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g]HWoH 

%X� oDOÕúPDGD, VÕQÕUOÕ� DoÕGDQ� HOGH� HGLOPLú�ELUNDo� L]G�ú�P� LOH�
iki boyutlu imge geri-oDWÕP�SUREOHPL�LoLQ�&HELUVHO�*HULoDWÕP�
7HNQL÷L
QGH� �CG7��� 7RSODP� 'H÷LúLPL� �TD�� (QN�o�NOHPH�
\|QWHPLQLQ�EDúDUÕPÕ�LQFHOHQPLúWLU� TD HQN�o�NOHPe CGT'nin 
son yinelemesi (CGT+TDson) ve her yinelemesinde 
(CGT+TD) X\JXODQPDN��]HUH� LNL� IDUNOÕ�\RO� L]OHQPLúWLU� Geri-
oDWÕP� SUREOHPLQGH� DQDOLWLN� ELU� \|QWHP� RODQ� 6�]JHoOHQPLú�
*HUL� ø]G�ú�P� �6*ø) \|QWHPL� GH� NXOODQÕOPÕúWÕU�� 6*ø, CGT, 
CGT+TDson ve CGT+TD QHWLFHVLQGH� HOGH� HGLOHQ� VRQXoODU�
NDUúÕODúWÕUÕOPÕúWÕU� 
 

Abstract 

In this paper, the performance of Total Variation (TV) 
Minimization on Algebraic Reconstruction Technique (ART) is 
analyzed for a 2D image reconstruction problem from several 
projections for limited angle. Therefore TV minimization is 
applied in two forms; applying at last iteration of ART 
(ART+TVend) and applying at every iteration (ART+TV). 
Filtered Back Projection (FBP) is used as an analytical 
method for the reconstruction problem. The results obtained at 
the end of FBP, ART, ART+TVend and ART+TV are compared.  

1. *LULú 

7RPRVHQWH]�� LNL� SODND� DUDVÕQD� VÕNÕúWÕUÕOPÕú� PHPHQLQ�
PXD\HQHVLQGH� NXOODQÕODQ� üç boyutlu (3B) J|U�QW�OHPH�
\|Qtemidir. X-ÕúÕQ� ND\QD÷Õ� VÕNÕúWÕUÕOPÕú� PHPH� GRNXVX�
�]HULQGH� EHOOL� ELU� DoÕ\D� VDKLS� \D\� ER\XQFD� EHOOL� DGÕPODUOD�
KDUHNHW�HGHU��6|]�NRQXVX�\D\�ER\XQFD�\DSÕODQ�ELU�GL]L�G�ú�N�
GR]OX� ÕúÕQODPD� QHWLFHVLQGH� PHPH� GRNXVXQXQ� IDUNOÕ� DoÕODUGDQ�
HOGH� HGLOPLú� L]G�ú�POHUL� NXOODQÕODUDN� WRPRVHQWH]� GLOLPOHUL�
ROXúWXUXOXU>�@�� *|÷�V� GRNXVX� \R÷XQOX÷X�� �VW� �VWH� JHOHQ�
\DSÕODU�YH��%�PDPRJUDIL� LPJHOHULQGH�J|U�OHQ�\DSÕVDO�J�U�Otü 
gibi problemler geri-oDWÕOPÕú� Tomosentez dilimlerinde 
D]DOPDNWDGÕU� 

Analitik geri-oDWÕP� \|QWHPOHUL� �6�]JHoOHQPLú� *HUL� ø]G�ú�P�
JLEL�� YH� HQL\LOHPH� WDEDQOÕ� \LQHOHPHOL� \|QWHPOHU� �FHELUVHO�
\|QWHPOHU� JLEL�� � Lmge geri-oDWÕPÕ� SUREOHPLQLQ� o|]�P�QGH�
NXOODQÕOPDNWD olan iki IDUNOÕ� \DNODúÕPGÕU�� 0HGLNDO�
J|U�QW�OHPH� FLKD]� �reticileri daha ziyade analitik geri-oDWÕP�
\|QWHPOHULQGHQ� 6�]JHoOHQPLú� *HUL� ø]G�ú�P�� �6*ø��
NXOODQPDNWDGÕUODU�� 

