aims to explore various distinct
features that the Woodbury-Sherman-Morrison formula can
offer and also to demonstrate these features not only for
structural modifications purposes, but also in other application
areas. In addition to being an exact method, it offers a
possibility of restricting the analysis to active co-ordinates only;
active co-ordinates being the forcing co-ordinates, co-ordinates
where modifications are made and those co-ordinates where
response levels are needed. This feature makes the method
applicable to realistic models with large DOFs. Another
advantage of the method is that it is ideally suited for the
frequency domain analyses of nonlinear structures with
localized nonlinearities.

In what follows, the theory behind the so-called Sherman-
Morrison-Woodbury formulas are described and the formulation
for various types of simple modifications such as mass, stiffness
and tuned absorbers are presented. Then, a strategy for
nonlinear analysis is presented, combinining structural
modification and Harmonic Balance approaches. The rest of
the paper presents various application areas demonstrating the
applicability and the efficiency of this approach, including (i)
modification of a structure by various discrete structural
elements so as to obtain the FRFs of the modified structure at
desired co-ordinates, (ii) removing the undesired effects of
transducer mass loading from measured FRFs, (iii) forced
response analyses of mistuned bladed-discs using a realistic
tuned model and the mistuning elements as structural
modifications and (iv) an optimization of friction dampers via
nonlinear analysis.

2 AN EFFICIENT METHOD FOR STRUCTURAL
MODIFICATIOINS

2.1 Theory

As mentioned, the analysis method presented in this paper
is based on the so-called Sherman-Morrison identity [3] which
allows a direct inversion of the modified matrix efficiently using
the data related to the initial matrix and to the modification(s).
A brief summary of the Sherman-Morrison formula is given
below.

Let [A]™ be the inverse of a non-singular square matrix [A].
If the inverse of a modified matrix, [A']™, is needed where [A']
isof theform

[~ ]=[A+ [0 = [A)+{uf}" @

then it can be calculated using the Sherman-Morrison formula

oo (A0 1)
T K ?

The Sherman-Morrison identity is a simplified version of the
more general formula of Woodbury-Sherman-Morrison [4],
alowing the modification matrix being a multiplication of two
matrices, as [AA]=[U][V]". In this case, the inverse of the
modified matrix is given by:

(K] = (A (AR + T A LIVITTA? @

This identity is valid for any square matrix [Alnw and any
matrix [AA] expressed as multiplication of two rectangular
matrices with appropriate dimensions [U]nxa and [Vlnxn
provided that [A] and ([1]+ [V]"[A] )[U]) matrices are invertible,
where[l] isthe identity matrix and n<N.

The similarities between the two identities become apparent
when Egns. (2) and (3) are compared. However, the main
advantage of the Sherman-Morrison identity is that it provides
the inversion of the modified matrix without any matrix
inversion athough the modifications are limited to a special
form of {u}{v}". It is shown later that this is not a real
drawback as any matrix modifications can be represented as a
sum of a series of modificationsin the form of {u}{v} ".

The formulations presented above are well suited for many
gpplications in structural dynamics. Consider the equations of
motion in frequency domain for an unmodified structure given
in acustomary form as:

(K]- ' [m]+i[plka} =[zKa} ={r} @
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where {qg} is a vector of response amplitudes; {f} is a vector of
harmonic loads; [K], [M] and [D] are the initial stiffness, mass
and structural damping matrices of the system, respectively; [Z]
is the frequency (w) dependent dynamic stiffness matrix and
i=y~1. Aviscous damping matrix can also be included in the
expression above. The solution of Eq. (4) provides the
response amplitudes as:

{a} =[z]"{t} = o]t} ®)

where [a] is the receptance, or the FRF matrix, which is also
frequency dependent. The main interest in this paper is to avoid
the need for a complete re-analysis of structures when some
modifications, represented by [AZ], are to be made to the [Z]
matrix and the response amplitudes, or the receptance matrix,
need to be calculated again. The Sherman-Morrison identity
provides great simplifications during this ‘re-analysis’ stage if
the initial receptance matrix is already available. In most cases,
the initial receptance matrix is obtained by modal summation
after an eigenvalue analysis [2]. Once [a] is available, the
Sherman-Morrison identity in Eq.(2) can be written in terms of
the receptance matrix as:

[o])=lal- (oHu}) {7[a] ®)

1+{y"[afu}

When the new receptance matrix for the modified system is
available, the response amplitudes corresponding to the
modified system can easily be calculated using Eq.(5), but this
time using [a].

