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ABSTRACT

In this paper, robotic manipulator links are modeled with
finite elements where each element has a uniform cross-section.
Shear deformations and rotary inertia effects are taken into
account in this study. Structural damping has also been included
in the formulation. The dynamic response of the system has been
anayzed by solving the eigenvalue problem and the modal
analyss has been used to describe the behavior of the system.
Considering rigid-body, elastic, normal, Coriolis and tangential
accderations result in a nonlinear structural response. Predictor-
corrector procedure in connection with the Newmark method is
employed for the solution of the resulting matrix differential
equation. Robotic manipulator has been considered as a
parallelogram linkage. Elastic displacements of end-effector are
determined for different length of the links. Results of the
numerical simulations were compared to tip displacement of the
planar two-link manipulator. The effect of extension of the
output link on the deflection has been investigated for a closed-
loop paralldogram manipulator. The tip displacements in the
vertical and horizontal directions decrease when the center of
mass of the output link is moved away from the end-effector in
both trgectories. The tip deflections were compared to the
planar two-link manipulator with the parallelogram mechanism.
The tip deflection produced by closed-chain manipulator is
smaller and less fluctuates than those obtained for open-loop
manipulator. This characteristic is more pronounced especially
for horizontal tragjectory.

INTRODUCTION

R.C. Winfrey [1] is one of the earliest researchers to study
dagic links. A plane four-bar mechanism was used for
developing the equation of motion. In his study, it was shown
how the methods for determining the motion of a rigid link
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mechanism and methods for analyzing vibration structures
might be combined, using linear theory. Iman, Sandor and
Kramer [2] investigated deflections and stress analysis in four-
bar planar mechanism with éastic links. The purpose of their
paper was to devdop a method of Kineto-elastodynamic
anayss, which was applied to all planar mechanisms, and to
present a method of dynamic stress analyss of mechanisms
possessing dastic links. Sadler and Sandor [3] extended the
lumped parameter approach to the investigation of the lateral
bending vibrations of machine dements, which can beidealized
as simply supported beams in planar motion. Also, stress
analysis was performed with the objective of redesigning a beam
of given length. Sadler [4] compared the analytical results based
on non-linear differential equations derived by way of Euler-
Bernoulli beam theory with experimental results. Bahgat and
Willmert [5] carried out the vibration analysis of planar
manipulators with links of any complex shape. They used finite
dement technique to evaluate the vibrations of a planar
mechanism composed of links with turning and diding pairs.
The steady state solution of the resulting differential equations
was obtained using a harmonic series technique. Dubowsky and
Gardner [6] showed that it is possible to formulate and solve the
general problem of the interaction between the effects of joint
clearances and link elagticity in general planar mechanisms.
Midha, Erdman and Frohrib [7] modeled the linkage with
uniform cross-sectional area to define the mass and stiffness
properties of a four-bar linkage. Standard structural analysis
technique has been pieced together to formulate a systematic
procedure for the anaysis of dagic linkage. Shabana and
Wehage [8] presented a method based on solving the eigenvalue
problem of the substructure. From Fourier analysis of the forcing
functions, an initial estimate of the number of modes to be
retained was made, and during the smulation additional
eigenvectors were recalled or deleted as required. Low and
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Vidyasagar [9] presented a procedure for deriving dynamic
equations for manipulators containing bath rigid and flexible
links. A two-link manipulator with one rigid link and one
flexible link was anayzed to illustrate the procedure. The
equations were derived using Hamilton's principle, and non-
linear integro-differential equations. Benati and Morro [10]
developed a Lagrangian approach for the dynamics of a chain
with flexible links. Each link is modeled as a system with a
finite number of degrees of freedom, one of them describing the
rotation, the other ones the flexihility. Cleghorn and Chao [11]
modeled four-bar mechanism with finite dements, each having
linearly varying crosssectional aress. Stealy-state values of
flexural strains were cdculated for mechanism having
prescribed link geometry, and input rotational speeds. Lee [12]
formulated the equations of motion in matrix form for a flexible
rod in a quick return mechanism using Hamilton's principle and
the assumed mode method. Sharan and Kalra [13] carried out
the dynamic analysis of finite element modeled robotic
manipulators using modal analysis. Using the @genvectors of
the transposed system diagonalized the non-symmetric system
matrices of the manipulators having gross motion. Shigang,
Yueging and Shixan [14] reported a new flexible rotor beam
dement to study the dynamic behavior of manipulators with
flexible links and joints. Both link and joint flexibility were
incorporated together by using the finite dement model for links
and atorsional spring model for joints. A planar 3R manipulator
with flexible links and joints was anayzed as an example. Boyer
and Khalil [15] presented an exad expression of the finite
rotation field drectly deduced from the centerline displacement
and torsion fidds of adender beam and applied that result to the
cdculation of the kinematicd modd of an open chain flexible
multi-body system subjected to large displacements. Siciliano
[16] presented an inverse kinematics scheme for a planar two-
link flexible manipulator under gravity whose tip is considered
by a iff surface The computed joint and defledion
displacements were used as the set point for PD control.