6*ø¶QLQ�EDúDUÕPÕ�LoLQ�G�ú�N�VHYL\HGH�J�U�OW�\H�PDUX]�NDOPÕú�
\HWHUOL� PLNWDUGD� L]G�ú�m verLVLQH� LKWL\Do� GX\XOPDNWDGÕU [2]. 
%XQD� NDUúÕQ�� \LQHOHPHOL� \|QWHPOHUGHQ� Cebirsel Geri-oDWÕP�
7HNQL÷Lnin (CGT) LKWL\Do� GX\GX÷X� YHUL� PLNWDUÕ� �L]G�ú�P�
VD\ÕVÕ�� daha az YH� J�U�OW�\H� NDUúÕ� GD\DQÕNOÕOÕ÷Õ GDKD� ID]ODGÕU�
[3].  <LQHOHPHOL� \DSÕVÕQGDQ� |W�U�� &*7
QLQ� LúOHP� \�N�� GDKD�
ID]OD� YH� LúOHP� V�UHVL� GDKD� X]XQGXU�� 6|]� NRQXVX�
ROXPVX]OXNODUÕQ� �VWHVLQGHQ� JHOPHN� LoLQ� VRQ� ]DPDQODUGD�
\DSÕOPDNWD�RODQ��oDOÕúPDODU�DUWPDNWDGÕU�>�-7].  

%X� oDOÕúPDGD� 7'� HQN�o�NOHQHUHN� &*7
QLQ� EDúDUÕPÕQD� HWNLVL�
J|]OHPOHQPLú ve VRQXoODU�6*ø�LOH�NÕ\DVODQPÕúWÕU. 

2. Genel Bilgiler 

X-ÕúÕQ� ND\QD÷Õ� LOH� GHWHNW|U� DUDVÕQGD� NRQXPODQGÕUÕODQ� GRNX�
IL]LNVHO� \DSÕVÕQD� ED÷OÕ� RODUDN� LoLQGHQ� JHoHQ� ;-ÕúÕQÕQÕ� IDUNOÕ�
RUDQODUGD�VR÷XUXU��'HWHNW|U��]HULQGH�RNXQDQ�GH÷HUOHU�ÕúÕQ�\ROX�
boyunca VR÷XUPD GH÷HUOHULQLQ�oL]JLVHO� LQWHJUDOLGLr. i. ÕúÕQ� LoLQ�
|Oo�OHQ� L]G�ú�P� GH÷HULQLQ� PDWHPDWLNVHO� LIDGHVL� DúD÷ÕGDNL�
gibidir. 
 

 Ã SÜÝBÝ = LÜ
Ç
Ý@5          E = 1, 2, … ,/ (1) 

wij, j. birim hacimden JHoHQ� i. ÕúÕQÕQ� X]XQOX÷Xnu, fj j. birim 
hacimLQ� VR÷XUPD GH÷HULQL, pi GHWHNW|U�Q� i. pikselinde okunan 
GH÷HUL ve M WRSODP�ÕúÕQ�VD\ÕVÕQÕ�J|VWHUPHNWHGLU� 
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����GHNL�HúLWOLN, (1)' LQ�PDWULV�IRUPXQGD�J|VWHULPLGLU� Denklem 
VD\ÕVÕ�M ��ELOLQPH\HQ�VD\ÕVÕ�N 'GHQ�N�o�N�ROGX÷X�LoLQ�PDWULVLQ�
WHUVL�\|QWHPL�LOH�o|]�P�P�PN�Q�GH÷LOGLU��%X�W�U�SUREOHPOHULQ�
o|]�P��LoLQ�DQDOLWLN�YH�\LQHOHPHOL�\|QWHPOHU�NXOODQÕOPDNWDGÕU��
%X� oDOÕúPDGD�� DQDOLWLN� \|QWHPOHUGHQ� 6*ø� YH� \LQHOHPHOL�
\|QWHPOHUGHQ� &*7� LOH� LPJH� JHUL-oDWÕPÕ� \DSÕOPÕúWÕU�� ,úÕQ�
X]XQOXNODUÕ�6LGGRQ�\|QWHPL�>�@�LOH�WHVSLW�HGLOPLúWLU� 

2.1. 6�]JHoOHQPLú�*HUL�ø]G�ú�P 

5DGRQ� G|Q�ú�P��� imgenin µ(x,y) LoLQGHQ� JHoHQ, � DoÕOÕ 
G�]OHPL kesen ÕúÕQ boyunca KHVDSODQDQ�oL]JLVHO�LQWHJUDOdir. 
 