It must be noted that if the modifications affect all the co-
ordinates, the formulations here do not provide any advantages
over re-analyzing the whole system again. It is obvious, as
emphasized in the literature, that the identities in Eqgs.(2) and
(3) can provide substantial savings in computational time for
calculating the receptance (or response) of the modified system
when the changes in the original structure are localized. When
this is the case, i.e., the changes in the [Z] matrix are localized
and can be written as a series of matrices in the form of
{u}{v}", the new receptance matrix can be obtained efficiently
via the Sherman-Morrison identity in Eq.(2) without the need
for any matrix inversion. If it is necessary to express the
modifications as [U][V]", then the Woodbury-Sherman-
Morrison identity, Eq.(3), can be used. However, this will
require a matrix inversion.

It is shown in this paper that the Sherman-Morrison identity
can provide substantially more savings in computational time
than Eq.(6) implies for certain class of problems where (i) the
modifications and the forcing co-ordinates are a small subset of
the total co-ordinates and (ii) response amplitudes are to be
calculated at selected co-ordinates. It is shown here that when
these requirements are met, the analysis is still exact but the
calculations are confined to the so-called active co-ordinates.

To demonstrate this, suppose that the {q} is partitioned such
that one of the partitions contains the active co-ordinates (i.e.,
forcing co-ordinates, modification co-ordinates and those co-
ordinates where response levels are needed) and the other
partition contains all the other co-ordinates. In accordance with
this, the [a] matrix can also be partitioned. This can be written
in matrix form as:

faly ol [l
=48 1 fa] o @

where the subscripts i and a indicate inactive and active co-
ordinates, respectively. If this is inserted in Eq.(6), one can
obtain:

W a0 @, 0,0
*g=0 iy
V. b @ a0
] fo)mfo o d d au [o]
o [ JH %% 1 o] o] ®

.Jd ﬁdﬂ”] [c.a]mo 0
Y vl o] fow]Hud

1t should be noted that {u} and {v} vectors are also partitioned
and, according to the definition, the modifications are limited to
active co-ordinates only. Close inspection of Eq.(8) shows that
the Sherman-Morrison identity is also valid at active co-
ordinates alone provided that the active co-ordinates include
the modification co-ordinates, forcing co-ordinates and those
co-ordinates where response levels are needed, i.e.,

[e]=lo.)- ([aiii]{{ta}})T ({]va}Tu ©

The significance of Eq.(9) is that it makes it possible to
perform the calculations using active co-ordinates alone, the
size of which is much smaller than the total number of degrees
of freedoms, N, in many applications. Unless otherwise stated,
the rest of the paper deals with calculations using active co-
ordinates only and for the sake of brevity the subscript a will be
omitted in the equations.

Another issue that is worth mentioning here is that if the
total modification matrix, [4Z], cannot be expressed as a
multiplication of two vectors ({u}{v}"), it can be decomposed
into several, say p, modifications, such as

[az]=[az))+[az,]+ 8z ) +[a2.] + ...+ |nZ, ©
where [Azj]z{uj}{vj}T. This allows the [a] matrix to be

calculated in p steps by considering a modification matrix [4Z]
atatime.
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In what follows, how to form the modification matrices for
various kinds of simple structural elements are described first.
Then, various examples are included to demonstrate the
effectiveness this approach.

2.2 Simple Structural Modifications

One of the simplest modifications that can be added to a
structure is a spring with a coefficient k. If this modification is
made between two generalized co-ordinates, then the
modification matrix becomes:

-k0O
K B (10)

and such a modification can easily be represented as a product
of two vectors as:

oz )

01
[AZJ]:{UI}{VI} - E’lgk _k} 1

It should be noted that only the non-zero elements of [4Z], {u;}
and {v;} are shown in the equations above. If the spring
modification is acting along a local axis (with a direction
cosines e, f and g with respect to the global co-ordinate system -
GCS), the stiffness matrix can be transformed to GCS, noting
that the modification matrix in GCS can still be written as:

a2
o) =B O B

A viscous type of damper element with a coefficient ¢ can also
be formulated in the same way:

[z ]={u Yv,} = @:@Gm -iac) @3

Another simple modification is that of mass type. If a mass mis
to be added to a co-ordinate in the system, the modification
matrix has only one element and is given by:

bz, ]={u v} =i o (14)

Fig.1 A tuned absorber modification

2.3 Tuned Absorber Modifications

A tuned absorber modification (with parameters k, mand c)
is a special type of modification in the sense that the
modification introduces a new co-ordinate to the system as
shown in Fig.1. However, this type of modification can also be
handled by using the same approach if the effect of the tuned
absorber at the modification co-ordinate is represented as the
impedance “felt’ by the structure. In other words, the response
amplitude of the co-ordinate y can be expressed as a function of
that of ¢, leading to an expression for the impedance
modification due to a tuned absorber.  This yields a
modification matrix with a single element:

[z ]= o fu ) = {8z} as)
2 e
ZTunsd = o rﬂ: I(‘») o) (16)
(k —w'm+iwc)

2.4 Matrix Modifications

Matrix modifications here mean those cases where [AZ]
cannot be expressed as {u}{v}'. Ideally, building up the
modification matrix using simple impedance matrices as
summarized above has the advantage of performing the
calculations very efficiently. However, if this is not feasible, one
needs to refer to the Woodbury-Sherman-Morrison identity and
this will require a matrix inversion. Another possibility is to use
the Sherman-Morrision identity again, but this time considering
individual columns, or rows, of the modification matrix at a
time until the whole columns, or rows, of the modification
matrix are included in the analysis [5, 6].