(1.6m, 0.5m)

Figure 1. The planar manipulator with paralleogram
mechanism and the trajectory.

In the present study, the robotic manipulator was considered
as a parallelogram linkage shown in Figure 1.

The links were taken as beams with shear deformation. The
elagtic displacements of end-effector in x and y directions were
determined for different length of the links using the finite
element method. Results of the numerical simulations are
compared to tip displacement of the planar two-link manipulator
shown in Figure 2.

(1.6m, 0.5m)

MOTOR 1

Figure 2. The planar two-link manipulator and the trajectory.

BEAM ELEMENT IN PLANE MOTION

The links of the manipulator taken as genera beam
elements is shown in Figure 3. There are two coordinate
systems. These are the fixed (OXY) and the rotating (Oxy)
coordinate systems. The elagtic trandations and rotations
relative to the rotating (Oxy) frame as the x-axis are paralle to
the beam dement axis as shown in Figure 3.

h — X
Yy "7
v 1~ v Local frame.

A

V1 B
Y 4 X
YA
Xa
»X

X Global frame.

Figure 3. Deflection variables of the flexible d ement and the
coordinate systems.

The dagtic deformations of the beam element are described
by six nodal displacements. These are the transverse and
longitudinal deflections, rotations at each end of the eement.
The following relationships may be written in fixed coordinate
system.
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X o+ =X +U COSp = V;SiNQ
Y, =Ya +UsSINQ +V,COSp D

Pp =0+

where, X, Ya and @ describe the rigid-body motion of the
element. Differentiating equation (1) twice with respect to time,
absolute accdlerations of A” may be obtained in fixed coordinate
system.

X, =X a +UyC08p — 20, pSing — Uy §°COSp — Uy NG
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The absolute and rigid body accelerations of the element are
expressed in the rotating frames with the help of following
transformations.

Xpe =X, -CO8p+Y,. sing

¥, ==X,.snp+Y,. cosp .

Xp =X ,008p + Y, SiNQ

Yo ==X aSiNg+Y ,cosp

By combining equation (2) and equation (3) and performing the
similar procedure for node B, one obtains:
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where the matrix (from left to right) represent the absolute,
rigid-body, elastic, normal, Coriolis and tangentia accel erations.

The last two vectors in equation (4) are the rigid-body and
elagtic motions coupling terms.

MASS AND STIFFNESS MATRICES

It is assumed that the dynamic axial forces are not large
enough to affect the flexura stiffness, there is no coupling
between the axia and flexural giffness. The appropriate energy
expressions for the dement shown in Figure 3 are from

reference [20].
L L

T= %‘[pA U(i,t)2d7+%‘!’pA v(%,t)dx

L

. 1[plch(xt)ztﬂ, (5

L L
U= %‘!’EA w2 dx + %‘!’Eu ¢'(%.t)f2 dx
L

¥ % ‘!’KA G(V(x.t)-p(x.t)f ax ©®

The displacement functions can be represented by a polynomial
having constants, namely

v(i) = (a1 +a, X+agx’ + a4i3) (7)
9(x)= by +b, x+ bsx?) ©
u®)=(c, +c,x) ©)

These seven constants of the integration are not independent
since the solutions (7) and (8) must also satisfy moment
equilibrium equation. This gives the following relationships:

2 12 4 6
blzra2+TBa4a bz:raa, b3:Ia4 (10)
where

4E1,
= 1
P kAGL? (D

Substituting the displacement functions into the energy
expressions gives the element matrices.