 L�(P) = í ä(T, U)Ü(T?KOà + UOEJà F P)@T@U (3) 

/�Â� Dirac delta fRQNVL\RQXQX� J|VWHUPHNWHGLr. � DoÕVÕ� LoLQ�
hesaplanan L]G�ú�P�ùHNLO��
�GH�J|VWHULOPLúWLU� 
 

 

ùHNLO��: 5DGRQ�G|Q�ú�P��[3] 

)RXULHU� 'LOLP� 7HRUHPL
QH� J|UH�� � DoÕVÕ LoLQ� KHVDSODQDQ�
izG�ú�Pün p�(t) )RXULHU� G|Q�ú�P��� G|Q�ú�P� X]D\ÕQGa 
VR÷XUPD� IRQNVL\RQXQD µ(x,y) ait Fourier d|Q�ú�P�Q�Q� � 
GR÷UXOWXVXQGDNL�GH÷HUOHULQH P��!� HúLWWLU�� 

 

 

ùHNLO��: � DoÕOÕ�L]G�ú�P�Q�p�(t) )RXULHU�G|Q�ú�P��>�@ 

_!_ LOH� |OoHNOHQHQ� YH� �%� )RXULHU� G|Q�ú�P�� KHVDSODQDQ�
P��!�
QLQ� JHUL� L]G�ú�P�� QHWLFHVLQGH� VR÷XUPD� IRnksiyonu 
(imge) µ(x,y) elde edilir [9]. 
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2.2. Cebirsel Geri-dDWÕP�7HNQL÷L 

Cebirsel Geri-çaWÕP�7HNQL÷L�� �%�HOHNWURQ�PLNURVNRSLVLQGH��o�
boyutlu nesnenin geri-oDWÕPÕ� LoLQ�Gordon, Bender ve Herman 
WDUDIÕQGDQ�|QHULOPLú�ELU�\|QWHPGLU�>��]. 

YLQHOHPHOL� ELU� \|QWHP� RODQ�CGT, her bir yinelemede KDWD\Õ�
JHUL� \DQVÕWDUDN� fi GH÷HUOHUL� LOH� LIDGH� HGLOHQ� QHVQHQLQ geri-
oDWÕPÕQÕ�JHUoHNOHúWLULU� 

Y|QWHPGH�B&(4) LON�GH÷HU�RODUDN�VHoLOLU��B&(4) LoLQ�HOGH�HGLOHQ�L]-
G�ú�P�GH÷HUL�LOH�JHUoHN�L]-G�ú�P�GH÷HUL�DUDVÕQGDNL� IDUN��JHUL�
\DQVÕWÕODUDN�B&(5)  elde edilir. BHOLUOHQHQ� NRúXOD� J|UH� KHU� ELU�

yinelemede B&(ÜçØ) GH÷HUL�J�QFHOOHQLU� 
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Hata parametresi olan  ¿B
Ý

(ÜçØ)
�� ELU� GL÷HU� LIDGH� LOH� |Oo�OHQ� L]-

G�ú�P� GH÷HUL� LÜ  ve hesaplanan iz-G�ú�P� GH÷HUL�

Ã B&Þ
(ÜçØ?5)

.SÜÞ
Ç
Þ@5  DUDVÕQGDNL� IDUN� Ã SÜÞ

6Ç
Þ@5  ile normalize 

HGLOHUHN� KHU� \LQHOHPHGH� NHVWLULOHQ� LPJHQLQ� |QFHNL� GH÷HUOHUL��

B&Ý
(ÜçØ?5)  �]HULQH� HNOHQLU� Belirlenen maksimum yineleme 
VD\ÕVÕQD�XODúÕncaya kadar yineleme tekrar eder [9,11]. 