2.5 Nonlinear Modifications

The method presented here is also extended for the
nonlinear analyses of structures by combining this method with
the Harmonic Balance approach which can provide equivalent
stiffness matrix for nonlinear elements at given response levels
[8]. A typical nonlinear modification is illustrated in Fig.2
where a nonlinear element, represented by a crossed box, is
connected between two generalized co-ordinates g,and gs. If a
new variable is defined as

Y=0p-Gs (17
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Nonlinear element

Fig.2 Anonlinear modification.

then, the nonlinear force, say R, can be expressed as a function
of the relative displacement y., i.e., R=R(y). As a first order
approximation, the effect of the nonlinear element can be
represented as an amplitude-dependent equivalent stiffness as

Kea(Y) =k (¥) + 1 Kgg(y) (18)

where K, and K, are the real and imaginary parts of the
equivalent stiffness, respectively, as given by

I 19
ki, = p yIJ;R(l y | cos(8)) cos(8)d& (19)
‘ q o )
ki =Tyl ‘!'R(l y|cos(8))sin(8)dé (20)

The equivalent stiffness can then be considered as a structural
modification to the system as:

[z, )=fu Y} = @:l@km k) )

It must be noted that this procedure requires iterative solution
since the equivalent stiffness depends on the response
amplitudes [9,10]. However, this approach, combined with
performing the calculations at active co-ordinates, offers the
possibility of using realistic models in nonlinear analyses.

3 APPLICATIONS

This section presents various applications of the proposed
method demonstrating the applicability and the efficiency of
this approach.

3.1 Structural Modifications

As mentioned, the proposed method is ideally suited for
structural modification problems, which allows exact
calculation of the response of the modified system efficiently
without the need for a complete reanalysis. A free-free ‘U’-
shaped plate subjected to different kinds of modifications is
included here as an example.

Fig. 3a ‘U’ plate with a tuned absorber.

Original Modified

MODULUS dB - A

00 150

*neouency ¢
Fig. 3b Point Frequency Response Functions: with and
without the tuned absorber.

The structure is illustrated in Fig.3a where the original
(unmodified) structure has more than 2500 DOFs. As a first
case, the structure is modified with a tuned absorber as
indicated by a square (active in the direction perpendicular to
the plate), the natural frequency of the tuned absorber being
adjusted to the 3™ non-zero natural frequency of the initial
structure.  The dynamic behaviour of the initial system is
described by its natural frequencies and mode shapes hence, the
receptance matrix for the initial model at desired co-ordinates
can be calculated via modal summation. A point FRF of the
system is calculated using the approach presented in this paper
and the result is compared in Fig.3b to that of the original
system so as to assess the effect of this modification (although
not included here, a re-analysis of the modified system yielded
the same result). The important point here is that performing
such a calculation was trivial; a single co-ordinate is involved in
the calculations since the excitation, response and the
modification were assumed to be at the same co-ordinate. As
far as the calculation of any FRF is concerned, the maximum
number of active co-ordinates involved in the calculations will
be 3; the excitation, response and the modification co-ordinates.
Therefore, irrespective of the original DOFs in the system, any
FRF can be calculated almost instantly in this case. Interested
readers are referred to [11] for a similar application where a
two-dimensional tuned absorber was designed and implemented
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to reduce excessive vibrations of an industrial tower, the
preliminary investigations being carried using the same
approach presented here.

The second case comprises additional modifications, i.e.,
adding two springs and a dashpot in addition to the tuned
absorber as illustrated in Fig.4a. In this case, the number of
active co-ordinates was 9, 7 of them being modification co-
ordinates while the other 2 being excitation and response co-
ordinates. Again, the result presented in Fig.4b is exact and the
CPU time involved in these calculations is negligible compared
to that of a re-analysis.

3.2 Cancellation of Transducer Mass Loading Effects

The second application area presented here is quite
different in the sense that fast computation is not the primary
objective in this application. Instead, it is shown that the same
approach can be used to remove the undesirable effects of
transducer mass loading from measured FRFs. It is shown
elsewhere that this adverse effect can be significant, especially
for lightweight structures, and it may be necessary to eliminate
this side effect before the data are used for further analyses
[12]. Cancellation of transducer mass loading effect can also be
considered as a structural modification problem, but this time
the aim is to calculate the FRFs of the unmodified system, the
modified system being the original system plus the mass of the
accelerometer used in the measurements. In this case, the
desired properties of the original system are obtained by
removing accelerometer mass from the system (modifying the
system with a negative mass).