The demental mass and stiffness matrices can then be
transformed into a global coordinate frame.

[m]=[R]" [m][R],
K=[RT" [K][R] (12)
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where [R] represents the dementa transformation matrix from
locd to global coordinates frame, [m] and [R] are the element

mass and giffness matrices. Elemental matrices and
transformation matrix are given in the Appendix.

DAMPING AND MODAL ANALYSIS

By equating the energy in the total manipulator to the sum
of the energy in each link and after applying corresponding
boundary conditions the differential equations of motion can be
written in the matrix form,

[m Rare)} + [c] )} + [< Hae} = {Qlth (13)

where [M] and [K] are the system mass, stiffness matrices.
{qR(t)} is the vector of the rigid-body acceerations. The

damping matrix cannot be @nstructed from eement damping
matrix, such as the mass and giffness matrices of the dement
asemblage. The damping matrix associated with any given set
of modal damping ratios &, can be obtained by pre-and post-
multiplying the diagonal matrix of the generalized damping
coefficients by the inverse of the mode-shape matrix or its
transpose[17].

[nglml 0 0 "”E
_frhEo 0 280, 0 ...
=PI S o Y e, T e

[u]" [m]u]=[].
[T [<][u]=p?] (15)

where [U] is the normalized modal matrix and [03,2] is the

diagonal matrix of the natural frequencies squared of the
undamped system.

The orthogonal properties of the modal coordinates may be
used to simplify the equations of motion the multi-degree of
freedom system. Equation (13) may be written by considering
the linear transformation

{at} =[u]{n(e}. (16)

reating the vectors {q(t} and {n(t}, where these vectors

represent two different sets of generalized coordinates.
Introducing transformation equation (16) into equation (13),
pre-multiplying the result by [U]" and considering equation (14)
and equation (15),

e+ Realfh+ 2] WE}=(ne. @)

The amplitudes of the higher modes of the system are
usually negligible compared to the first few modes. The
computational efficiency would be increased if the lower modes
were calculated rather than all modes. In such a case, modal
matrix can be written as,

[u]={ub. {U..... AU} ], (18)

where m is the number of modes to be used in the solution. In
this finite element solution 10 modes are considered. Sharan and
Kalra [13] used only 4 modes to describe the system behavior for
planar two-link manipulator. Equation (19) represents a set of n
independent equations of the form,

1.;lr(t)"'Zér(’Jrflr(t)"'(Drzrlr(t): Nr(t)’ (19)

where ﬂr(t) are recognized as the system modal coordinates and

N, (t) are associated modal generalized forces. Equation (19) has
the same structure as the differential equation of motion of a
single-degree-of freedom system.

THE PREDICTOR-CORRECTOR SCHEME
In the Newmark integration scheme the equilibrium
equation (19) is considered at time t+At,

1.;lr(t +At)+2§r@r 1Llr(t +At)+0)r2r|r(t +At): Nr(t +At)
r=212,...,m (20)

where nr(t+At) is the r'™ generalized modal displacement at

time t+At. The finite difference representation of displacement
and vel ocity based on the Newmark method, can be written as

¢+ )=, () [0~ )i (0)+ 85, [+ ac]ae (1)

-+ at) =, (1) + 1 () A+ {2 i (0)+ i, (t+ A ac®
(22)

where d and a are parameters to be chosen to obtain optimum
stability and accuracy. Newmark in reference [19], proposed as
an unconditionally stable scheme the constant-average-
accderation method, in which case 6205 and
0>0.250.5+38).