2.3. 7RSODP�'H÷LúLPLQ�(QN�o�NOHQPHVL 

7RSODP� 'H÷LúLP� �7RWDO� 9DULDWLRQ� - 79�� %LOJLVD\DUOD� *|U��
DODQÕQGD� WHUV� SUREOHPOHULQ� o|]�P�QGH� G�]HQOH\LFL� ELU� NULWHU�
RODUDN� LON�NH]�5XGLQ��2VKHU�YH�)DWHPL� WDUDIÕQGDQ�|QHULOPLúWLU 
[12].  

dR÷X� ]DPDQ� PHGLNDO� X\JXODPDODUGD� HOGH� HGLOHQ� WRPRJUDIL�
J|U�QW�OHULQGH�� ELU� RUJDQ� ER\XQFD� renk fazla 
GH÷LúPHPHNWHGLU�� .HVNLQ� GH÷LúLPOHU� Lo� \DSÕODUÕQ� VÕQÕUODUÕQGD�
J|U�OPHNWHGLU�� øPJHQLQ� NHQGLVL� VH\UHN� GH÷HUOHUGHQ� �VSDUVH��
ROXúPDVD� GD�� LPJHQLQ� JUDG\DQÕQÕQ� JHQOL÷LQGHQ� ROXúWXUXODQ�
\HQL�LPJH�VH\UHN�GH÷HUOL�(sparse) olabilmektedir [13,14]. 

øPJHQLQ�JUDG\DQ�JHQOL÷L�DúD÷ÕGDNL�JLEL�KHVDSODQPDNWDGÕU�� 
 

 +Ø,&Bæ,ç+ = §kBæ,ç F Bæ?5,ço6 + kBæ,ç F Bæ,ç?5o6 (6) 

fs,t imgenin piksellerini ifade etmektedir. (6) ile hesaplanan 
E�\�NO�N�JUDG\DQ�LPJH�olarak isimlendirilmektedir. 
 

 .Bæ,ç.ÍÏ = Ã +Ø,&Bæ,ç+æ,ç  

 = Ã §kBæ,ç F Bæ?5,ço6 + kBæ,ç F Bæ,ç?5o6æ,ç   (7) 

(7) HúLWOL÷L� ELU� LPJHQLQ� 7'
QL� J|VWHUPHNWHGLU� Burada 
hedeflenen gradyan imgenin l1-normu olan TD'i 
HQN�o�NOHPHNWLU� 
 

 IEJ.Bæ,ç.ÍÏ    ==>      9B& = L&,    BÝ R 0. (8) 

W, ÕúÕQ� X]XQOX÷X� PDWULVLQL�� � B&   imgeyi ve L&  GH� L]G�ú�P�
GH÷HUOHULQL�LIDGH�HWPHNWHGLU� 

3. 8\JXODQDQ�<|QWHP 

)DUNOÕ DoÕODUGDQ� L]-G�ú�P� GH÷HUOHUL� KHVDSODQDFDN� QHVQH�
NRRUGLQDW� VLVWHPLQLQ� ������ E|OJHVLQGH� \HU� DOPDNWDGÕU�� ;-ÕúÕQ�
ND\QD÷Õ, nesne YH�GHWHNW|U�Q�NRQXP�YH�uzunluklarÕ�ùHNLO��
WH 
J|VWHULOPLúWLU� X-ÕúÕQ� ND\QD÷Õ� YH� GHWHNW|U, nesne merkezine 
J|UH�G|QG�U�OPHNWHGLU���� DoÕVÕ� VDDW� \|Q�Q�Q� WHUVL� LoLQ�SR]LWLI�
GH÷HUOHU�DOPDNWDGÕU�  
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ùHNLO��: X-ÕúÕQ�ND\QD÷Õ��QHVQH�YH�GHWHNW|U 