The applicability and the accuracy of this approach, i.e.,
removing the mass loading effects of transducers from
measured FRFs, is validated using experimental data. A typical
set of results is presented in Fig.5. It is shown that the corrected
FRF of the system is in excellent agreement with the
measurement corresponding to that of the system without the
mass. Further details of this subject are available in [13].

3.3 Mistuning Analysis of Bladed Discs

Nominally-identical blades which make up bladed disc
assemblies inevitably possess minor differences in their natural
frequencies due to manufacturing tolerances and assembly
processes: the effect is referred to as ‘'mistuning'. It is also well
known that the dynamic response of such bladed disc
assemblies can be significantly different from that of their tuned
counterparts so that the response amplitude of individual blades
may vary widely within the same assembly [14-16]. Although
substantial effort has been devoted to predict and control the
effect of mistuning, most of the previous studies on this subject
are based on simple models, mainly due to the excessive
computational cost [17].
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Fig. 4a A ‘U’ plate with a tuned absorber, two springs and
a dashpot.
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Fig. 4b Cross FRFs: with and without modifications.
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Fig.5 Removing the effects of accelerometer mass loading
from measured FRFs.

The formulation based on structural modification approach
has been adopted for the mistuning analysis of bladed discs
using realistic models by the author and his colleagues [18-19].
The model presented in Fig.6a for a tuned bladed disc assembly
(reproduced from Ref.[19] for illustration purposes) has more
than 100 thousand DOFs.
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Fig.6a A three-dimensional model of a bladed disc.

However, using (i) a sector model to represent the tuned system,
(ii) the concept of active co-ordinates and (iii) the structural
modification approach to model the mistuning, have made it
possible to obtain realistic response calculations as shown in
Fig.6b [19].

3.4 Nonlinear Analysis: Friction Damper Optimization

Any nonlinear analysis demands more computational
power than its linear counterpart and the size of the initial
model becomes a critical parameter in such analyses. In many
cases, this leads to being unable to analyze representative
models due to excessive computational cost. However, the
nonlinear analysis methodology based on a combination of the
harmonic balance method and a structural modification
approach, as briefly summarized in this paper, has made it
possible to overcome this problem for certain types of nonlinear
analyses where the active co-ordinates can be a fraction of the
total number of DOFs in the linear model. Contact modeling
and friction damper optimization problems are typical examples
of this type since most parts of a structure can be considered as
linear in many applications.

Fig.7a shows a realistic model of two turbine blades with a
holding block. The behaviour of a friction damper - a wedge-
shaped underplatform damper- is analyzed at a given relative
response amplitude between the damper connection points and
the friction damper is linearized as equivalent complex
stiffnesses, representing both restoring and energy dissipation
characteristics. The equivalent complex stiffnesses are then
added to the otherwise linear system and the response levels of
the modified system are calculated again, the procedure being
repeated until convergence is achieved. The response levels
obtained at current frequency are used as initial guesses for the
next frequency increment.

Comparison of the predictions with the experimental data,
Fig.7b reveals that analyses method can predict the nonlinear
response levels with acceptable accuracy. Further details
related to these applications are available in [10,20].

Tuned
— Mistuna

Mazimum amplitude, em

10" /
/-.' A o
10 L L
0 50 100 150 200 250 300 350 400 450
Frequency, Hz
Fig.6b Comparison of response levels for tuned and mistuned
bladed discs.

4 CONCLUDING REMARKS

A method for efficient analysis of modified structures is
presented.  This method is ideally suited for certain kinds of
modifications where the changes in the structure can be
accommodated using the existing degrees-of-freedoms.
However, this limitation can be overcome for certain types of
modifications by eliminating the new degrees-of-freedom(s) and
by determining the net impedance at the modification co-
ordinate(s) as in the case of tuned absorber modifications.

Various application areas, namely; simple structural
modifications, removing the undesirable effects of transducer
mass loading from measured FRFs, mistuning analysis of
realistic bladed disc assemblies and friction damper
optimization via nonlinear analysis are presented. In each case,
the proposed method provided significant advantages over its
alternatives and the results obtained have been found to be very
satisfactory.

As a whole, the Sherman-Morrison identity provides an
efficient analysis algorithm especially for certain class of
problems where the modifications - whether they are linear or
not - are localized, permitting the analyst to perform the
calculations using a subset of the original degrees-of-freedoms,
so-called actives co-ordinates in this paper. As such, it can offer
huge savings in computational time and can be well suited for
various other applications including design optimizations and
probabilistic analyses of structures.
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Fig.7a FE model for the linear part of two-blade assembly.
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