To initiate the predictor-corrector process within the current
time step, a value for ﬁ,(t+At) in equation (20) needs to be
asumed. This value may be designed as O1'1,(t +At) and can be
taken as zero, where superscript “o” is the initia value of the
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predictor-corrector iteration index i. On this bads, from
equation (21) and equation (22), °7, (t + At) and °n, (t + At) can
be computed as

°n, [t +at)=n, (t)+ @-8), ()t (23)
OT|r(t + At) = T|r(t)+ 1;|r(t)At + (1/2_ 0()ﬁr(t)Atz ) (24)

with values of °j, (t + At), °q, (t+At) and °n, (t + At), it is now

necessary to determine the corresponding force in equation (20).
At this point, from an implementation perspective, it becomes
convenient to update the iteration index i, and sart the
predictor-corrector loop. The predicted values of '™, (t +At),
i (t+At), T (E+at) and I (t+At) do not identically

satisfy the governing equation. Equation (20) is evauated to
determine whether there is any residua force in the system. The
residual forceis

IAN, (£ + AN (t+ At)

_[i_lflr(t"'At)"'zér@r i_11:|r(t+At)+(Dr2 i_1T|r(t+At)] .
(29)

If ""AN, (t + At) is within a specified tolerance, the process is
halted. Otherwise, the correction procedure is continued. The
predicted values of ', (t+At), ", (t+At) and Ty, (2 + At)
can then be corrected in accordance with equation (26).

Substituting for 7, (t+At) and m,(t+At) into equation
(20), we can solve for i, (t + At) and then use equation (21) and
equation (22) to calculate 7, (t+At) and n,(t +At). Thus the
relation can be established as,

O (t+a)d o, ()0
B+ a)5= [P B OB Y] N (v ae), 29)
A, (t+a0)d (O
where
O  -(2-aA)-2(1-8)n (-n-2p)an  -wat?C

[P]:E ML-8-(U2-a)sn-2(1-8)5u]  1-25-28u  —A&/ALC

%&tz[lIZ—(x— (1/2—(x)(xk —2(1—5)(xp] At(l—ock— 2(xp) (l—otk)E

(27)

A= 212+2é8+“ N ék’ (28)
P AT o At o, At

and

(29)

To initiate the predictor-corrector process needs the initial modal
displacements nr(O) and velocities ﬁr(O), which are related to

the actual initial displacements qr(O) and velocities q,(o). Pre-

multiplying equation (16) by [U]T [M] and considering the
orthogonal properties of the modal vectors, the initial modal
displacements and vel ocities can be determined as follows,

{n(O} = [u]" [M]{a(0}.
{n©O}=[u]" M]{4(0}. (30)

Hence, the complete solution of equation (13) can be obtained by
inserting the modal coordinates equation (26) into equation (16).

The solutions of equation (13) are dependent on the [M],
[K] and [C] matrices, which are determined by input angles.
Hence the trajectory can be divided into segments over which
the system mass, damping and stiffness matrices are constant.
The solution at the end of a segment would be the initial
conditions for the next segment. In the mathematical algorithm
presented in this paper, the trgectory is divided into ten
segments.

NUMERICAL SIMULATIONS

Figure 2 shows a manipulator arm consisting of a closed-
loop planar paralleogram mechanism. One actuator is fixed to
the base link; the other is fixed to the link 1 and drives the two
input links. Link 4 is the output link, where an end-effector is
attached.

The motion profile was created using the following
equations:

Ot 1 . [P=at
0. =0, —-—4dn , 31
i |5€ on To ( )

where T, is the total time of the trgjectory (1.4s) and © is the
magnitude of rotation. The beams are uniform with cross-section
of 10mm x 15 mm, mass per unit length 1.17 kg/m, moment of
inertia 2.8125x10° m* and made of material that gives a
modulus of elasticity 2.1x10™ N/m? The mass of the motor is
taken as 5 kg.
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To verify the theoreticd model, the manipulator is divided
into twenty eements. The trgjectory is divided into ten segments
over which the system mass, damping and stiffness matrices are
constant. Ten modes are wnsidered to describe the system
behavior for paralledlogram and two-link manipulator. Several
examples are solved to illugtrate the dfects of the length of the
output link and trajectory of the endpaint on thetip deflection in
the verticd and horizonta direction. The results are presented in
a series of Figures plotted in term of the oscillation time. All
links of the manipulators $own in Figuwe 1 and 2 were
considered to ke flexible and the tip deflections are determined
with the effect of gravitational forces.