dDOÕúPD� �o� NÕVÕPGDQ� ROXúPDNWDGÕU�� %LULQFL� NÕVÕPGD� � 6*ø� LOH�
imge geri-oDWÕPÕ�JHUoHNOHúWLULOPHNWH��LNLQFL�NÕVÕPGD�LPJH�JHUL-
oDWÕP� \|QWHPL� RODUDN� &*7� NXOODQÕOPDNWD� YH� VRQ�
\LQHOHPHVLQGH�7'�HQN�o�NOHPHVL�\DSÕOPDNWDGÕU��6RQ�NÕVÕPGD�
LVH� &*7
QLQ� KHU� \LQHOHPHVLQGH� 7'� HQN�o�NOHPHVL 
X\JXODQPDNWDGÕU�� dDOÕúPDGD� nesne olarak Shepp-Logan 
IDQWRPX� � LON� GH÷HU� LoLQ� GH� VÕIÕUODUGDQ� ROXúDQ� ELU� LPJH�
VHoLOPLúWLU� [-250, 250] ve [-850, 850@� DUDOÕNODUÕQGD� ��� NHVLWOL�
J|U�QW�OHPH� HVDV� DOÕQDUDN� \|QWHPOHU� X\JXODQPÕúWÕU��
0DNVLPXP�\LQHOHPH�VD\ÕVÕ����VHoLOPLúWLU� 
 

 

ùHNLO�4: Shepp-ORJDQ�IDQWRPX�YH�LON�GH÷HU 

Kontrast-J�U�OW��RUDQÕ�&15�YH�ortalama karesel  hata RMSE 
GH÷HUOHUL�KHVDSODQDUDN�\|QWHPOHULQ�EDúDUÕPODUÕ�NÕ\DVODQPÕúWÕU� 
 

 %04(ÜçØ) =
âåçÔßÔàÔkÙ�(ÔßÐ)o?âåçÔßÔàÔ@Ù�ÍÒ(ÔßÐ)A

æçÔá×Ôåç æÔãàÔ@Ù�
ÍÒ

(ÔßÐ)
?ÙÍÒA

 (9) 

 4/5'(ÜçØ) = §KNP=H=I= @kB F B�(ÜçØ)o6A (10) 

B  imgeyi,  BÕÚ  imgenin arND� SODQ� GH÷HULQL�� B�(ÜçØ)  ite 

\LQHOHPHGH� JHUL� oDWÕODQ� LPJH\L ve  B�
ÕÚ

(ÜçØ) ite yinelemede geri 
oDWÕODQ�LPJHQLQ�DUND�SODQ�GH÷HUOHULQL�J|VWHUPHNWHGLU�� 

&15� GH÷HULQGHNL� DUWPD� YH� 506(� GH÷HULQGHNL� D]DOPD, geri 
oDWÕODQ� LPJH� LOH� JHUoHN� LPJH� DUDVÕQGDNL� EHQ]HUOL÷LQ� DUWWÕ÷ÕQÕ�
ifade etmektedir. 

4. %HQ]HWLP�6RQXoODUÕ�YH�%XOJXODU 

4.1. 6�]JHoOHQPLú�*HUL�ø]G�ú�P 

[-250, 250] ve [-850, 850] DUDOÕNODUÕQGD�11 NHVLW� LoLQ�ùHNLO��
WH�
J|VWHULOHQ�LPJH\H Radon G|Q�ú�P��X\JXODQPÕúWÕU� Elde edilen 

L]G�ú�POHU� NXOODQÕODUDN 6*ø� \|QWHPL� LOH� [-250, 250] ve [-850, 
850] DUDOÕNODUÕnda ���QRNWD�LoLQ�imge geri-oDWÕP�\DSÕOPÕúWÕU�� 
 

 

ùHNLO��: 6*ø ile geri-oDWÕODQ�LPJHOHU 

6*ø� VRQXFXQGD� HOGH� HGLOHQ� LPJHOHU� LoLQ� KHVDSODQDQ� &15� YH�
506(�GH÷HUOHUL�7DEOR��
GH�\HU�DOPDNWDGÕU� 

Tablo 1: 6*ø�LoLQ�CN5�YH�506(�GH÷HUOHUL 

 
6*ø 

 [-250, 250] 
6*ø 

 [-850, 850] 

CNR 0.6361 1.0064 

RMSE 0.2699 0.2311 

 

4.2. TD Enkü ü klemesi  

CGT'nin son yinelemesinde (CGT+TDson) ve CGT'nin her 
yinelemesinde (CGT+TD) 7'� HQN�o�NOHPHVL� uygulanmak 
�]HUH�LNL�IDUNOÕ�\RO�WDNLS�HGLOPLútir.  