Numerical examples are separated into two parts. The first
part deds with the endpoint trgectory that is smulated by
precribing certain horizontal motion from paint (1.2m, 0.5m)
to (1.2m, 0.9m), while the second part treats the problem using
prescribed vertical direction from point (1.2m, 0.5m) to (1.6m,
0.5m). The results of the first part can be seen in Figure 4-7 and
the results of second part are plotted in Figure 8-11.

0.014 =~

0.012 / N
0.01 ‘

0.008 -

0.006 \\ 7/

Tip deflection (m)
\

0 0.2 0.4 0.6 0.8 1 1.2 1.4
Time (sec)

—_——— . Two-link manipulator.
Paraldogram

manipulator.

Figure 4. Tip deflections of manipulator with parallelogram
mechanism and two-link manipulator for horizontal trgjectory in
x direction. (L;=0.9m, L,= 0.3m).

In order to investigate the effects of the length of the output
link, the length of L, is varied from 0.1m to 0.5 m, while the
other lengths of the manipulator are kept constant at 0.9m. The
tip deflections are presented in Figure 6,7,10,11. Comparison of
these Figures shows that deflections of closed-loop manipulator
with short and long extension of the output link are quite
different, although other lengths are the same in all cases. The
tip displacement in the vertica and horizontal direction
decreases when the center of mass of the output link is moved
away from the end-effector in both trajectories.

0
N\
—__ \
g -0
: \
g .
3 -0.02 .
e .
% \ - , \
£ *
F
~0.03 \ / \ /
s \
’
\&
0 02 04 06 08 1 12 1.4
Time (sec)
— . Two-link manipulator.
Paraldogram
manipulator.

Figure 5. Tip deflections of manipulator with parallelogram
mechanism and two-link manipulator for horizonta trgjectory in
y direction. (L;=0.9m, L,=0.3m).

N
0.004 T \
g 0003
8
5 0.002
=
3
Z. 0.001
H
0
-0.001
0 02 04 06 08 1 12 14
Time (sec)
——— . L,=0.1m,
L,=0.3m,
L,=0.5m.

Figure 6. Tip deflections of manipulator with parallel ogram
mechanism for horizontal trajectory in x direction. (L= 0.9m).

The deflections for the closed-loop manipulator for the case
of L, = 0.3m with the present model are compared with the
results of planar two-link manipulator with the same length of
the other links (L = 0.9m) in Figure 4,5,8,9. It can be seen from
these Figures that the tip deflection produced by closed-chain
manipulator are smaller and fluctuate less than those obtained
for open-loop manipulator in both trgjectory. This verifies the
fact that this type of planar two-link manipulators presents
drawback. Ther eagtic flexibility is high due to the cantilever-
type of ther links. Flexibility introduces positioning
inaccuracies and undesired dynamical side effects because only
one of the motors is fixed, the remaining one, accounting for a
substantia part of the inertial load is moving.

6 Copyright © 2002 by ASME



-0.002

-0.004

deflection (m)
s
(=)
(=)
N

1p

T

-0.008

-0.01
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—_ . L,=0.1m,
L,=0.3m,
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Figure 7. Tip deflections of manipulator with parall € ogram
mechanism for horizontal trajectory iny direction. (L1 = 0.9 m).

It can also be observed from Figure 4 and 5 that, the
difference between the deflection curve of closed and open-loop
manipulators increases while the time readies to the end o the
tragjedory time in bah directions for horizontal trgectory.
However, the difference is less remarkable for vertical trgjedory
shown in Figure 8 and 9.

S
0.008 .
AN
E 0.006 ~
f=] N
_O
5 AN
= 0.004 “ o .
[*] —
=
By
0002 #\—’__'
0
0 02 04 06 08 1 12 14

Time (sec)

—_——— . Two-link manipulator.
Parall dogram

manipulator.

Figure 8. Tip deflections of manipulator with parall e ogram
mechanism and two-link manipulator for vertical trajectory in x
direction. (L;=0.9m, L,=0.3m).

The residual vibrations behave after the time is readed to
the end of the trgjectory time. The maotion is the result of initial
conditions, which is equal to the final conditions at the end of
this time. At that point damped free vibrations will occur since
thereisloss energy throughout the motion of the system.

—-0.001

—-0.002

—0.003

Tip deflection (m)

—-0.004 /

0 0.2 0.4 0.6 0.8 1 1.2 1.4
Time (sec)

— . Two-link manipulator.
Parall ogram

manipulator.

Figure 9. Tip deflections of manipulator with parall € ogram
mechanism and two-link manipulator for vertical trajectory iny
direction. (L;=0.9m, L,=0.3m).

- — ~
0.003 —~ ~
\\ ——
~ 0.002
)
g 0.001 —\__\
g
3
= 0
(]
<
o,
= -0.001
-0.002
—-0.003
0 0.2 0.4 0.6 0.8 1 1.2 1.4
Time (sec)
— . L,=0.1m,
L,=0.3m,
L,= 0.5m.

Figure 10. Tip deflections of manipulator with parallelogram
mechanism for vertical tragjectory in x diredion. (L= 0.9m).

CONCLUSIONS

The dynamic behavior of planar a manipulator with
parallelogram mechanism has been analyzed theoretically by
means of the finite dement method with the dfect of damping
taken into acount. Each dement has a uniform crosssection.
Shear deformation and rotary inertia dfects have also been
included in the formulation. The @nsideration of rigid-body,
eagtic, normal, Coridlis and tangential acceerations resultsin a
nonlinea structura response. Predictor-corrector procedure in
connection with the Newmark method is employed for the
solution of the resulting matrix differential equation. The
trajedory is divided into ten segments over which the mass,
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stiffness and damping matrices are mnstant. The modal analysis
has been used to describe the syssem behavior. Ten modes are
considered for calculation of tip deflection in horizontal and
vertical trgjectory.

0.0005

—0.0005

—-0.001

-0.0015

Tip deflection (m)

—0.002

—-0.0025

0 02 04 06 08 1 12 14
Time (sec)
—_ . L,=0.1m,
L,=0.3m,
L,=0.5m.
Figure 11. Tip deflections of manipulator with parallelogram
mechanism for vertical trgjectory in y direction. (L;= 0.9m).

The dfect of extension of the output link on the defledion
has been investigated for a closed-loop parallelogram
manipulator. Thetip displacement in the verticd and horizontal
direction decreases when the center of mass of the output link is
moved away from the end-effector in both trajectories.

The tip deflections are aompared to the planar two-link
manipulator with the paraledogram mechanism. The tip
deflection produced by closed-chain manipulator is smaller and
less fluctuates than those obtained for open-loop manipulator.
This charaderistic is more pronounced especially for horizontal
trajedory.
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APPENDIX
The mass and stiffness matrices for a uniform element are

K] C
%) m, sym E
1_ pAL 0 m, mg C
] 200+3f ® 0 0 0 :
%) m -m, 0 m E
® m mg 0 -mp msf
1)
%) m, sym.
+ P IZ I]) m8 mg

15|_(1+3[3)25) 0o 0 0

Mrrrrrirrer

S) -m, -mg 0 m,
B mg my 0 -mg mg
01/3 0
0 0
0 0 0 sym. 0
+pAL S 0 0 O S
o6 0 0 13 0
Ho o o o o0 ©0f

where

m, = 156 + 882 B + 1260 3
m, = (44 + 231 B + 315 B?) (L/2)
ms = 54 + 378 B + 630 B2
m, = (-26 - 189 B - 315 %) (L/2)
ms = (16 + 84 B + 126 B?) (L/2)?
me = (-12 - 84 B - 126 ?) (L/2)?
m7=18
mg=(3-45B) (L/2)
me = (8+ 30 + 180 p?) (L/2)?
My = (-2- 30 B + 90 B?) (L/2)?
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