[-250, 250] aUDOÕ÷Õ� LoLQ CGT, CGT+TDson ve CGT+TD 
\|QWHPOHUL�ile geri-oDWÕODQ�LPJHOHU�ùHNLO��'da J|VWHULOPLúWLU. 
 

        

 

ùHNLO��: [-250, 250] aUDOÕ÷Õ LoLQ�CGT, CGT+TDson ve CGT+TD 
ile imge geri-oDWÕP  

 [850, 850] DUDOÕ÷Õ� LoLQ CGT, CGT+TDson ve CGT+TD 
\|QWHPOHUL� uygulanarak elde edilen LPJHOHU� ùHNLO� �
GH�
J|VWHULOPLúWLU� 

Tablo 2'de CGT, CGT+TDson ve CGT+TD \|QWHPOHULnin son 
yinelemelerinde hesaplanan C15� YH� 506(� GH÷HUOHUL yer 
DOPDNWDGÕU� 
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ùHNLO�7: [-250, 250] aUDOÕ÷Õ�LoLQ�CGT, CGT+TDson ve CGT+TD 
ile imge geri-oDWÕP 

Tablo 2: &15�YH�506(�GH÷HUOHUL 

 
 

6RQXolDU�LQFHOHQGL÷LQGH; 

� TD HQN�o�NOHPHQLQ RMSE GH÷HULQL� D]DOWWÕ÷Õ� YH� &15�
GH÷HULQL� DUWWÕUGÕ÷Õ� J|U�OP�úW�U�� %X� QHGHQOH�� JHUL-oDWÕODQ�
LPJH�JHUoHN�LPJH\H�\DNÕQVDPDNWDGÕU. 

� CGT+TDson CGT'den daha iyi sRQXoODU� YHULUNHQ��
CGT+TD'nin  CGT+TDson 
GHQ� GDKD� L\L� VRQXoODU� YHUGL÷L�
J|U�OP�úW�U�  

� [-850, 850] DUDOÕ÷Õ� LoLQ�HOGH�HGLOHQ� L]G�ú�POHU�NXOODQÕODUDN�
JHUoHNOHúWLULOHQ�JHUL-oDWÕP�QHWLFHVLQGH�HOGH�HGLOHQ�&15�YH�
506(� GH÷HUOHUL� [-250, 250] DUDOÕ÷Õ� LoLQ hesaplanan CNR 
ve RMSE GH÷HUOHUOHUinGHQ�GDKD�EDúDUÕOÕ�EXOXQPXúWXU�  

5. Sonu l ar 

$QDOLWLN� YH� \LQHOHPHOL� \|QWHPOHU� PHGLNDO� J|U�QW�OHPH�
SUREOHPOHULQGH� NXOODQÕOPDNWD olan geri-oDWÕP� \|QWHPOHULGLU��
AnaliWLN� \|QWHPOHUGHQ� HQ� \D\JÕQ� RODQ 6�]JHoOHQPLú� *HUL 
ø]G�ú�P� WHNQL÷L� LOH� GDU� DoÕGD� ��� Nesitten imge geri-oDWÕP�
JHUoHNOHúWLULOPLúWLU�� $\QÕ� SUREOHPLQ� o|]�P�QGH� \inelemeli 
\|QWHPOHUden Cebirsel Geri-oDWÕP� 7HNQL÷L X\JXODQPÕúWÕU� 
7RSODP�'H÷LúLPLQ�eQN�o�klemesi CGT'nin son yinelemesinde 
YH� KHU� \LQHOHPHVLQGH� X\JXODQPDN� �]HUH� LNL� IDUNOÕ� yol 
L]OHQPLúWLU. %DúDUÕ� |Oo�W�� RODUDN� &15� YH� 506(� GH÷HUOHUL�
NXOODQÕOPÕúWÕU� 
6ÕQÕUOÕ�DoÕGDQ�D]�VD\ÕGD�L]G�ú�P�LOH���ER\XWOX�LPJH�JHUL-oDWÕP�
SUREOHPL� LoLQ�&*7
QLQ� 6*ø� WHNQL÷LQGHQ� GDKD� EDúDUÕOÕ� ROGX÷X�
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